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Theorbit modelingof low Earthsatellitesin thepresenceof variousperturbationsis a complex matter.
Whereasa dynamicmodelingof a satellitetrajectoryrequirescarefulconsiderationof the impactof all
thevariousperturbingforces,theGlobalPositioningSystem(GPS)hasbecomea uniquetool for deriv-
ing very preciseorbitsof Low Earthsatellitesequippedwith onboardGPSreceivers.Theuninterrupted
three-dimensionalGPStrackingmakesit possibleto relax thestrengthof thedynamiclaws for a most
preciseorbit determination,which is thesubjectof thiswork.

Low EarthOrbiters(LEOs) equippedwith onboardGPSreceivers(will) cover the region betweenap-
proximately250 and1500kilometersabove the Earth’s surfaceandserve dedicatedmissionpurposes
suchasgravity field recovery, atmospheresounding,andradarandlaseraltimetry. They areequipped
with space-qualifiedgeodetic-typereceivers,which collect the GPSmicrowave signalstraveling from
theGPSsatellitesto thespaceborneGPSreceiver on two carriers.ThebasicGPSobservablesfor po-
sitioning are the so-calledpseudo-rangeand the carrierphase,which may both be viewed as biased
measurementsof theslantrangebetweenthespaceborneGPSreceiver anda GPSsatellite.Dueto the
dispersive natureof the ionosphere,the ionosphericrefractioncanbealmostcompletelyeliminatedby
forming theso-calledionosphere-freelinearcombinationof theoriginal dual-frequency measurements.
Theanalysisof ionosphere-freecarrierphaseobservations(accuraciesof a few millimeters)from all in
view GPSsatellitesmakesit possibleto deriveverypreciseinformationonthelocationof thespaceborne
receiver, providedthattheGPSsatellitepositionsareknown. Thiswork introducesin a first, theoretical
partseveralmethodsto derive orbital informationfrom theionosphere-freeGPSobservations.

Sincea long time uncertaintiesin thedynamicmodelshave beenconsideredasthemainlimiting factor
to modeltrackingdataof low Earthsatellites.In the time periodof thefirst LEOsequippedwith GPS
receivers,it wasimportantto derive very preciseorbit solutionsdespitethepresenceof deficientgrav-
itational andnon-gravitational models,[Yunck et al., 1990] and[Wu et al., 1991]. Later on it became
obviousthatvaluableinformationabouttheEarth’sgravity field couldbeextractedfrom GPSdata,if the
non-gravitational accelerationsaremeasuredalongthesatellitetrajectory[Reigberet al., 2002b]. This
wastheadventof adecadewith new geopotentialmodelsof unprecedentedaccuracy.

Efficient orbit determinationwas the main topic of the work performedby [Bock, 2003]. Shecould
show that orbits of LEOs equippedwith dual-frequency GPSreceivers can be determinedefficiently
with decimeteraccuracy. H. BockusedearlyGPSobservationsfrom theGPSreceiversaboardCHAMP
andSAC-C and gainedvaluableexperiencefor the processingof spaceborneGPSdataat the Astro-
nomicalInstituteof theUniversityof Bern (AIUB). Her methodsmadefull useof thehighly accurate
GPSephemerides,Earthrotationparameters,andGPSsatelliteclock correctionsfrom the Centerfor
Orbit Determinationin Europe(CODE), locatedat AIUB. CODEis oneof the ten analysiscentersof
the InternationalGNSSService(IGS). It wasoriginally a joint ventureof four Europeaninstitutions
[Hugentobleretal., 2004b].

Thecoreproductsfrom CODEarethebackbonefor thepresentwork aswell. In [Jäggi et al., 2005b]
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1 Introduction

we couldshow thatby analyzingundifferencedionosphere-freeCHAMP GPSdata– insteadof theso
far analyzedtime differenceddata– andby settingup pseudo-stochasticparameters,it is possibleto
reconstructthe CHAMP trajectorywith an accuracy at the few centimeterlevel. To do so,we revised
thepseudo-stochasticorbit modelingpartby amorerefinedrepresentationbasedonaccelerationparam-
etersto effectively compensatefor deficienciesin thedynamicmodels.In this context, wemaymention
thatwecontributedwith ourorbit solutionsto theCHAMP orbit comparisoncampaignorganizedby the
IGS.

After implementingmore refinedpseudo-stochasticorbit representationsinto a developmentenviron-
mentof the BerneseGPSsoftware[Dach et al., 2007],we focusedon theanalysisof longerseriesof
undifferencedGPSobservationsfrom CHAMP andfrom theGRACEtwin satellites.All threesatellites
orbit the Earthat altitudesbelow 500km, which posesa challengeto preciseorbit determination.In
orderto assessthequalityof thecomputedorbits,weusedotherobservationtechniquessuchasSatellite
LaserRanging(SLR), on-boardaccelerometry, andinter-satellite y�«�yh¬ -bandrangingfor an indepen-
dentvalidation. The correspondingtime seriesarepresentedanddiscussedin the secondpart of this
work.

It is well known that interferometricdataprocessingtechniquesarebeneficialfor high-precisionap-
plicationsof the GPSsystem.We processeddoubly differencedcarrierphasemeasurementsfrom the
GRACE satellitesandfrom globally distributedIGS sitesto comparetheresultingorbitswith solutions
from undifferencedGPSdata,andto assesstheimpactof resolvingthedoublydifferencedcarrierphase
ambiguitiesto their integer values[Mervart, 1995]. It is striking that the spacebaselinebetweenthe
GRACEtwin satellitescanbedeterminedwith millimeterprecisionwhenfully exploiting theprocessing
of doublydifferencedGPSdata(whereastheprecisionof theindividualpositionsis onthefew cmlevel).

A mostpreciseknowledgeof satellitetrajectoriesfrom a post-processinganalysisof GPSdatais useful
for many spaceborneapplications.Formationflying SyntheticApertureRadar(SAR) satellitemissions
requirepreciserelative orbit informationfor thegenerationof highly accuratedigital elevationmodels
whenthey areoperatedin a bistaticmode.Altimetry missionsmayprofit from small radialorbit errors
which facilitatesa correctinterpretationof the measuredaltimeterheights,andgravity field recovery
missionsmay profit from mostpreciseorbits to properlygeolocatetheir sensorreadingsin an Earth-
fixedreferenceframe. In this context, we maymentionthat theorbit determinationmethodspresented
in this work will beusedin theframework of theHigh-level ProcessingFacility (HPF)to determinethe
precisescienceorbit of ESA’supcomingGOCEmissionatAIUB [Bock etal., 2007].

It maybenecessaryto adjustnot only a few hundredbut a few thousandpseudo-stochasticparameters
whenanalyzingGPSdatafrom very low Earthsatellites. In orderto still enablea mostefficient pro-
cessing,a revision of thealgorithmicpartof theorbit determinationprocedureswasinevitable.Thefull
exploitationof thestructureof theunderlyingleast-squaresadjustmentmadeit possibleto setuppseudo-
stochasticparameterswith thehighestpossiblefrequency, theGPSobservation samplingrate. It could
beshown that sucha “heavy” parametrizationyields orbit positionswhich areidenticalwith positions
obtainedfrom aprecisepointpositioningat theGPSmeasurementepochs.

It is a well establishedfact thatpositionsof low Earthsatellitesfrom a precisepoint positioning,which
yields not the mostprecisepositions,but positionsthat are independentfrom informationaboutLEO
dynamics,area valuableproductfor therecovery of theEarth’s gravity field [Gerlach et al., 2003c]. In
the last part of this work, we usesimulateddatato relax the strengthof the dynamiclaws by pseudo-
stochasticorbit modelingto an extent interestingfor gravity field determination,andwe analyzethe
trade-off betweenthereductionof noiseandtheintroductionof dynamicmodelinformation.
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Thepresentwork hasto beseenasa continuationof theresearchwork aboutLEO orbit determination
usingGPSperformedatAIUB. New aspectswith respectto [Bock, 2003]are:¹ zeroanddoubledifferenceorbit determination,¹ extendedpseudo-stochasticorbit modeling,¹ independentvalidationof orbit results,¹ continuoustransitionto precisepointpositioning,and¹ pre-analysisof orbitsfor subsequentgravity field recovery.

Let usconcludewith anoutlineof thesubsequentchapters:

Chapter2, LowEarthOrbiters UsingGPS, givesanoverview of satellitesequippedwith geodetic-type
receivers, recapitulatestheir missionpurposes,andpresentstheir instruments.The CHAMP and
GRACEsatellites,whicharerelevantto thiswork, aredescribedin moredetail.

Chapter3, Gravity Field Modelsfrom SatelliteTracking, givesa shortoverview of the differentcon-
ceptsfor gravity field recovery from satellitetrackingandlists themostrecentgravity field models
available.

Chapter4, Fundamentalsof the GPSData Analysis, recapitulatesthe GPSprinciple, introducesthe
GPSinstitutionsrelevant to this work, anddescribesthe most importantaspectsin modelingthe
GPSobservables.A “pocket guide”of least-squaresadjustmentis providedaswell.

Chapter5, ModelingSatelliteMotion, focuseson thederivationof orbit parameters,introducesthepri-
maryandvariationalequations,describesvarioustypesof pseudo-stochasticorbit modelingtech-
niques,andpresentsefficientmethodsfor thesolutionof theassociatedvariationalequations.

Chapter6, EfficientNormalEquationHandling, analyzesthestructureof theunderlyingnormalequa-
tion systems,developsalternative proceduresfor anefficient orbit determination,andanalyzesthe
resultingperformancefor zeroanddoubledifferenceorbit determination.

Chapter7, CHAMP and GRACE Orbit DeterminationUsing UndifferencedGPSData, describesthe
externalsourcesneededfor orbit determination,sketchestheorbit determinationscheme,lists the
availableobservationsfor an independentorbit validation,andpresentsanddiscussesselectedre-
sultsfrom orbit determinationwith undifferencedCHAMP andGRACEdata.In addition,acombi-
nationstudywith accelerometerdatais performedwith simulateddata.

Chapter8, GRACE Orbit DeterminationUsingDoublyDifferencedGPSData, dealswith orbit deter-
minationusingdoublydifferencedGPSdatabetweentheGRACEsatellitesandIGS trackingsites,
determinationof theflying baseline,ambiguityresolution,andthevalidationandcomparisonof the
results.

Chapter9, AnalyzingPseudo-StochasticParameters, is basedon simulateddataanddiscussesthe in-
terpretationof thepseudo-stochasticparametersandtheassociatedorbits,analyzesspectraof orbit
positionsandvelocitieswith respectto noiseanddynamicmodelcontent,andcomparestheperfor-
manceof reduced-dynamicandkinematicorbitsfor a recovery of gravity field parameters.

Chapter10, Summary, Conclusions,andOutlook, summarizestheessentialresultsandconclusionsof
thiswork andpresentsthecontinuationin thecontext of theGOCEHPFactivities atAIUB.
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Satellitesin theLow EarthOrbit (LEO) aredefinedasEarthorbitingsatellitesatheightsbelow 1600km
or below 2000km (dependingonthesource)abovetheEarth’ssurface[AIAA, 1999].Sincethebeginning
of thespaceflight era,this belt hasbeenof particularinterestfor a large varietyof scientificsatellites,
e.g.,for Earthobservation,but alsofor many commercialsatellites,e.g.,for mobile telephonecommu-
nication. The ideato make useof theupcomingconstellationof theGlobalPositioningSystem(GPS)
for validationandcalibrationof LEO positioningdatesbackto thelateseventies[HoffmanandBirming-
ham, 1978],andwasfurtherpromotedwith thesuccessfullaunchof thefirst GPSsatelliteon February
22,1978.Only for yearslater, theGPSPAC (GPSreceiverandprocessorpackage)onboardLANDSAT-4
wassuccessfullylaunchedon July 16, 1982,which wasthefirst operatingspaceborneGPSreceiver in
history. Thelifetime of thereceiver, however, endedshortlyafterlaunch[Birminghametal., 1983].An-
otherGPSPAC waslaunchedonboardLANDSAT-5 on March1, 1984,which eventuallydemonstrated
thatclock synchronizationandorbit determinationbasedon pseudo-rangetrackingdatais feasiblewith
navigationalaccuraciesbelow 50m for shortarcs[Heuberger, 1984].

Sincethoseearlydays,many GPSreceivershavebeenusedonall kindsof LEOs.Whereasthefirst ones
mainlyaimedatverifyingandimproving theconceptof thesatellite-to-satellitetracking(SST)with GPS,
a significantmilestonewassetby thelaunchof theradaraltimetermissionTOPEX/Poseidon[Fu et al.,
1994]on August10, 1992,which wasequippedwith anonboardGPSdemonstrationreceiver. For the
first time,extensive usewasmadeof boththeGPSpseudo-rangeandthecarrierphase.Theinclusionof
theveryaccuratephaseobservablesshowedthatradialorbit accuraciesof about3cmarefeasiblein the
post-processingmode.This resultwasnot only a strongandimpressive demonstrationfor thepotential
of GPSpreciseorbit determination(POD)asanavigationtool in anoperationalsatelliteenvironment,it
alsoshowedthepotentialof GPSpreciseorbit determinationasabackbonefor furtherscientificapplica-
tions,suchasthedeterminationof theoceantopographyin thecaseof TOPEX/Poseidon.Theprospect
to continuouslytracksatelliteswith sub-decimeteraccuracy on a low costbasisencouragedmany satel-
lite missiondesignersto install GPSreceiverson their LEOsin thefollowing years.Table2.1 givesan
overview of selectedLEOsequippedwith spacebornegeodetic-typeGPSreceiverssincethe launchof
TOPEX/Poseidon.

The following sectionsbriefly describethe main missionobjectives and orbital characteristicsof the
LEOsin Table2.1. They give animpressionof thewide rangeof GPS-supportedscientificapplications
coveredin thepast,in thepresent,and,with utmostcertainty, alsoin thefuture.

ÄZÅ�Æ Ç�ÈÊÉIËZÌ¡ÍÎÉÐÏ!Ñ%Ò±ÓÕÔqÏ�Ö
TOPEX/Poseidon[Fu et al., 1994] wasthe first missionspecificallydesignedandconductedto study
theworld’s oceancirculation. It waslaunchedon August10, 1992with a plannedminimumoperation
time of threeyears,which was eventually exceededby more than 10 years;operationswere closed
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2 Low EarthOrbitersUsingGPS

Table2.1: Initial elementsof LEOsusinggeodetic-typeGPSreceivers(source:DISCOSdatabase).

Satellite Apogee(km) Perigee(km) Inclination( × ) Launchdate

TOPEX/Poseidon 1331 1317 66.1 10Aug. 1992
MicroLab-1 749 733 70.0 3 Apr. 1995

CHAMP 477 416 87.3 15Jul. 2000
SAC-C 707 687 98.2 21Nov. 2000

JASON-1 1333 1318 66.1 7 Dec.2001
GRACE1,2 506/507 483/483 89.0 17Mar. 2002

ICESat 598 595 94.0 13Jan.2003
Formosat3A,B,D-F 524-543 496-508 72.0 15Apr. 2006

Formosat3C 828 776 72.0 15Apr. 2006
GOCE 270 270 96.5 Mar. 2008

on January18, 2006. The missionpurposewasto measurethe oceantopographywith a state-of-the-
art radaraltimeter(ALT). This primary instrumentwasthe first spacebornealtimeterwhich madeuse
of dual-frequency measurementsto minimize the errorscausedby the freeelectronsin the ionosphere
[Zieger et al., 1991], allowing it to measureheightswith an accuracy of 2–2.5cm. In additionto the
radarinstrumentsALT, SALT (single-frequency solid stateradaraltimeter),andtheTOPEXmicrowave
radiometer(TMR), thesatelliteis equippedwith a laserretro-reflectorarrayfor SatelliteLaserRanging
(SLR), a receiver for DopplerOrbitographieet Radio-positionnementIntégŕes par Satellite(DORIS),
andaGPSdemonstrationreceiver (GPSDR).Figure2.1showsthelocationsof thescientificinstruments
onboardthe satellite. The threeindependenttrackingsystemsareperfectlysuitedfor POD andorbit
validation. Thanksto the GPSDRand its antenna(on top of the 4.3m mast)radial orbit accuracies
of betterthan3cmcouldbeachievedwith thereduced-dynamicorbit determinationtechnique[Bertiger
etal., 1994],whichwasmuchbetterthanthepre-launchrequirements.Thehighaccuracy of thedifferent
trackingtechniquesmadethemperfectlysuitedfor the externalcalibrationof the measuredaltimeter
heights,which is essentialfor acorrectanalysisof sea-level data[Christensenetal., 1994].

ÄZÅ�Ä Ø[ÓÕÙ±ÚÛÏ{ÜÞÝ!ß±à�Æ
For a long time themeteorologicalcommunityhadbeenawareof thepotentialof LEOsto extractinfor-
mationabouttheEarth’satmosphereby analyzingsatellitetransmittedradiosignalspropagatingthrough
theEarth’satmospherebeforereceptiononboardof theLEO [Lusignanetal., 1969].To achieveaglobal
coverageof measurements,however, multiple orbiting transmittersandreceiversarerequired. In this
respect,the GPSconstellationis perfectlywell-suitedto realizethe transmitterside. Microlab-1 was
the first satellitemissionto demonstratethe GPSradio occultationtechniquein the framework of the
GPS/METexperiment[Rockenet al., 1997],which consistedof a space-qualifiedTurboRogueGPSre-
ceiver with a GPSreceiving antenna. For an optimal modeof operation,the antennaboresightwas
pointedin the negative velocity direction,which is, of course,far from beingideal for otherpurposes
like POD (becauseof an unfavorablecoverageof trackableGPSsatellites). Approximately, 100–150
globally distributedatmosphericprofilesperdaycouldbeextractedfrom theGPSsignalswith thebest
accuraciesobtainedfor atmosphericlayersbetween5 and30km, e.g.,0.2 to 0.4K for temperaturepro-
files. For moredetailedandspecificinformationon thetechniqueof atmospheresoundingwith GPSwe
referto [Kursinskietal., 1997].
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2.3 CHAMP

Figure2.1:TOPEX/Poseidonsatellite(courtesyby CNES/AVISO).

ÄZÅ�á âXãXä�Ø�É
TheCHAllengingMinisatellitePayload(CHAMP) [Reigberet al., 1998] is a Germanmissionspecifi-
cally designedto studytheEarth’s gravity andmagneticfields. It waslaunchedon July 15, 2000with
a plannedoperationtime of five years,but thanksto two orbital maneuversperformedin JuneandDe-
cember2002(seeFig. 2.4),theCHAMP spacecraftis still in usetodayandwill probetheEarth’sgravity
field for at leastonemoreyear. Oneof themainmissionpurposeswasthedeterminationof theEarth’s
gravity field with unprecedentedaccuracy from continuouslycollectedGPSmeasurementsby the on-
boardreceiver andnon-gravitationalaccelerationsmeasuredby theonboardaccelerometer. Apart from
theseprimary instrumentsfor gravity field recovery, thesatellitecarriesa laserretro-reflectorarrayfor
SLRtracking,starcamerasfor attitudedetermination,anion drift meter, andmagnetometersfor magne-
tospherescience.

åwæèçwæÕé êuë�ìFí@î
CHAMP was launchedinto an almostcircular, near-polar orbit with an initial heightof 454km and
an inclinationof 87× from the launchsite at Plesetsk,Russia.A closeto global coverageof the Earth
with orbit andmagnetometerdataandlocal time variationsat sub-satellitepointsruled out otherorbit
configurationssuchassun-synchronousorbits. The initial heightof 454km waschosento meetthe
requirementsof thedifferentmissiongoalsin thebestpossibleway, andto guaranteeamulti-yearmission
durationdespitethe presenceof atmosphericdragwhich continuouslylowers the satelliteorbit. The
atmosphereandionospheresoundingexperimentsfavor orbits at higheraltitudesto scanthe different
atmosphericlayersfrom theoutside,whereasthegravity field recovery experimentasksfor lowerorbits
to avoid a strongattenuationof thegravity field inducedorbit perturbations.Theinitial heightwasthus
idealin thebestcasefor thedeterminationof themagneticfield.

Figure2.4showsthedecayingorbit altitudeover thefirst fiveyearsof theCHAMP mission.Theslopeof
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2 Low EarthOrbitersUsingGPS

Figure2.2:CHAMP satellite:front side(courtesyby GFZPotsdam).

Figure2.3:CHAMP satellite:rearside(courtesyby GFZPotsdam).

thedecayis correlatedwith thesolaractivity, e.g.,showing largedecayratesof morethanonehundred
metersper day aroundthe solarmaximumat the beginning of the year2002. Therefore,two orbital
maneuvershave beenperformedin 2002to raisethealtitudeandto correctfor orbit injectionerrors.

Attitudemaneuversareperformedregularly(between70and200timesperday)by smallthrusterpulses
of the cold gaspropulsionsystemto keepthe orientationof the satellitewithin a few degreeswith
respectto the nominalorientation(seealsoSect.7.3.2). Nominally, the boresightvectorof the GPS
PODantennacoincideswith theradialdirectionandthemagnetometryboom(seeFig. 2.2) is oriented
in flight direction.
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2.3 CHAMP

Figure2.4:CHAMP orbit altitudeover5 years(courtesyby GFZPotsdam).

åwæèçwæèå ïRð
í]ñBòFð-ñ óôò�õÛîxë�ö�÷YñBò�îøõ
Figures2.2and2.3show thefront andtherearsideof theCHAMP satellitewith its payload.Withoutex-
aggeration,the8.333m ù 1.621m ù 0.750m spacecraftitself mustbeconsideredasthemainscientific
instrumentfor thepurposeof gravity field recovery from orbit perturbations,becauseit would represent
a 522kg freefalling proof-massin theabsenceof non-conservative forces.To supportthegravity field
estimation,a numberof additionalinstrumentssuchastheJPLBlackJackGPSreceiver, theSTAR ac-
celerometer, andautonomousstarsensorsarepartof thescientificpayload.

TheGPSBlackJackreceiver is a 2ndgenerationTurboRogueSpaceReceiver (TRSR-2)manufactured
at theJetPropulsionLaboratory[Kuangetal., 2001]. It collectsdual-frequency phaseandpseudo-range
measurementson sixteenchannelsand serves four GPSantennas:one zenith-viewing POD antenna
equippedwith a choke ring, two limb-viewing atmospheresoundinghelix antennas,and one nadir-
viewing experimentalhelix altimeterantenna.Thereceiver firmwareallows for trackingof up to twelve
GPSsatellitesfor POD,but wassetto no morethanseven from thedayof activationon July, 17, 2000
until March22, 2001,andto no morethaneightuntil March5, 2002to keepthenumberof resetslow
[GrunwaldtandMeehan, 2003].Sincethenthereceiver wasallowedto trackup to tenGPSsatellites.

The STAR (SpaceTriaxial Accelerometerfor Researchmissions)instrumentis manufacturedby the
OfficeNationald’EtudesetdeRecherchesAerospatials(ONERA)[Toubouletal., 1998].It useselectro-
staticforcesto keepa proof-massat thecenterof anelectrode-equippedcage,which provide a measure
of thetotal(non-gravitational) accelerationactingonthecage,whichis hardmountedto thesatellitebody
andlocatedwithin 2mmto thevicinity of thecenterof mass.A totalof six pairsof electrodesis usedto
controlthethreetranslationalandthethreerotationaldegreesof freedomandto serve theaccelerometer
sensorunit (SU)with electrodevoltagesfor afinal delivery of linearandangularaccelerationsasoutput
voltages.Dueto thedesignof theaccelerometerSU, thespecificationsof themeasuredlinearaccelera-
tionsarenotthesamefor thethreeaxes;namelyú�ûmü.ý-þ�ÿ m/s

°
for thealong-trackandthecross-trackaxes

and ú�û
ü.ý-þ�� m/s
°

for theradialaxiswithin a measurementbandwidthof ü.ý-þ � to ü.ý-þ ® Hz [Grunwaldt
andMeehan, 2003].
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The ASC (AdvancedStellarCompass)instruments[Jorgensen, 1999] provide the preciseorientation
(attitude)of thesatellitewith respectto thestarsin form of quaternions.TheDanishUniversityof Tech-
nologymanufacturedtwo ASCsfor CHAMP, onebeingmountedon theboomto supportmagnetometry
andanotheronebeingfixedon thespacecraftmainbody. Eachinstrumentconsistsof two camerahead
unitsandacommondataprocessingunit to matchtheobtainedstarcentroidsfrom theCCDarrayswith
computedstarpositionsfrom anon-boardHIPPARCOScatalogue[ESA, 1997]. TheASCsprovide at-
titudedatawith a precisionof about4 arcsec,which areprimarily neededfor themagneticfield vector
measurementsandtheion flux directionmeasurements,but they areusefulasauxiliarydatafor aproper
modelingof theGPSandSLRphasecenteroffsetsaswell. Notethatanin-flight GPSnavigationsolution
is neededto correcttheattitudedatafor theeffectof aberration[Bock andLühr, 2001].

ÄZÅ�� ��ä=â9à%â
The“SatelitedeAplicancionesCientificas-C”(SAC-C)isanEarthobservingsatellitewhichwaslaunched
on November21,2000into a sun-synchronousorbit at analtitudeof about700km. Amongelevensci-
entific instruments,thesatellitecarriesa BlackJackGPSreceiver which servesfour GPSantennas:one
zenith-viewing PODantenna,onefore- andoneaft-viewing antennafor atmospheresounding,andone
nadir-viewing antennafor GPSaltimetry. ApartfromtheBlackJackreceiver, thesatelliteis alsoequipped
with aLagrangeGPS/GLONASSdemonstrationreceiver. Thespacecraftis notequippedwith any other
instrumentationfor satellitetrackingsuchasa laserretro-reflectorarrayfor SLR.

ÄZÅ�� �±ä��ÐÈ
	Ià�Æ
JASON-1is thefollow-onmissionof TOPEX/Poseidon,seeSect.2.1,andwaslaunchedonDecember7,
2001.Thesatelliteis smallerthanits predecessor, but usesthesameorbit andthesameinstrumentation.
The primary instrumentis the Poseidon-2dual-frequency radaraltimeter. In addition, the satelliteis
equippedwith aJASON-1microwave radiometer(JMR),a laserretro-reflectorarrayfor SLR,a DORIS
receiver, anda GPSBlackJackreceiver. TheGPSantennais mountedat thesideof thespacecraftbody
andis tilted with respectto theaxesof thesatellite.Dueto thealtitudeof about1300km of thesatellite,
orbit determinationwith GPSallows it to reconstructthesatellitetrajectorywith 1cm radialaccuracy,
see[Luthcke etal., 2003]and[Hainesetal., 2004].

ÄZÅ�� 
��9ä6âXË
The Gravity Recovery And ClimateExperiment(GRACE) [Tapley and Reigber, 2001] is a joint US-
Germanpartnershipmissionwithin NASA’sEarthSystemSciencePathfinder(ESSP)programandmay
beviewedasthefollow-onmissionof CHAMP. GRACEwaslaunchedonMarch17,2002with aplanned
operationtimeof fiveyearswith two identicalformationflying satellitesfollowing eachotherin a nom-
inal distanceof 220km on thesameorbital trajectory. Oneof themainmissionpurposesis to mapthe
timevaryingchangesin theEarth’sgravity field [Tapley etal., 2004b]with unprecedentedaccuracy from
continuouslycollectedinter-satellitemeasurementsby the yu«�yY¬ -BandRanging(KBR) system,aswell
asfrom continuouslycollectedGPSmeasurementsby theonboardreceiversandnon-gravitationalaccel-
erationsmeasuredby theonboardaccelerometers.Apart from theseprimaryinstrumentsfor gravity field
recovery, bothGRACE satellitescarrylaserretro-reflectorarraysfor SLR trackingandstarcamerasfor
attitudedetermination.
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2.6 GRACE

Figure2.5:SAC-Csatellite(courtesyby CONAE).

Figure2.6:JASON-1satellite(courtesyby CNES/AVISO).

åwæ��wæÕé êuë�ìFí@î

GRACE waslaunchedinto analmostcircular, near-polar orbit with an initial heightof 500km andan
inclinationof 89× from thelaunchsiteat Plesetsk,Russia.As in thecaseof CHAMP, a closeto global
coverageof the Earthwith orbit dataruledout otherorbit configurations.The separationbetweenthe
two satelliteshasto beactively controlledin orderto staywithin 170and270km. This is accomplished
by orbital maneuverstakingplaceaboutevery 50 days. Note that GRACE A wasthe leadingsatellite
from launchuntil theswitchmaneuver onDecember10,2005at 03:47UTC to limit thesurfaceerosion
of the y -bandhorns[Montenbruck et al., 2006].
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Figure2.7:GRACEsatellite:externalview (courtesyby AstriumGmbH).

åwæ��wæèå ïRð
í]ñBòFð-ñ óôò�õÛîxë�ö�÷YñBò�îøõ
Figure2.7showsthetopsideof oneGRACEsatellitewith its payload.In essence,bothGRACEsatellites
areidenticalin constructionandresembletheCHAMP satellite(apartfrom themissingboom,which is
unnecessaryfor theGRACEmission).Again,the3.122m ù 1.942m ù 0.720m spacecraftsthemselves
mustbeconsideredasthemainscientificinstrumentsto recover thetemporalchangesof thegravity field
from thedifferentialperturbationsbetweenbothorbits.To meetthechallengingmissionrequirements,a
numberof additionalinstrumentssuchastheJPLBlackJackGPSreceivers,theSuperSTAR accelerom-
eters,autonomousstarsensors,andlastbut not least,the yu«�yY¬ -BandRangingsystemarepart of the
scientificpayload.

The GPSBlackJackreceiver is an advancedcodelessdual-frequency spacereceiver manufacturedat
NASA’s JetPropulsionLaboratories[Dunnet al., 2003]. It collectsdual-frequency phaseandpseudo-
rangemeasurementson sixteenchannelsandserves threeGPSantennas:onezenith-viewing crossed
dipolePOD(GPSNAV) antennaequippedwith a choke ring, andtwo limb-viewing antennas:a backup
crosseddipole POD (GPSBKUP) antennaanda helix (GPSOCC) antennafor atmospheresounding.
Thereceiverfirmwareallows for trackingof upto twelveGPSsatellitesfor POD,but wassetto nomore
thantento keepthenumberof resetslow [Dunnet al., 2003]. Notethat theGPSBlackJackreceiver is
capableaswell to collect thedual-frequency phasemeasurementsfrom the yu«�yY¬ -BandRangingsys-
tem,to time tagtheaccelerometerdata,andto readout thetwo CCD-basedstarcameras.It is therefore
alsoreferredto astheInstrumentProcessingUnit (IPU).

The SuperSTAR instrument[Touboul et al., 1999] is a modified three-axiscapacitive accelerometer,
which is similar to theSTAR instrumentaboardCHAMP (seeSect.2.3.2).Thesensitive axes,however,
point into thealong-trackandinto theradialdirection,thelesssensitive axispointsinto thecross-track
direction.Accordingto thespecifications,theaccuraciesareimprovedby aboutoneorderof magnitude
with respectto theSTAR instrument,i.e., to ü.ý-þ ®�� m/s

°
and ü.ý-þ�ÿ m/s

°
, respectively, within a measure-

mentbandwidthof ü.ý þ � to ü.ý þ ® Hz.
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2.7 ICESat

Figure2.8:GRACEsatellite:internalview (courtesyby AstriumGmbH).

Thestarcameraassembly(SCA) providesthepreciseorientation(attitude)of thesatellitewith respect
to thestars.As for CHAMP, oneinstrumentwasmanufacturedby theDanishUniversityof Technology.
Notethatonly oneSCA consistingof two cameraheadunits is mountedon thespacecraftbody, which
providesattitudedatawith a precisionof about25 arcsec[Dunn et al., 2003]. The requirementsare
lessstringentthanfor CHAMP dueto theabsenceof precisionvectormeasurementsfor magnetosphere
science.

The y�«�yh¬ -BandRanging(KBR) systemmanufacturedatNASA’sJetPropulsionLaboratoriesis thekey
scienceinstrumentof theGRACE mission[Dunnet al., 2003]. Thehardwareon eachsatelliteconsists
of a singlehornantennafor the transmissionandreceptionof the y - and yY¬ -bandmicrowave signals
at 24.5GHz and32.7GHz, respectively, an ultra-stableoscillator(USO) servingasa frequency refer-
ence,a KBR assemblyfor amplifying andmixing the received andthe referencecarrierphase,andan
InstrumentProcessingUnit (IPU) for digital signalprocessing.TheKBR systemprovidesultra-precise
measurementsof the biasedrangebetweenboth satelliteson the y�«�yh¬ -Band links with systematic
phasevariationsbeingaslow as10 � m (diameterof a humanbloodcell) or better[Dunnet al., 2003].
NotethataGPSsolutionis usedto determinetheabsolutetimetagsof theKBR measurementssincethe
ultra-stableoscillatordrivesboththeGPSreceiver andtheKBR system.

ÄZÅ�� �~âXË��ZÝ��
TheIce, CloudandlandElevationSatellite(ICESat)[Schutzet al., 2005]wasdesignedfor cryosphere
applicationsandwaslaunchedon January13, 2003into a 600km altitudeorbit with a 94× inclination.
Themissionpurposewasto measurefor thefirst time the inter-annualandlong-termchangesin polar
ice-sheetvolumewith astate-of-the-artGeoscienceLaserAltimeterSystem(GLAS), andto assesstheir
impactonglobalsealevel change[Zwallyetal., 2002].TheGLAS is usedto derive thesurfaceelevation
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Figure2.9: ICESatsatellite(courtesyby Ball Aerospace& TechnologiesCorp.).

Figure2.10:COSMICconstellation(courtesyby OrbitalSciencesCorp.).

with a noiselevel of about3cm from echopulsescapturedby a 1m onboardtelescope[Abshire et al.,
2005].In additionto thisprimaryinstrumentation,thesatelliteis equippedwith autonomousstarsensors,
a laserretro-reflectorarrayfor SLR, andtwo JPL BlackJackGPSreceiver/antennacombinations(one
spare).Precisereduced-dynamicorbit determinationhasbeenshown to exhibit radialaccuraciesof 2cm
[Rimet al., 2005],which is aprerequisitefor acorrectanalysisof themeasuredaltimeterheights.
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2.8 FORMOSAT-3

ÄZÅ�� �qÈ��=ØÃÈ���älÇIà*á
TheConstellationObservingSystemfor Meteorology, Ionosphere,andClimate(COSMIC)[Wu et al.,
2005]is a collaborative Taiwan-USAmissionconsistingof six microsatellites.It waslaunchedonApril
14,2006with a minimumdesignedoperationtime of two years.Themainmissionpurposeis to collect
GPSsignalsto studytheatmosphere,theionosphere,andgeodesy. Therefore,theprimaryinstrumentof
eachmicrosatelliteis theGPSoccultationexperiment(GOX). It consistsof oneGPSBlackJackreceiver
andfour patchantennas:two fore/afthigh-gainoccultationlimb antennasfor atmospheresoundingand
two fore/aftPODantennasfor orbit determination.ThePODantennasaremountedat thespacecraft’s
front andbacksidewith a boresightof about75× off thezenithin thesatellite-fixedcoordinatesystem.
TheGPSdatafrom thePODantennasarecollectedat1Hz becausethey arealsointendedto beusedfor
studyingtime variationsin the Earth’s gravity field [Hwangand Kao, 2003]. Apart from this primary
instrumentation,eachmicrosatelliteis equippedwith a tiny ionosphericphotometer(TIP) anda tri-band
beacon(TBB) for ionosphericresearch.

ÄZÅ�� 
XÈ�âpË
TheGravity field andsteady-stateOceanCirculationExplorer(GOCE)[ESA, 1999]is thefirst coremis-
sionwithin ESA’s“Li ving Planet”programandmaybeviewedasacomplementarymissionto CHAMP
andGRACE. It shall be launchedin September, 2007with a plannedoperationtime of 20 monthsto
probetheEarth’s gravity field. Themainmissionpurposeis thedeterminationof thestationarypartof
theEarth’s gravity field andgeoidwith thehighestpossiblespatialaccuracy andresolutionfrom contin-
uouslycollectedgravity gradiometerandGPSmeasurements.Apart from thegravity gradiometerand
the GPSreceiver, the GOCEsatellitewill carry a laserretro-reflectorarrayfor SLR trackingandstar
camerasfor attitudedetermination.Thederivedgravity andgeoidmodelwill serve solid Earthphysics,
oceanography, geodesy, andglaciology, see[Rummeletal., 2002]and[Johanessenet al., 2003].

åwæ��wæÕé êuë�ìFí@î
GOCEwill belaunchedinto analmostcircularorbit with aninclinationof 96.5× andaninitial heightof
270km, which will be left to decayin the commissioningphaseto thenominalaltitudeof 250km. In
orderto simplify thespacecraftconfiguration,andto minimizethedurationof eclipses,asun-facing,sun-
synchronousorbit ruledout otherorbit configurationsasthey arein usefor CHAMP andGRACE. For
theplannedlaunchdatein September, adusk-dawn orbit atameanaltitudeof 250km will beusedduring
thefirst half of themission,which will beloweredaftertheeclipseseasonto approximately240km for
the secondhalf of the mission. The very low altitude is necessaryto meetthe missionrequirements
to determinethe meangravity field andgeoidwith a precisionof 1 mgal (onemillionth of thesurface
gravity acceleration)and 1 to 2cm, respectively, with a spatialresolutionof betterthan 200km full
wavelength.In orderto maintainthelow orbitalheight,thesatellitewill beactively keptdrag-freeby an
ion propulsionsystem.

åwæ��wæèå ïRð
í]ñBòFð-ñ óôò�õÛîxë�ö�÷YñBò�îøõ
Figure2.11shows thetopsideof theGOCEsatellite.Thesatelliteenvelopeis a longandslenderprism,
with a cross-sectionof 0.8m

°
anda lengthof 4m. As Opposedto CHAMP andGRACE, thesatellite

bodyitself is no longerthemainscientificinstrumentto recover thehigh-resolutiongravity field, which
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Figure2.11:GOCEsatellite(courtesyby ESAPublicationsDivision).

will be mainly derived from the gravity gradiometermeasurements.To meetthe challengingmission
requirements,a few additionalinstrumentssuchastheLagrangeGPSreceiver andautonomousstarsen-
sorsarepartof thescientificpayload.

TheGPSLAGRANGEreceiver is adual-frequency space-qualifiedreceiver, see[Zin etal., 2006],man-
ufacturedby Alcatel Alenia Space(formerly Laben). It will collect dual-frequency pseudo-rangeand
phasemeasurementson twelve channelsat 1Hz frequency, andservesoneactive GPShelix antenna
[Dilssneretal., 2006].As opposedto CHAMP andGRACE,it is plannedthatthereceiverfirmwarewill
actuallyallow for trackingtwelve GPSsatellitesat maximum. The GPSdatawill be usedfor precise
orbit determination,but alsofor therecovery of thelong to mediumwavelengthpartof thegravity field,
which is outsideof themeasurementbandwidthof thegravity gradiometer.

The three-axisgravity gradiometeris the core instrumentof the GOCEmissionandconsistsof three
pairsof orthogonallymountedaccelerometers.Eachpair is separatedby about50cmonthegradiometer
baseline.Thedifferencebetweenaccelerationsmeasuredby eachof thetwo accelerometerpairs,in the
directionjoining them,is thebasicgradiometerobservable,while half of thesumis proportionalto the
externally inducedperturbingaccelerations(commonmodemeasurement).Accordingto thespecifica-
tions,theaccelerometerprecisionis ü.ý-þ ®(° m/s

° « � Hz for thesensitive axes.Theindividual accelerom-
eterswill bearrangedin a way to recover thediagonalgravity gradientcomponentsandthecentrifugal
accelerationaroundtheaxisperpendicularto theorbit with thehighestaccuracy [ESA, 1999]. Thegra-
diometermeasurementsarefurthermoreusedascontrol signalsfor angularandthrustercontrol of the
spacecraft.

åwæ��wæèç !Ðí#"%$'&)(@ñ'*�ñ+(-,Uë/.nð-ñ�õ>õ>íÞò�"�0+1�ð
í�(]í@î32
TheHigh-level ProcessingFacility (HPF)is adistributedsystemwhichis developedandoperatedby the
EuropeanGOCEGravity Consortium(EGG-C).The tasksof the HPFarethe generationof orbitsand
gravity field models(Level 2 products)from nominalandcalibrateddatafrom thegradiometerandthe
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2.9 GOCE

GPSreceiver (Level 1B products),andthegenerationof theGOCEcalibrationandvalidationproducts.

The AstronomicalInstitute of the University of Bern (AIUB) is memberof the HPF and will be in
chargeof thegenerationof thePreciseScienceOrbit product(SSTPSO2), oneof fiveLevel 2 products
generatedby theHPF. ThePSOproductwill consistof reduced-dynamicandkinematicscienceGOCE
orbits, rotationmatricesbetweenthe inertial andtheEarth-fixed referenceframes,anda quality report
for thepreciseorbits.Theorbit determinationwill bebasedonthemethodologiespresentedin thiswork,
andwill beperformedby AIUB, andvalidatedby the Instituteof AstronomicalandPhysicalGeodesy
(IAPG) at the TechnicalUniversity of Munich (TUM). The challenging1-D accuracy requirementto
achievewill be2cmfor thereduced-dynamicorbit with a latency of two weeks(with anultimategoalof
1cm). Formoreinformationabouttheongoingpreparationandimplementationof theGOCEprocedures
atAIUB thereaderis referredto [Bock etal., 2007].

17



2 Low EarthOrbitersUsingGPS

18



4·´ À � �65 � �q¢ � � �e�ø¦ 7 �·¦��	�3
 � � ��ª Â �X���e��� � ��� � � �e¨98 � � �

Satellitemotion is governedby thesumof all forcesactingon thesatellite.This includesgravitational
signalsof theEarth’s irregulargravity field at thesatellite’s altitude,third bodyperturbationsdueto the
attractionby theMoon andthe Sun,andnon-gravitational perturbationsarisingfrom air drag(for low
altitudes)anddirectandindirectsolarradiationpressure.Like afingerprint,theresultingorbit perturba-
tions(deviationsfrom anellipse)containvaluableinformationaboutthedifferentconstituents.

In orderto getaccessto theorbit perturbations,apreciserestitutionof thesatellite’s trajectoryby oneor
moresatellitetrackingtechniqueshasto beperformed.Only thenit is possibleto extracttheorbit pertur-
bations,andto subtractthenon-gravitationalconstituents,eitherby taking into accountair densityand
radiationpressuremodelsor precisemeasurementsfrom on-boardaccelerometers.Finally, the purely
gravitationalorbit signalis availablefor theaimed-atgravity field recovery.

Thischapterbriefly introducestheparametrizationof theEarth’s gravity field, givesashortoverview of
availablestate-of-the-artglobalgravity field modelsobtainedfrom differentsatellitetrackingtechniques,
andshowsthechangefrom theclassicalorbit perturbationmethodsto themostrecentmethodologiesfor
gravity field recovery. For a moredetailedoverview, the readeris referredto, e.g.,[Johanessenet al.,
2003]or [Ilk et al., 2005].

áZÅ�Æ 
pÜÞÏ{ß2Ý!Ü:�^Ò<;bÚÛÒ Ñ%Ò¯Ö=�%Ý���ÓÕÏÎÖ Ï->?�A@bÒÃË�Ý�Ú)�+@CB(Ñ�
pÚÛÝED±ÓF�%Ý���ÓÕÏÎÖbÝ!Ü^ÉÐÏ<�%Ò2Ö=��ÓÕÝ¯Ü
The stationarypart of the Earth’s gravitational potentialat any point above the Earth’s surfaceis con-
venientlyexpressedon a global scaleasa sphericalharmonic(SH) expansion[HeiskanenandMoritz,
1967],whichreadsasGIHKJMLON�LQPARESUTWVX YMZA[O\]

Y_^ �a` X Jcb Y_d ® Y]e ^ �gf² Y � e Hihkj�l<NmRgn f� Y � e�oqp hrHKs�PARut fv Y � e hwj�lxHKs�PAR/yzL
(3.1)

whereJMLON�LQP
arethesphericalgeocentriccoordinates,TWV is thegravitationalconstanttimesmassof theEarth,X

is themeansemi-majoraxisof theEarth,{ LOs arethedegreeandorderof theSHexpansion,{ eE|k} is themaximumdegreeof theSHexpansion,f² Y � e is thenormalizedassociatedLegendrefunctionof degree{ andorder
s

,f� Y � e L fv Y � e arethenormalizedSHcoefficientsandglobalgravity field modelparameters,respectively.

19



3 Gravity FieldModelsfrom SatelliteTracking

The SH coefficients fv Y � � arezeroby definition. The term f� � � � is closeto unity andscalesTWV . The
degree1 SH coefficients, f� ® � � , f� ® � ® , and fv ® � ® , arerelatedto thegeocentercoordinates,andthe coeffi-
cients f� ° � ® , fv ° � ® , and fv ° � ° areconnectedto theprincipalaxesof inertia. TheSH coefficientsrepresent
theglobalstructureandirregularitiesof theEarth’s gravitationalpotential.

Thenumberof coefficients f� Y � e and fv Y � e in theSHexpansion(3.1) is givenby~�� S�H { eE|k} t ü R °�� (3.2)

Themaximumdegree{ eE|k} alsodictatesthespatialresolutionof thetruncatedSHexpansion(3.1)as� ­6S��%� X{ e�|w} L
(3.3)

where
� ­

is the(full wavelength)resolutionon theEarthsurface.

áZÅ�Ä âhÜÞÝ�Ñ%Ñ�ÓÕÙnÝ!ÜI
pÚÛÝED±ÓF�����{ÓÕÒbÜÞÔ Ø Ý-;c;!Ó�ÖE�
Theanalysisof accumulatedorbit perturbationsfrom precisetrackingdataof sometensof satellitesat
differentaltitudesand inclinationshasgraduallyimproved the knowledgeof the Earth’s gravity field
over the last threedecades.Theseconventionalmethodshave provided accuratemodelson the large
scalestructuresof the gravity field, but arelimited in the spatialresolutiondueto the sparsetracking
coverage,mainly relying on SatelliteLaserRanging(SLR) andDopplerdata. Furtherdifficulties are
relatedto astrongattenuationof high-degreegravitationalsignalswith satellitealtitude,andto thechal-
lengeto accuratelymodelnon-gravitationalaccelerationsfor satelliteswith acomplex shape.

Oneof the latestpre-CHAMPsatellite-onlymodels,GRIM5-S1,hasgot full power up to aboutdegree
32,andthusresolvesall wavelengthsdown to 1200km full wavelength[Biancaleetal., 2000].Thehigh
flying lasersatellitesLAGEOS-1/2andETALON-1/2 strengthenthe very long wavelengthpart of this
gravity field solution,whereasthevery low orbit of GFZ-1at only 400km exhibits amongall 21 con-
tributing satellitesthemostpronouncedandbroadestspectrumof gravitationally inducedperturbations
[Königetal., 1999].Thecombinedsolution,GRIM5-C1,resolvesall wavelengthsdown to 330km (full
wavelength)thanksto theincorporationof surfacedatafrom gravimetry andsatellitealtimetry[Gruber
etal., 2000].

TheGRIM5-S1/C1gravity field modelswerecreatedto provide amostprecisebasisfor initial orbit de-
terminationof theCHAMP satellite,andfor acombinationwith thenew observationsfrom theCHAMP
GPSreceiver.
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The analysisof orbit perturbationsfrom continuouslycollectedprecisehigh-low satellite-to-satellite
tracking(SST)databetweenthe GPSconstellationandthe CHAMP spacecraftopened,togetherwith
preciselymeasurednon-gravitational accelerations,a new erafor gravity field mapping. For the first
timeit waspossibleto deriveahigh-qualitylong-wavelengthgravity field modelusingonly onesatellite
andfrom only a few months’worthof data[Reigberetal., 2003b].

Figure3.1 illustratestheconceptof thehigh-low SSTwith GPSdata.A very low Earthorbiting space-
craft (CHAMP) is continuouslytracked by up to ten GPSsatellitesin threespatialdirections,which
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3.3 Gravity FieldMappingfrom High-Low SSTData

Figure3.1:Satellite-to-satellitetrackingin thehigh-low mode.A low Earthorbiteris trackedby thehigh
orbiting GPSsatellitesrelative to a network of GPSgroundstations.Non-gravitational ac-
celerationsaremeasuredby on-boardaccelerometry(courtesyby [Johanessenetal., 2003]).

allowsfor almost“in-situ” 3-D position,velocity, andaccelerationdetermination.Theup-to-thenunique
combinationof the satellite’s low altitude(below 450km), the near-polar orbit, the continuouslycol-
lecteddual-frequency pseudo-rangeandcarrierphaseobservationsby the GPSreceiver, aswell asthe
precisemeasurementsof the non-gravitational accelerationsby the STAR accelerometerproved to be
very well suitedto maptheEarth’s gravity field with unprecedentedaccuracy from orbit perturbations.
Due to the almost“in-situ” characterof the measurements,long satelliteorbit arcswereno longerre-
quiredasin thecaseof theclassicalgravity field mapping.

çwæèçwæÕé ��$�ñ��2ó����<���¥ë�1�*�í@îQ2�0�í]ñ+( ��¡¢.m��ñ+(@õ
Thesuccessof theproof-of-conceptmissionCHAMP is well documentedby theseriesof gravity field
modelsreleasedby GFZ,calledEuropeanImprovedGravity field modelof theEarthby New techniques
(EIGEN). Table3.1 (top) gives an overview of the EIGEN models,all relying on differentCHAMP
datasets,but not on GRACE data. Notethat themodelsneednot to benecessarilycompleteup to the
maximumdegree{ e�|w} . Dependingontheanalyzedtimeperiod,bandsof selectedorderswereextended
to higherdegreesin orderto profit from anincreasedsensitivity in therecoverydueto near-resonantorbit
perturbations.

Shortlyafterthelaunchof CHAMP, averyfirst CHAMP-onlygravity field model,EIGEN-1(EIGEN-1S
alsoincludesotherdata),wascomputedfrom a very limited databasecovering88days.In contrast,the
mostrecentmodel,EIGEN-CHAMP03S,is derived from a total of 33 monthsof CHAMP data,which
significantlyimprovedtherecovery. Theaccuracy of EIGEN-CHAMP03Sis estimatedto beabout5cm
in termsof geoidheightsata full wavelengthof 800km [Reigberetal., 2004b].

TheEIGEN solutionsfrom Table3.1 (top) arebasedon theso-called“brute-force”or directapproach,
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3 Gravity FieldModelsfrom SatelliteTracking

Table3.1:EIGEN(top)andalternative (bottom)gravity field modelsbasedonCHAMP data.

Model Year { e�|w} Reference

EIGEN-1S 2002 119 [Reigberetal., 2002b]
EIGEN-1 2002 119 [Reigberetal., 2003a]
EIGEN-2 2003 140 [Reigberetal., 2003b]
EIGEN-CHAMP03S 2003 140 [Reigberetal., 2004b]
TUM-1S 2003 60 [Gerlach et al., 2003c]
TUM-2Sp 2003 60 [Földváry etal., 2004]
TUM-2S 2004 70 [Wermuthetal., 2004]
ITG-CHAMP01 2003 90 [Mayer-Gürr et al., 2005]
DEOSCHAMP-01C70 2004 70 [Ditmar et al., 2006]

implying thatunknown gravity field coefficientsaredirectly estimatedfrom theGPSdatatogetherwith
all arc-specificparameters.Theacronym is explainedby thelargenumberof unknown parametersthat
contribute to the individual, daily normalequationsystems.Accordingto (3.2), thecoefficients f� Y � e ,fv Y � e alonerepresentmorethantenthousandunknownsfor { eE|k}g£ ü.ýfý .
çwæèçwæèå ¤g(�îøñBë�ò+1�îÛí#*�ñ¥¡�ñ%î¦$+.%�\õ¨§/.\ë��Jë/1'*�í@îQ2�0�í]ñ+( �ª©2ñ�ð«.�*�ñBë/2
Sincethebeginningof thespaceflight era,othermethodsthanthe“brute-force”computationhave been
developedfor the determinationof the Earth’s gravity field from satellitedata. The so-called“energy
balance”approach,e.g.,wasproposedby [O’Keefe, 1957] alreadyin the late fifties, andrelieson the
balancebetweengravity potentialandkineticenergy to determinethegravitationalpotentialof theEarth
by measuringthevelocityof asatellite.Dueto a lackof preciseorbitaldatain thepast,thefeasibilityof
thismethodwith realdatacouldnotbeprovedbeforetheadventof theCHAMP era.

Thetime for theenergy balanceapproachseemedto have comewith thepossibilityto preciselyrestitute
theCHAMP orbit positionsandvelocitiesfrom themulti-directionalGPShigh-low SSTdata,see[Ger-
lach et al., 2003a],[HoweandTscherning, 2003],and[Gerlach et al., 2003b]. It turnedout, however,
thattherecoveredgravity field parameterswerebiasedtowardstheapriori gravity field modelsusedfor
theCHAMP orbit determination.At thesametime it wasshown by [ŠvehlaandRothacher, 2003c]that
GPShigh-low SSTdataarestrongenoughto determinepreciseCHAMP orbit positions(not velocities)
by geometricmeansonly, i.e.,withoutusingany apriori informationonsatellitedynamics,whichfinally
paved theway for anunbiasedgravity field recovery with theenergy balanceapproach[Gerlach et al.,
2003c].Theuseof thesamekinematicpositionshadalsoa stimulatingimpactonotherresearchgroups
to performgravity field determinationwith alternative methodsaswell, e.g.,with theshort-arcmethod
[Mayer-Gürr et al., 2005] or with the accelerationmethod[Ditmar et al., 2006], dueto lessdemand-
ing computationalresourcesthanin thecaseof classicalnumericalintegrationtechniques[Visseret al.,
2003]. It is a drawbackof theenergy balanceapproachandtheaccelerationmethod,however, thatthey
both requirenumericaldifferentiationto derive orbital velocitiesandaccelerations,respectively, from
thekinematicpositions.

The successof the alternative methodscan be judgedfrom the modelslisted in Table 3.1 (bottom).
They areall basedonprecisekinematicorbit positionscomputedby [ŠvehlaandRothacher, 2003c]and
[ŠvehlaandRothacher, 2004a]. Note that they arecompleteup to themaximumdegree { eE|w} . For an
assessmentof thequalityof theindividualmodelswereferto thereferencesgivenin Table3.1(bottom).
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3.4 Gravity FieldMappingfrom Low-Low SSTData

Figure3.2:Satellite-to-satellitetracking in the low-low mode. The relative motion betweentwo low
Earthorbitersis measuredby an inter-satellitelink. High-low SSTwith GPSandonboard
accelerometryare usedas complementarymeasurements(courtesyby [Johanessenet al.,
2003]).
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It wasnotedalreadyin the late sixtiesby [Wolff, 1969] that the inter-satellitesignalbetweena pair of
satellitesorbiting the Earth in the sameorbital planecontainssignificantinformationon the medium
andshortwavelengthcomponentsof theEarth’s gravity field. Theanalysisof theultra-precisey -band
microwave observationsbetweenthe two GRACE spacecrafts,togetherwith high-low GPSSSTdata
andthe measurednon-gravitational accelerations,drasticallyimproved the performanceof the gravity
field recovery in bothaccuracy andresolution.For thefirst time, it waspossibleto derive high-quality
monthly gravity field solutions,andto determinethe non-tidal temporalgravitational field variations,
e.g.,dueto seasonalvariationsfrom continentalwaterstorage[Tapley et al., 2004b].

Figure3.2illustratestheconceptof thelow-low SSTfor GRACE.Theline-of-sightbiasedrangebetween
two low Earthorbitersis continuouslymeasuredby theultra-precisey -bandmicrowave observations,
whichenablesanin-situdeterminationof theline-of-sightaccelerationdifferencebetweenthetwospace-
crafts. In combinationwith thevery low altitudebelow 500km, thenear-polar orbit, the continuously
collecteddual-frequency pseudo-rangeandcarrierphaseobservationsby the GPSreceiver, aswell as
theprecisemeasurementsof thenon-gravitational accelerationsby theSuperSTAR accelerometers,the
configurationprovedto beverywell suitedto setanew milestonefor gravity field mapping.

çwæ­¬RæÕé ��©®¤°¯°���Jë/1'*�í@îQ2�0�í]ñ+( �ª¡�.%�\ñ+(@õ
Table3.2givesanimpressionof thelargenumberof GRACEmeangravity field modelsalreadyreleased
by CSRandGFZ (stateOctober2006). Themaximumdegreesaremuchhigherfor theGRACE-only
modelsthanfor theCHAMP-only models,e.g.,typically around140,andtheaccuraciesareimproved
by morethanoneorderof magnitude,e.g.,[Reigberetal., 2005].For detailsconcerningmethodologies,
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3 Gravity FieldModelsfrom SatelliteTracking

Table3.2:Gravity field modelsbasedonGRACEdata.

GRACEModel CombinedModel Year Reference(Comb. Model)

GGM01S GGM01C 2003 [Tapley etal., 2004a]
EIGEN-GRACE01S 2003 -
EIGEN-GRACE02S EIGEN-CG01C 2004 [Reigberet al., 2006]
GGM02S GGM02C 2004 [Tapley etal., 2005]
EIGEN-GRACE03S EIGEN-CG03C 2005 [Förste, 2005]
EIGEN-GRACE04S EIGEN-GL04C 2005 [Förste, 2006]
ITG-GRACE02S 2006 -

specialties,andaccuraciesof theindividual modelswe referto thereferencesin Table3.2 for thecom-
binedmodels.Notethatafirst GRACEgravity field model,ITG-GRACE02S,hasrecentlybeenreleased
by a third institution(in additionto theGFZandtheCSR),see[Mayer-Gürr etal., 2006].
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Satellitegradiometrymeasuresaccelerationdifferences,ideally in threespatialdirections,betweenthe
testmassesof anensembleof accelerometersinsideonesatellite. This measurementprinciplewill be
appliedfor thefirst timeaboardof theupcomingGOCEmission[ESA, 1999].

Figure3.3 illustratestheconceptof satellitegradiometry. Themeasuredsignalscorrespondto thegra-
dientsof the gravitational acceleration,which is an in-situ determinationof the secondderivativesof
thegravitationalpotential.It shouldbepointedout thatthemeasurementscontainthecompletespectral
bandof thegravity field, but arelimited by themeasurementbandwidthof theaccelerometers.There-
fore,acombinationwith theGPShigh-low SSTdataor with CHAMP/GRACEgravity field modelswill
beneededto recover thelongwavelengthpartof thegravity field.
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3.5 Gravity FieldMappingfrom SatelliteGradiometry

Figure3.3:Satellitegravity gradiometry. Thesecond-orderderivativeof thegravitationalpotentialof the
Earthis measuredin a low Earthorbiterby differentialaccelerometry. High-low SSTwith
GPSandcommon-modeaccelerometryareusedascomplementarymeasurements(courtesy
by [Johanessenet al., 2003]).
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In theearlysixties,theU.S.Departmentof Defensebeganpursuingtheideaof developinganall-weather,
space-basedradionavigationsystem.Stimulatedby theexperiencegainedwith TRANSIT andTIMA-
TION, forerunnersystemsof theGlobalPositioningSystem(GPS),thefirst GPSsatellite,PRN4, was
successfullylaunchedon 22 February, 1978.PRN4 wasthefirst of a seriesof elevenso-calledBlock-I
satellitesthatwereusedto build up theconstellationandto validatetheconceptfor positioning.

GPSsatellitesof the Block-II typewereusedlater on to complementthe constellationgradually. The
first Block-II satellite,PRN 14, wassuccessfullylaunchedon 14 February, 1989. It wasthe first of a
seriesof nineBlock-II satellites,followedby a totalof nineteenBlock-IIA satellites.A majormilestone
in thedevelopmentof theGPSconstellationwasDecember8, 1993,when24satellites,3 of themactive
spares,weresuccessfullyoperating.Thefull constellationguaranteesthatat leastfour satellitesaresi-
multaneouslyvisibleatany timeandfor any locationin thevicinity of theEarth’s surface.

The successfullaunchof the first Block-IIR satellite,PRN 13, on 23 July, 1997initiated an ongoing
processof maintainingandrenewing theGPSconstellation.At present(2006),a first modernizedGPS
satellite,PRN17,evenbroadcastsasecondcivilian signal(

­±°w¹
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TheBlock-II satellitesarearrangedin six orbital planeswhich areinclinedby about55× with respectto
the Earth’s equatorandequallyseparatedby 60× on the equator. Figure4.1 (left) givesan impression
of theGPSsatelliteorbitsaroundtheEarthasseenin inertial spacefrom a latitudeof 35× . Thesatellite
orbitsarecloseto circular, with asemi-majoraxisof about26600km.

The orbital revolution period is about11 hours58 minutes,which is almostpreciselyhalf a sidereal
day. Therefore,thesatellitescompletetwo orbital revolutionswhile theEarthrotatesonceby 360× with
respectto inertial space.Consequently, the satellites’trajectoriesin an Earth-fixed coordinatesystem
repeatthemselvesdaily. Figure4.1(right) illustratestheshapeof theresultingtracksfor threeindividual
GPSsatellites.¬RæÕé�æèå ��,!ïº0�ëKñ�»nöFñBòFð
í]ñ�õ¨1\òA�¼¯c.m��ñ�õ
EachGPSsatelliteis equippedwith anensembleof rubidiumandcesiumatomicclocksto generatetwo
coherentcarriers,

­!®
and

­±°
, in the microwave

­
-band. The two carrier frequencies,½ ® and ½ ° , are

derivedfrom thefundamentalfrequency ½ �cS ü.ý � � ú MHz as½ ®¾S üÀ¿MÁ=½ � S üÀ¿�Â¦¿ � Á � MHz with
P\®¾S ÃÄ3ÅÇÆ üÀÈ � ý cm½ °ÉS ü � ý�½ � S ü �_� Â �ËÊ ý MHz with
P�°ÉS ÃÄwÌ Æ � Á � Á cm

L
(4.1)
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4 Fundamentalsof theGPSDataAnalysis

Figure4.1:GPSsatelliteorbitsviewedfrom inertialspace(left) andshapeof thetracksin anEarth-fixed
systemfor threeindividualGPSsatellites(right).

whereP\®qLQP�°
denotethecorrespondingwavelengthsandÍ is thespeedof light.

Two pseudo-randomnoise(PRN) codesare generatedand modulatedon the carriers. The so-called
coarse/acquisition( �Î«3Î ) codeis modulatedwith a chip rateof 1.023Mbpson the

­!®
carrieronly. Its

lengthperchip is about293m. Theprincipalcodefor positioningis, however, theprecision(
²

) codeor
its encryptedversion,the Ï -code,which is modulatedwith a chip rateof 10.23Mbpson bothcarriers­¯®

and
­±°

. Its lengthperchip is about29.3m. Notethat“anti-spoofing”(AS), theartificial encryption
of the

²
-code,is usuallyactivated.
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By thelate1980s,many organizationshadrecognizedthepotentialof GPSfor geodesyandgeodynamics.
A testcampaign,conductedin thesummerof 1992,involved thedeploymentandoperationof a global
GPStrackingnetwork, thefastacquisitionof observationaldataandtransferto globaldatacenters(DCs),
andtherapiddataanalysisby severalanalysiscenters(ACs). Thanksto thesuccessfuloperationandto
the continuingeffort of the large majority of participatingorganizations,the IGS becamean official
serviceof the InternationalAssociationof Geodesy(IAG) on January1, 1994[Beutleret al., 1994b],
entitled at that time as the InternationalGPSServicefor Geodynamics.Sincethen, more than 200
organizations,agencies,anduniversitieshavesharedtheir resourcesto defineinternationalstandardsand
to establishan independentgroundsegment,which generateshigh-accuracy productson a bestefforts
basiswith reliability throughredundancy. The IGS namewasshortenedin 1999to InternationalGPS
Serviceasit hadbecomeclearthattheIGS wasservingmany applicationsotherthangeodynamics.At
present(2006),tenACsproducetheIGSproducts,whichare
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4.2 TheInternationalGNSSService(IGS)

¹ preciseephemeridesandclocksof all active GPSsatelliteswith a delayof 13 to 20 daysfor the
final products,adelayof 17h for therapidproducts,andadelayof 3 h for theultra-rapidproducts,¹ Earthrotationparameters(ERP’s),aspolarmotionandlengthof day,¹ IGStrackingstationcoordinates,velocities,andclockcorrections,¹ globalionospheremaps,and¹ IGStrackingstationtropospherezenithpathdelays.

After morethan10yearsasanofficial IAG service[Dowetal., 2005],theIGSreplacedthetermGPSin
its nameby GNSSin 2005,paving thewayfor theintegrationof otherglobalnavigationsatellitesystems
like theupcomingGalileosystem.At present,threeACsarealreadyproducingorbitsandotherproducts
for thefunctioningsatellitesof theRussianGLONASS(GlobalNavigationSatelliteSystem),which is a
first steptowardsa fully combinedprocessingof datafrom multipleglobalnavigationsatellitesystems.

The IGS consistsof componentslike network stations,datacenters,analysiscenters(ACs), analysis
centercoordinator, centralbureau,governingboard,andusers.At presenttenACscontributeto theIGS:¹ Centerfor Orbit Determinationin Europe,AIUB, Bern,Switzerland,¹ Energy, MinesandResources,NRCan,Ottawa,Canada,¹ EuropeanSpaceAgency, ESOC,Darmstadt,Germany,¹ GeoForschungsZentrumPotsdam,Germany,¹ JetPropulsionLaboratory, Pasadena,California,USA,¹ MassachusettsInstituteof Technology, Cambridge,Massachusetts,USA,¹ NationalGeodeticSurvey, NOAA, Silver Spring,Maryland,USA,¹ ScrippsInstitutionof Oceanography, SanDiego,California,USA,¹ U.S.Naval Observatory, WashingtonD.C.,USA, and¹ GeodeticObservatoryPecny, CzechRepublic.

For moreinformationabouttheIGSandits products,we refer, e.g.,to [Meindl, 2005].¬RæèåwæÕé ��$�ñ�¯qñBò�îøñBë�§�.�ë¥êuë�ìFí@îÔÓ¥ñ%îøñBë�÷YíÞò+1�îÛí .nò¡íÞò¼�±ö�ë�.mÕ�ñ
CODE, the Centerfor Orbit Determinationin Europe,is oneof the ten ACs of the IGS. It is a joint
ventureof thefollowing threeinstitutions:¹ theAstronomicalInstituteof theUniversityof Bern(AIUB), Bern,Switzerland,¹ theFederalOfficeof Topography(swisstopo),Wabern,Switzerland,and¹ theFederalAgency of CartographyandGeodesy(BKG), Frankfurta.M.,Germany.

CODE is locatedat the AIUB. Since21 June,1992, the start of the IGS test campaign,CODE has
significantlycontributedto the IGS with a wide rangeof products,which aregeneratedwith the latest
versionof theBerneseGPSSoftware,atpresentdevelopmentversion5.1.Full useof thevariousproducts
is madein this work whenever possible.For furtherinformationaboutthedifferentCODEproductsand
theappliedprocessingstrategies,thereaderis referred,e.g.,to [Hugentobleretal., 2004b].
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In thissection,wediscusstheGPSobservationequations,therelevantlinearcombinationsfor LEOPOD,
andtheambiguityresolutiontechniquesapplicableto spaceborneGPSmeasurements.For a thorough
derivationandamoredetaileddiscussion,thereaderis referredto [TeunissenandKleusberg, 1998a].

In general,therearethreetypesof GPScodeobservations,the �Î«3Î -,
² ®

-, and
² °

-codeobservations,
or their encryptedversions,the Ï ® - and Ï ° -codeobservations,which canbecollectedby a terrestrialor
spaceborneGPSreceiver. However, not every receiver typesupports(or reports)all of them.It is worth
mentioningthattheBlackJackreceiversaboardtheCHAMP andGRACEsatellitessupportthetracking
of all codeandaccompanying carrierphaseobservationsof all GPSsatellitesin view. Theaccompanying
carrierphaseobservationsaredenotedas

­E×
,
­ ®

, and
­ °

.¬RæèçwæÕé ¯c.%�\ñ¡êuì�õ>ñBë�*'1�îÛí .nò¥�%»nö+1�îÛí .nò
The �Î«3Î -,

²
-, or Ï -code,transmittedby the satellite Ø at time ÙÛÚ andregisteredby the receiver Ü at

time ÙAÝ , is definedas ² ÚÝ �S Í H Ù ÝAÞ Ù Ú R�L (4.2)

where² ÚÝ is thecodeobservation(or pseudo-range),expressedin unitsof length,Í is thespeedof light,Ù�Ý is thearrival (or observation)timeof thesignal,asmeasuredby theclockof thereceiver Ü , andÙ Ú is thetransmissiontimeof thesignal,asmeasuredby theclockof thesatelliteØ .

GPSpositioningis primarily basedon one-way measurementsof thesignaltraveling time. Therefore,
a commonreferencetime, theso-calledGPSsystemtime [Rockwell, 1984],hasbeendefined,which is
alignedto theinternationalatomictime(TAI) with aconstantoffsetof -19s. AlthoughtheGPSsatellites
areequippedwith redundantatomicclocksof eitherCesium-or Rubidium-type,they aresubjectto an
offsetbetweentheir internalclocksandtheGPSsystemtime. Thesameholdsfor GPSreceiverswhich
areusuallyonly equippedwith temperaturecompensatedcrystaloscillators.Dueto thelack of receiver
clock synchronization,onecannotdirectly derive rangesfrom thecodemeasurements,which therefore
arecalledpseudo-ranges.ModernGPSreceivers,suchastheBlackJackreceiversaboardtheCHAMP
andGRACE satellites,at leastkeeptheir clocksroughlysynchronizedwith respectto GPStime within
aboutonemillisecond.As satelliteandreceiver clocksareusuallyaffectedby a drift, bothclockoffsets
areonly valid onacertainepoch.

Thepseudo-range
² ÚÝ mayberelatedto theslantrangeß ÚÝ , thegeometricdistancebetweenthereceiver Ü

atsignalreception(GPStime à Ý ) andthesatelliteØ atsignaltransmission(GPStime à/Ú ), andto thedelays
dueto theEarth’s atmosphereas

² ÚÝ S ß ÚÝ Þ Í û � à Ú t Í û � à Ý t � ß ÚÝ � á­âOãKä t � ß ÚÝ � Ý ã Y t�å ÚÝ L (4.3)

where� à/Ú is theclockoffset Ù�Ú Þ à/Ú of thesatelliteØ w.r.t. theGPSsystemtime,� à Ý is theclockoffset Ù Ý�Þ à Ý of thereceiver Ü w.r.t. theGPSsystemtime,
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4.3 ModelingtheGPSObservables

� ß«ÚÝ � á­âOãiä is thesignaldelaydueto thetroposphere,expressedin unitsof length,� ß«ÚÝ � Ý ã Y is thesignaldelaydueto theionosphere,expressedin unitsof length,andå ÚÝ is theresidual.

Equation(4.3) actually containsadditionaltermslike satelliteand receiver specifichardware delays.
They arenot explicitly listedin thesinglefrequency observationequationbecausethey cannotbesepa-
ratedfrom theclock offsets

� à/Ú and
� à�Ý , which implicitly compensatefor them.Codemultipath,other

systematicerrors,andthemeasurementthermalnoiseof thecodeobservationsareall partof theunmod-
eledresidualterm

å ÚÝ .
Notethatantennaphasecenteroffsets(andvariations)of theemittingandreceiving antennahave to be
includedin theterm ß ÚÝ to ensureacorrectmodeling.Thesameholdsfor relativistic corrections.¬Ræèçwæèå ,�$+1�õÛñeê9ìFõÛñBë�*'1�îÛí .nò¼�m»wö+1�îÛí .nò
The accompanying accumulatedcarrier (beat)phaseobservation

­ ×
,
­¯®

, or
­±°

of the corresponding
codeobservationis definedas ­ ÚÝ �S¼P?Hçæ ÝAÞ æ Ú t6è ÚÝ R�L (4.4)

where­ ÚÝ is theaccumulatedcarrierphaseobservation,expressedin unitsof length,P
is thecorrespondingwavelength,æ Ý is thecarrierphaseof thereferencesignalgeneratedby thereceiver Ü atarrival time Ù Ý ,æ Ú is thecarrierphaseof thetransmittedsignalat transmissiontime Ù�Ú , andè ÚÝ is theconstantinitial carrierphaseambiguity, expressedin integercyclesof

P
.

Thecarrierphaseobservation equationmaybeformulatedin analogyto theobservationequation(4.3)
as ­ ÚÝ S ß ÚÝ Þ Í û � à Ú t Í û � à Ý t � ß ÚÝ � á­âOãiä Þ � ß ÚÝ � Ý ã Y t¢P û²é ÚÝ t�å ÚÝ L (4.5)

whereégÚÝ denotesaconstantbiasrelatedto theinitial carrierphaseambiguity, expressedin cycles.

Themajordifferenceto (4.3)is thebiasterm égÚÝ , whichconsistsof theinteger-valuedinitial carrierphase
ambiguity

è ÚÝ , thereal-valuednon-zerophasedifferencebetween
æ Ý and

æ Ú at any commonepoch,and
the real-valuedsatelliteandreceiver specifichardwaredelays. As it is not possibleto separatethese
constituentsin undifferencedGPSdata,only thetotaleffectpersatellitepass,receiver, andfrequency can
bedeterminedby thereal-valuedbiasterm é ÚÝ . If thereceiver loseslock of thesignal,anadditionalbias
termhasto besetup dueto thediscontinuity(cycle slip) in theaccumulatedcarrierphaseobservations.
In addition,carrierphaseobservationsaresubjectto a polarizationinducedphasewind-up [Wu et al.,
1993].A furtherdifferenceto thecodeobservationequation(4.3)is theoppositesignof theionospheric
refraction

� ß«ÚÝ � Ý ã Y dueto aphaseadvanceinsteadof agroupdelay.

In essence,wemaydistinguishbetweentwo typesof termsin thefundamentalGPSobservationequations
(4.3)and(4.5):
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4 Fundamentalsof theGPSDataAnalysis

¹ TheslantrangeßêÚÝ , which containsthe informationaboutthe“observationgeometry”.This term
will bein thefocusof thisworkasit allowsto retrieveLEOreceiverpositions,andthusLEOorbits.
Thecontentof informationis, however, not restrictedto differentpositioningtasksasit contains
aswell informationrelatedto theGPSsatelliteorbits,Earthorientation,antennalocations,etc.

¹ Theremaining,“non-geometry”terms,which containinformationrelatedto satelliteandreceiver
clocks,

� à/Ú and
� à Ý , to the troposphericdelay,

� ß«ÚÝ � á­â/ãiä , andto the ionosphericdelay
� ß«ÚÝ � Ý ã Y .

They illustratethewiderangeof scientificapplicationsaccessiblebyGPS,e.g.,timeandfrequency
transfer[Dach et al., 2003],ionospheremapping[Schaer, 1999],etc.

For LEO positioning,thelastmentionedtermsaremerelyanuisance,in particulartheionosphericdelay
(the troposphereis non-existentat LEO altitudes).Fortunately, the ionosphereis a dispersive medium
for the

­
-bandcarrierwavesbroadcastedby the GPSsatellites,which in turn makes the ionospheric

refractionto beproportionalto üÛ«¦½ ° in first orderapproximation,where ½ is thecarrierfrequency. The
observation equationsfor the setof observationsprovided by a dual-frequency, geodetic-typeGPSre-
ceiver maythereforebewritten in asimplifiednotationas

² ÚÝ � ® S ëß ÚÝ t6ì ÚÝ² ÚÝ � ° S ëß ÚÝ t9í û ì ÚÝ (4.6)­ ÚÝ � ® S ëß ÚÝ Þ ì ÚÝ t¢PB® û²é ÚÝ � ®­ ÚÝ � ° S ëß ÚÝ Þ í û ì ÚÝ t�P ° ûÀé ÚÝ � ° L
where² ÚÝ � ® , ² ÚÝ � ° arethe

²
-codeobservationsonbothfrequencies,­ ÚÝ � ® , ­ ÚÝ � ° aretheaccumulatedcarrierphaseobservationsonbothfrequencies,ëß ÚÝ is thegeometricdistancebetweenthe receiver Ü andthesatellite Ø including theclock offsetsand

thetroposphericrefraction,ì ÚÝ is the
­ ®

-relatedionosphericrefraction,í
is theconversionfactor ½ °® «¦½ °° Æ ü �ËÊ Á Ê È to obtainthe

­±°
-relatedionosphericrefraction,andégÚÝ � ® , égÚÝ � ° arethecarrierphasebiasparametersonbothfrequencies.

It is importantto mentionthatthroughoutthis work theindividual observations(4.6)will alwaysbeas-
sumedto be completelyuncorrelatedin the time domain,aswell asuncorrelatedin-betweendifferent
measurementtypesandfrequencies.Furthermore,equala priori variances(or weights)will beassumed
for thecodeobservablesonbothfrequencies,andfor thephaseobservablesonbothfrequencies.

In principle, thesetof dual-frequency codeandcarrierphaseobservationsprovidessufficient informa-
tion for deriving the unknown quantitieson the right-handsidesof equation(4.6). However, the code
observationsaretwo to threeordersof magnitudelessaccuratethanthephaseobservations,which ex-
hibit a thermalnoiseat the level of mm’s only andmultipatherrorsthat areconfinedto a quarterof
thesignalwavelength[Braasch, 1995]. Therefore,thecarrierphaseobservablesareprimarily usedfor
high-precisiongeodeticapplications.In orderto minimize or eliminatespecificerror sources,suchas
theionosphericrefractionon theright-handsidesof equation(4.6),it is commonpracticeto form differ-
encesbetweentheoriginal measurementswith GPSobservationsfrom otherreceivers,or to form linear
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Figure4.2:Doubledifferenceformedoutof four one-way observations.

combinationsof theoriginaldual-frequency measurements,or to combinebothtechniques,respectively.

¬Ræèçwæèç êuì�õÛñ\ë�*'1�îÛí .nò¼ÓÐí#î¯ñBëKñBòBð,ñ�õ
Differences ­ ÚÝðï �S ­ ÚÝ Þ ­ Úï (4.7)

of carrierphase(or code)observationsthatareacquiredquasi-simultaneouslyby two receivers Ü and ñ
(groundstationsor LEOs)onthesamefrequency to thesatelliteØ arecalledsingledifferences.They are
verysensitive to therelativeposition(baselinevector)betweenbothreceiversandthusof particularinter-
estfor formationflying spacecrafts[Kroes, 2006].Thesatellitehardwaredelayandthesatellitenon-zero
initial phasearecompletelyeliminatedby formingasingledifference.In addition,thesatelliteclockoff-
set

� à�Ú is almostcompletelyeliminatedandany spatiallycorrelatederrors,e.g.,unmodeledionospheric
disturbances,areconsiderablyreducedonshortbaselinesaswell. Multipathandothersystematicerrors
are,however, still presentsincethey generallyhave a differentpatternfor the individual antennasand
antennasenvironments.Notethattheindividual singledifferenceobservationsremainuncorrelated,but
experiencean increaseof � � in the noiselevel if the noiseof the observationsfrom both receivers is
assumedto beequal.

Differencesbetweentwo quasi-simultaneouscarrierphase(or code)singledifferencesto thesatellitesØ
and ò ­ Ú3óÝôï �S�­ ÚÝðï Þ ­ óÝðï S�HÕ­ ÚÝ Þ ­ Úï R Þ HÕ­ óÝ Þ ­ óï R (4.8)

arecalleddoubledifferencesandarerelatedto a satellitepair anda receiver pair. Figure4.2 illustrates
the forming of this new observableout of four undifferencedobservations,alsocalledzerodifference
observations,or two singledifferenceobservations. The doubledifferenceobservabledoesno longer
containthe receiver clock offsets

� à Ý and
� à ï , the receiver non-zeroinitial phases,andalmostno re-

ceiver hardwaredelays.Thedoublydifferencedcarrierphasebiasparametercanthusbeidentifiedwith
the doubly differencedinitial carrierphaseambiguity, which is of integer nature. Multipath andother
systematicerrorsare,however, still presentin (4.8). Notethat thereceiver clock offsets,obtained,e.g.,
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4 Fundamentalsof theGPSDataAnalysis

from acodesolution,mustbeappliedwith anaccuracy of betterthanonemicrosecondprior to differen-
tiationdueto theGPSsatellitemotion.

In closeanalogyto equation(4.6),thedual-frequency codeandcarrierphaseobservationequationsread
as ² ÚqóÝôï � ® S ëß ÚqóÝðï t6ì ÚqóÝðï² ÚqóÝôï � ° S ëß ÚqóÝðï t9í û ì ÚqóÝðï (4.9)­ ÚqóÝðï � ® S ëß ÚqóÝðï Þ ì ÚqóÝðï t�P ® û è Ú3óÝôï � ®­ ÚqóÝðï � ° S ëß ÚqóÝðï Þ í û ì ÚqóÝðï t�P�° û è Ú3óÝôï � ° L
whereëß ÚqóÝðï is thedoublydifferencedgeometrictermincludingthetroposphericrefractionandè Ú3óÝôï � ® , è Ú3óÝôï � ° aretheinteger-valueddoubledifferencecarrierphaseambiguityparametersof bothfrequen-

cies.

Notethattheremoval of therelative GPSreceiver clockoffsetfrom (4.7) to (4.8) is doneat theexpense
of oneobservationandtheintroductionof a correlationbetweenobservationsof thesamemeasurement
typeandfrequency.

Thedifferenceof two doubledifferencesreferringto differentepochsyieldsa triple difference,which is
unambiguousasthedoublydifferencedinitial carrierphaseambiguitiescancelout. Thesameis alsotrue
for epochdifferencesof undifferencedcarrierphaseobservations[Bock, 2003].Bothtypesof observables
areusefulfor screeningthedoubleandthezerodifferencecarrierphaseobservations,respectively.¬Ræèçwæ­¬ õFíÞò�ñ'1�ëg¯c.n÷6ìFíÞò+1�îÛí .nò�õ
Linearcombinationsof dual-frequency carrierphase(or code)observationsmaybeformedateachlevel
of differentiation,e.g.,at thelevel of doubledifferences,by­ Ú3óÝôï � Y

�S¼öB® � Y û ­ ÚqóÝðï � ® t�ö�° � Y û ­ ÚqóÝðï � ° L (4.10)

wherethecoefficients
öB® � Y and

ö�° � Y definethecharacteristicsof the linearcombination.Subsequently,
webriefly review therelevant linearcombinationsfor this work on thebasisof doubledifferenceobser-
vations,andstatetheassociatedobservationequations.For moredetailedinformation,alsoaboutother
linearcombinations,thereaderis referredto [Schaer, 1999].

< ��+
�%�.��G
�,���x}.�%�(�*�=�-�N+
�*"*� r ��8�$%�N+
",�3�@��+
Thelinearcombination(LC) with thecoefficientsö ® � � �S ½ °®½ °® Þ ½ °° Æ � � ¿MÁ ¿�Â and

ö ° � � �S Þ ½ °°½ °® Þ ½ °° ÆªÞ ü � ¿MÁ ¿�Â (4.11)

eliminatestheionosphericrefractiontermsquotedin equation(4.9),andis thereforecalledionosphere-
free.Thedoubledifferencecodeandcarrierphaseobservationequationsthusreadas² ÚqóÝðï � � S ëß ÚqóÝðï­ ÚqóÝðï � � S ëß ÚqóÝðï t¢P � ûÀé ÚqóÝðï � � L (4.12)

where
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4.3 ModelingtheGPSObservables

P � is thenarrow-lanewavelength(to bedefinedin (4.16))andé ÚqóÝðï � � is a real-valuedambiguityparameter, expressedin narrow-lanecycles.

Theionosphere-freeor
­ � LC is definitely themostfrequentlyusedobservablefor GPSanalysis.This

alsoappliesfor the applicationswhich are in the focusof this work. Only for the taskof ambiguity
resolution,otherLCs thantheionosphere-freeLC have to beused.÷��@4��x}.�,"%+
�I�
�]+%��"*� r ��8�$%�N+
",�3�@��+
Thecoefficients ö\® � ø �S ½ ®½ ® Þ ½ ° Æ Á � ¿ � ÈMÁ and

ö�° � ø �S Þ ½ °½ ® Þ ½ ° ÆªÞ ú � ¿ � ÈMÁ (4.13)

definethe wide-laneLC, which is useful for ambiguity resolution. The wide-lanedoubledifference
carrierphaseobservationequationreadsas­ ÚqóÝðï � ø SUëß ÚqóÝðï Þ í ø2û ì ÚqóÝðï t�P ø2û è Ú3óÝôï � ø L (4.14)

whereí ø is theionosphericconversionfactor Þ ½ ® «¦½ ° ÆªÞ ü � �_ù úfú ,P ø is thewide-lanewavelengthÍ « H ½ ® Þ ½ °²R Æ ù Ê«� � cm,andè Ú3óÝôï � ø is aninteger-valuedambiguityparameter, expressedin wide-lanecycles.

Theionosphericerrors
ì ÚqóÝðï and

íúì ÚqóÝðï expressedin
­¯®

- and
­±°

-cycles,respectively, areconsiderablylarger
thantheionosphericerror

í ø ì ÚqóÝðï expressedin
­ ø -cycles,e.g.,anionosphericerrorof 1.000

­¯®
- and1.283­ °

-cyclesresultsonly in an ionosphere-inducederrorof -0.283
­ ø -cycles. Resolvingwide-laneambi-

guities
è ÚqóÝðï � ø to integervaluesis thereforelesssensitive to unmodeledionosphericerrorsthanresolving

original
­!®

- and
­±°

-ambiguities,becauseof therelatively longwavelength
P ø Æ ù Ê«� � cm.

Thewide-laneambiguity
è ÚqóÝðï � ø is relatedto thedoublydifferenced

­¯®
- and

­±°
-ambiguitiesasè ÚqóÝðï � ø S�è ÚqóÝðï � ® Þ è ÚqóÝðï � ° � (4.15)

If the wide-laneambiguity
è Ú3óÝôï � ø is known, it may be usedto resolve the doubly differenced

­¯®
- and­±°

-ambiguitieswith the ionosphere-freeLC. Introducing(4.15) in (4.12), the ionosphere-freephase
observationequationreadsas ­ ÚqóÝðï � � Sµëß ÚqóÝðï t�P �2û è ÚqóÝðï � ® Þ ö�° � �2û P�° û è ÚqóÝðï � ø L (4.16)

whereP � is thenarrow-lanewavelength
ö\® � �2û PB®ût�ö�° � �2û P�°®S Í « H ½ ®út ½ °ÀR Æ ü.ý � Â cm(see(4.12)),è Ú3óÝôï � ® is theinteger-valued

­¯®
- or narrow-laneambiguity, expressedin narrow-lanecycles,andö�° � �2û P�° û è Ú3óÝôï � ø is theknown biasfrom thewide-laneambiguityresolution.

The integer natureof the original, dual-bandambiguities
è ÚqóÝðï � ® and

è ÚqóÝðï � ° may thus be recoveredvia
the previously resolved wide-laneambiguity

è ÚqóÝðï � ø . However, the narrow-laneambiguityresolutionis
considerablymoredifficult thanthewide-laneambiguityresolutiondueto therelatively shortwavelengthP � Æ ü.ý � Â cm. Therefore,it is essentialto properly model the doubly differencedgeometrictermëßêÚqóÝðï including the troposphericrefraction. It might beseenasa slight advantagefor purelyspaceborne
applicationsthatthetroposphereis non-existentatLEO altitudes.
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[Melbourne, 1985] and [Wübbena, 1985] independentlyproposeda LC of dual-bandphaseandcode
measurementswhichyieldsanobservationequationfor thewide-laneambiguity

è ÚqóÝðï � ø only. At thelevel
of doubledifferences,thisLC is formedaccordingto

­ Ú3óÝôï � ý�þ �S¥ö\® � ø2û ­ ÚqóÝðï � ® t�ö�° � ø2û ­ Ú3óÝôï � ° t�ö �3� ø2û ² Ú3óÝðï � ® t6ö � � ø2û ² ÚqóÝðï � ° L (4.17)

with thecodemultipliersö �3� ø �S Þ ½ ®½ ®mt ½ ° ÆªÞ ý � ¿ Ê � ý and
ö � � ø �S Þ ½ °½ ®mt ½ ° ÆªÞ ý � Á*ú ù ý (4.18)

andthephasemultipliersbeingdefinedby (4.13).TheMelbourne-ẄubbenaLC eliminatesthegeometry,
thetroposphere,andtheclockoffsetsduetoö ® � ø t�ö ° � ø t�ö �3� ø t�ö � � ø S ý L (4.19)

andtheionospheredueto Þ öB® � ø Þ í û ö�° � ø t�ö �3� ø t9í û ö � � ø S ý L (4.20)

keepingonly the wide-laneambiguity term
P ø û è Ú3óÝôï � ø . Therefore,this LC may be usedfor wide-lane

ambiguityfixing evenon long baselinesdueto theeliminatedionosphericrefraction.However,
²

-code
measurements

² ÚqóÝðï � ® and
² ÚqóÝðï � ° of goodqualityareaprerequisite,because(4.17)is dominatedby thenoise

of thecodeobservations.��Å�� ÉÐÏ�Ù=ÿ\Òú��
��2ÓÕÔUÒ Ï®>���Ò±Ý�Ñ«�,à �����bÝ�ÚÛÒ Ñ�äpÔ����bÑ«�A��Ò2Ö=�
Least-squaresadjustmentis the mathematicalmethoduniquelyusedin this work to derive LEO orbits
from GPSdata. We refer to [Tapley et al., 2004c]for a discussionof otherparameterestimationalgo-
rithmsin thecontext of orbit determination.

Let usassumethateachobservationmaybeexpressedasa functionof theparametersof a givenmathe-
maticalmodel.Basedonthemodelfunction � , wemaywrite thesystemof observationequationsin the
presenceof observationerrorsas 	�
 t
��S � H��¥R�L

(4.21)

or, if � is anon-linearfunctionof theparameters,in its linearizedform as	�
 t
��S � H����)R t
��� L
(4.22)

with thecolumnarrays	 

of theactualobservations,�
of theobservationcorrections(or residuals),�	 S 	�
 t��

of theadjustedobservations,�¾S����út
�
of theadjustedmodelparameters,� �

of theapproximate(or apriori) modelparameters,
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4.4 Pocket Guideof Least-SquaresAdjustment�
of themodelparametercorrectionsw.r.t.

���
(solutionvector),and�

, whichdenotesthefirst design(or Jacobi)matrix.

Thefirst designmatrix is definedby � �S�� � H��¼R� � ���� � ^ ��� (4.23)

Rearrangingthelinearizedobservationequationsyieldsthesystemof correctionequations� S���� Þ n 	�
 Þ � H����ÀR y S���� Þ�� L (4.24)

wheretheterm � �S 	�
 Þ � H�� � R
is oftenreferredto as“observed-minus-computed” (O–C).

Thenatureof theobservationerrorsis takeninto accountby astochasticmodel,which is describedby US"! þ ®#$# S�% °�'& þ ®#$# L
(4.25)

where 
is theweightmatrixof theobservations,! #$# is thecofactormatrixof theobservations,%��
is theapriori standarddeviationof unit weight,and& #$# is thecovariancematrixof theobservations.

Observe that the weight matrix
 

is diagonal,if the observationsareuncorrelated.In this case,the
diagonalelementsaregiven by

² óËó S(% °� « % °ó , where
% °ó is the a priori varianceof the corresponding

observation.

In least-squaresadjustment,thesolutionof thecorrectionequation(4.24)is obtainedby minimizing the
quadraticform

�*)�²+�
. Theunderlyingvariationproblemcanbesolvedby Lagrangemultipliers,which

yield thenormalequationsystem, � )  ��.-/� Þ � )  � S"0(� Þ�1 S"2¨L
(4.26)

where0 �S�� )  3�
is thenormalequationmatrixand1 �S"� )  � is theright-handsideof thenormalequationsystem.0

is by definitionaquadraticandsymmetricmatrix. If it is regular, thesolutionvectorfollows as�ÒS , � )  �� - þ ® � )  � S"0 þ ® 1 L (4.27)

where0 þ ® is theinversenormalequationmatrix.
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Theestimated(a posteriori)standarddeviationof unit weightis computedassÖ�-S54 � ) ²��6 (4.28)

for
6 £ ý , where6 �S { Þ ~ is thedegreeof freedom(DOF)of theleast-squaresadjustment,{ is thenumberof observations,and~ is thenumberof adjustedmodelparameters.

Notethatthequadraticform(sumof theweightedresidualsquares)maybecomputedeitherusing(4.24),
whichmakesit necessaryto evaluatethefirst designmatrix

�
, or, alternatively, by themoreefficientbut

numericallylessstableformula � ) ²+� S � ) ² �mÞ � ) 1 � (4.29)

Thecovariancematrixof theadjustedmodelparametersis givenby&8797 S�s °� ! 7:7 S s °� 0 þ ® L (4.30)

where! 797
is thecofactormatrixof theadjustedmodelparameters.

The(aposteriori)standarddeviationsof theadjustedmodelparametersaregivenbys } S5; � })} S�sÖ� ; < })} L
(4.31)

where � })} and
< })} arediagonalelementsof thecovarianceandcofactormatrices,respectively.

Thecovariancematrixof aparticularfunction = S�>?�?t = � of theadjustedmodelparametersis given
by thegenerallaw of errorpropagation &A@B@ S�> & 797 > )

(4.32)¬Ræ­¬RæÕé ,�1�ë/1\÷hñ�îøñBëI,UëKñ &_�%(]íÞ÷IíÞò+1�îÛí .nò
The parameterpre-eliminationtechniqueis usefulto handlea large numberof modelparameterseffi-
ciently, e.g.,epoch-specificreceiver clock offsetsandpseudo-stochasticorbit parametersin thecontext
of LEO orbit determination,asit will beoutlinedin Sects.6.1and6.3,respectively. Let ussubdivide the
systemof normalequations(4.26)into two partsC 0�D*D 0�DFE0GEBD 0GE*EIH û C �JD�KEIH S C 1 D1 EIH (4.33)

andassumethat we arenot interestedin the actualvaluesof the solutionsub-vector
�KE

. In this case,
we mayreducethenormalequationsystem(4.33)by pre-eliminatingthemodelparameters

�KE
, which

yieldsthemodifiedsystemof normalequationsas0�LD*D � D S 1 L D L (4.34)

where
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4.4 Pocket Guideof Least-SquaresAdjustment0�LD*D S�0�D*D Þ 0�DMEN0 þ ®E*E 0GEBD is thenormalequationmatrixof themodelparameters
�JD

and1 L D S 1 D Þ 0 DFE 0 þ ®E*E 1 E is thecorrespondingright-handsideof thenormalequationsystem.

It mustbeunderlinedthatthepre-eliminatedmodelparameters
�KE

werecorrectlytaken into accountin
thenormalequationsystem(4.34)althoughtheir estimatesareno longeravailable.Onemustbeaware,
however, that the parameterpre-eliminationstepcannotbe performedat any arbitrarytime; it canbe
performedonly if additionalobservationsdo no longercontributedirectly to theelementsrelatedto the
solutionsub-vector

�KE
of thenormalequationsystem(4.33).

Thequadraticform
�O)�²��

maybecomputedfor themodifiednormalequationsystem(4.34)by formula
(4.29)as � ) ²���S � L )�² � L Þ �P) D 1 L D L (4.35)

where� L )�² � L S � ) ² �mÞ+1 E ) 0 þ ®E*E 1 E is themodifiedquadraticform of thetermsO–C.¬Ræ­¬Ræèå ,�1�ë/1\÷hñ�îøñBëg¯c.nò�õøîxë/1�íÞòFíÞò�"
It is commonpracticeto constrainselectedmodelparametersto their a priori values(“absolutecon-
straints”)or to otherparameters(“relative constraints”).This maybedoneto suppresslargeexcursions
of weaklydeterminedmodelparametersfrom theirapriori valuesor from neighboringparametervalues,
which is frequentlydonewith pseudo-stochasticorbit parametersin thecontext of LEO orbit determina-
tion. Onemustbeaware,however, thatapriori informationis introducedby thisprocessinto thesystem
of normalequations,whichmayor maynotbedesiredfor certainapplications.

5U$%����&]�-�3� r ��+
���?��"
�N+%�N+-�
Parameterconstraintsmaybe introducedby artificial observationswith a user-specifiedvariance

% °|RQTS .
Theseobservationshave to be appendedto the systemof observation equations(4.22). If the change
with respectto theapriori valueis usedastheactualparameterin theartificial observationequation,the
weight U S % °�% °|VQTS (4.36)

hasto beonly addedto thecorrespondingdiagonalelementof thenormalequationmatrix
0

, because
thevalueO–Cis zeroin this specialcase.Observe thattheDOFcounterhasto beincrementedby 1, as
well.

tw�,&�"*�?����� r ��+
���?��"
�N+%�N+-�
In orderto constrainthe differenceof two particularmodelparameterswith respectto eachother, the
weightmatrix W S C U Þ UÞ U U H with

U S % °�% °âYX ó (4.37)

hasto beaddedto thenormalequationmatrix
0

, i.e., thevalues

U
and Þ U have to beaddedto the

diagonalandoff-diagonalelementscorrespondingto the two parametersinvolved. Note that the DOF
counterhasto beincrementedby 1, again.
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Artificial Earthsatellitesaregenerallyextendedobjectsof considerablesize,consistingof severalcom-
ponentsof complex shapesuchasantennas,thrusters,andsolarpanels.Satellitemotionthuscomprises
themotionof its centerof massaroundtheEarth,andtheorientationof a satellite-fixedcoordinatesys-
temin inertialspace,which is addressedastheattitudeof thesatellite.Whereastheattitudeof a passive
satelliteis uniquelydefinedby the Euler equations,seee.g., [Beutler, 2005], active satelliteshave to
be correctlyorientedat any time accordingto the instrumentspecifications.Therefore,the satellite’s
attitudehasto beactively maintainedandcontrolled,e.g.,by momentumwheelsor by frequentthruster
firings,which makesattitudemodelingdifficult for certainsatellites.In orderto still guaranteea proper
interpretationof theinstrumentreadings,starcamerasareinstalledon scientificsatelliteswith stringent
accuracy requirements,andmeasuretheorientationof thesatellitewith high precisionat any time with
respectto the stars.Sincethe CHAMP andGRACE satellitesconsideredhereareequippedwith such
cameras,seeSects.2.3.2and2.6.2,wemayassumetheirattitudemotionasknown (seeSect.7.3.2).

The satellite’s centerof massmotion aroundthe Earthis governedby the sumof all forcesactingon
the satellitebody. Sincethe satellitemassmay alwaysbe neglectedwith respectto the massesof the
Earth,Moon, Sun,andplanets,their orbitsandorientationmaybeassumedasknown. Opposedto the
third bodyperturbations,seeChapter3, a very detaileddescriptionof thestationarypartof theEarth’s
gravitationalpotentialincludingthousandsof termsis neededfor anaccuratemodelingof themotionof
thesatellitesconsideredheredueto their very low altitudesabove theEarth’s surface. Moreover, tidal
deformationsof theEarth,theso-calledsolid Earthandoceantides,aswell asnon-gravitational forces
likeair dragdueto theEarth’supperatmosphereandsolarradiationpressureeffectshaveto betakeninto
account.It is unnecessaryto saythat themodelingof non-conservative forcesis difficult for satellites
with acomplex shape.

In view of the fact that the mostcomplex of the above mentionedmodels,i.e., the Earthgravitational
potentialmodelsandtheupperatmospheredensitymodels,still heavily rely on theassimilationof data
from very low Earthorbiting satellites,it may be understoodthat they arestill not perfectandcanbe
improved steadily. Therefore,it is of utmostimportancethat a mostpreciserestitutionof a satellite’s
trajectoryfrom very accuratetrackingdatacanbeperformedevenin thepresenceof deficientdynamic
models,e.g.,duringtheinitial phaseof anew satellitemissionbeforeimprovedmodelsareavailable.

This chapterintroducesdifferentorbit determinationtechniquesapplicableto high-low GPSSSTdata
from LEO receivers. It startswith a shortdiscussionof theunderlyingGPSobservationequationswith
regardto orbit determination,introducesdynamicandkinematicorbit parameters,andsubsequentlyfo-
cuseson thedevelopmentof themathematicalequipmentfor a so-calledpseudo-stochasticmodelingof
satelliteorbits. Although thesedevelopmentsareapplicableto any typeof satelliteandto any typeof
trackingdata,pseudo-stochasticorbit modelingis mainlyintendedfor LEO orbit determinationbasedon
high-low GPSSSTdata.Summariesof thepresentedalgebramaybefoundin [Jäggi et al., 2005b]and
[Jäggi etal., 2006a].
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5 ModelingSatelliteMotion��Å�Æ Ë\[%�FÚÛÝbÙu��Ó�ÖE�Ñ�ZËJÈ ÉÐÏ!Ñ�ÓF��ÓÕÏÎÖ2Ñ¥>xÚÛÏC� 
�ÉÖ� �pÝ=�
Ý
Accordingto Chapter4, the slantrangeß ÚÝ containsthe relevant informationfor positioningreceiver Ü
with respectto GPSsatellite Ø . In order to rewrite the observation equations(4.6) or (4.9) for the
determinationof thepositionof a LEO receiver, thetroposphericrefraction,

� ßêÚÝ � á­âOãKä , hasto beomitted
andthegeometricterm ß ÚÝ hasto bereplacedbyß Úó X�ã S^] _ ó X�ã H à ó X�ã R Þ _ Ú H à ó X�ãEÞ�` Úó X�ã Ra]�L (5.1)

where_ ó X�ã is theinertial positionof theLEO antennaphasecenterat GPStime à ó X�ã ,_ Ú is theinertialpositionof theantennaphasecenterof GPSsatellite Ø at GPStime à ó X�ãEÞ�` Úó X�ã , and` Úó X�ã is thesignaltraveling timebetweenthetwo phasecenterpositions.

Notethatfor thesake of simplicity thequasi-inertialInternationalCelestialReferenceFrameICRF(see
Sect.7.3.1) is addressedas inertial frame. In order to extract the inertial centerof masspositionof
theLEO spacecraftat time à ó X�ã , additionalinformationon theorientationof a satellite-fixed coordinate
systemhasto beavailable,aswell asthe locationandorientationof thereceiving GPSantennain this
coordinatesystem(seeSect.7.3.2).If bothconditionsarefulfilled, theLEO centerof masspositionmay
bemodeledin (5.1)eitherby adynamicor a kinematicorbit representation.b æÕé�æÕé Ó�2Fò+1\÷IíNðpêuë�ìFí@îa©2ñ�Õ�ëmñ�õÛñ\ò�îÀ1�îÛí .nò
A dynamicorbit representationseemsto benaturalfor modelingsatellitetrajectories,becausethey are
alwaysparticularsolutionsof an equationof motion. In a dynamicrepresentation,the antennaphase
centerposition

_ ó X�ã is expressedin theinertial frameas_ ó X�ã H à ó X�ã R�S"_ ó X�ã�� � H à ó X�ãdc ¬ LVe�L Ü LVfCLhg-L ~ � c < ®)L �­�­� L <�i Rut
jd_ ó X�ã�� | Y á H à ó X�ã R�L (5.2)

where_ ó X�ã�� � is theLEO centerof massposition,expressedin theinertial frame,jd_ ó X�ã�� | Y á is theantennaphasecenteroffset,expressedin theinertial frame,

¬ LVe_L Ü LVfCLhg-L ~ � aresix (unknown) LEO orbitalelementsk ï , ñ S ü L �­�­� L Ê , and< ® L �­�­� L <�i
are l (unknown) LEO dynamicalparameters.jd_ ó X�ã�� | Y á is introducedasknown, andfollows in the inertial framefrom the antennaoffsets,the phase

centeroffsets(andvariations),andtheactualLEO attitude.Theunknown parametersaretheLEO orbital
elementsk ï , ñ S ü L �­�­� L Ê , andadditionaldynamicalparameters.

Figure5.1 givesan illustration of an orbit representationby the six initial osculatingelements¬ , e , Ü ,f
,
g

, and ~ � at time à � . The semi-majoraxis ¬ andthe numericaleccentricity
e

describethe orbital
shape,the inclination Ü andtheright ascension

f
of theascendingnodedescribetheorbital planewith

respectto theEarth’s equator, theargument
g

of theperigeem describestheorbital orientation,andthe
argumentof latitude ~ � describesthesatellite’s positionat time à � . Thesesix initial osculatingelements
areequivalentto initial conditionsfor positionandvelocityat time à � , see,e.g.,[Beutler, 2005].
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5.2 DynamicLEO Orbit Determination

Figure5.1: Initial osculatingelements¬ , e , Ü , f ,
g

, andtheargumentof latitude ~ .b æÕé�æèå nZíÞò�ñ\÷Ô1�îÛíNðsê9ë�ìFí@îÔ©2ñxÕ�ëmñ�õÛñBò�îÀ1�îÛí .nò
Opposedto a dynamicrepresentationwhich is restrictedto objectsthat obey an equationof motion,
the kinematicrepresentationcanbe appliedto all differentkinds of moving objects,e.g.,cars,ships,
aircrafts,andsatellites.Also for a LEO, theinertial phasecenterposition

_ ó X�ã is relatedto thecenterof
massas _ ó X�ã H à ó X�ã R�S�oÔH à ó X�ã R û Hp_ ó X�ã�� X�� � H à ó X�ã Rxt�jO_ ó X�ã�� X�� | Y á H à ó X�ã ROR�L

(5.3)

whereo
is thetransformationmatrix from theEarth-fixedto theinertial frame(seeSect.7.3.1),_ ó X�ã�� X�� � is theLEO centerof massposition,expressedin theEarth-fixedframe,andjd_ ó X�ã�� X~� | Y á is theantennaphasecenteroffset,expressedin theEarth-fixedframe.

In analogyto equation(5.2),
jO_ ó X�ã�� X�� | Y á is introducedasknown. Theunknown parametersaretheepoch-

wisekinematiccoordinates,whichareconventionallyexpressedin theEarth-fixedsystembecausethere
exist moreterrestrialthanspaceborneapplications.Notethatkinematicpositionsof theLEO receiving
antennaphasecentercouldbeestablishedwithouttheknowledgeof antennaoffsetsandsatelliteattitude,
but not thecenterof masspositions.��Å�Ä � �bÖbÝc�·ÓÕÙµ�ZËJÈ È�Úxß!ÓF�º�pÒ%�%Ò2Ú_�·Ó�ÖbÝ=�%ÓÕÏ�Ö
As mentionedin Sect.5.1.2,kinematicpositioningcanbeappliedto a wide rangeof scenariosbecause
no constraintsareimposedon thereceiver motion. However, kinematicpositioningis very sensitive to
badmeasurements,unfavorableviewing geometryof GPSsatellites,anddataoutages,whichsometimes
restrictsits valuein practice.Dynamicorbit determination,in contrast,makesuseof physicalmodelsof
thesatellitemotionto determinea bestfitting trajectoryto themeasurementsin theleast-squaressense.
Thisallowsfor somesortof “averaging”measurementsfrom differentepochs,whichmakestheresulting
positionestimatesmuchlesssensitive to badmeasurementsanddataoutages.To someextent,asatellite
trajectorycanevenbepropagatedacrossdatagaps,if gooddynamicmodelsareavailable.
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5 ModelingSatelliteMotion

Thissectionbriefly introducestheprimaryandvariationalequationsneededfor amathematicaldescrip-
tion of satellitemotion.b æèåwæÕé ,UëmíÞ÷a1�ë�2¢�%»nö+1�îÛí .nò�õ
Dynamicforce modelsareusedto propagatethe satellite’s centerof masspositionandvelocity over
timeby meansof numericalintegrationtechniques[Beutler, 2005].Theequationof motionof anEarth-
orbitingsatelliteincludingall perturbationsreadsin theinertial frameasq_:S Þ T�V _J � tsr ® H à Lt_uLvu_uL < ®)L �­�­� L <�i R �S�r

(5.4)

with theinitial conditions_ H à �²RúS"_ H ¬ LVe�L Ü LVfCLhg-L ~ � c à �²R and
u_ H à �²RúSwu_ H ¬ LVe�L Ü LVfCLhg-L ~ � c à �²RúL (5.5)

whereT�V is thegravity constanttimesthemassof theEarth,_
is thegeocentricpositionof thesatellite,expressedin theinertial frame,r ®
is theperturbingaccelerationactingon thesatellite,expressedin theinertial frame,andr
is thetotalacceleration.

Theacceleration
r ®

consistsof all gravitationalandnon-gravitational accelerationstaken into account
to model the orbit perturbations.More specifically, dynamicforce modelsare usedto computethe
gravitationalandnon-gravitationalperturbationsactingonthespacecraft,whichmaydependonthetimeà , the position

_
, andthe velocity

u_
of the satellite,aswell ason additionalforce modelparameters< ®)L �­�­� L <�i

to beadjusted.

Often, the perturbationmodelconsistsof a known part with accelerationsgiven by analyticalmodels,
andof a partwhich includesforcemodelparametersto beadjusted.Following thenamingconvention
in [Bertiger et al., 1994],weaddresstheequationof motion(5.4)asdeterministicif

r ®
only consistsof

(deterministic)accelerationsgivenby analyticalmodels.This impliesthat initial conditions,e.g.,given
by six Keplerianelements¬ LVe_L Ü LVf�Lhg-L ~ � attime à � , andscalingfactors

< ®ÀL �­�­� L <�i
of analyticallyknown

accelerations(dynamicalparameters)maybeaddressedasdeterministicorbit parameters.

We always assumethat an a priori orbit
_ � H à R is available, e.g., realizedby a dynamicalfit of LEO

positionsobtainedfrom a GPScodesinglepoint positioningsolution(seeSect.7.5). Therefore,orbit
determinationdiscussedin this work shouldbe understoodasan orbit improvementprocess,i.e., the
actualorbit

_ H à R is expressedasa truncatedTaylor serieswith respectto theunknown orbit parameters² Ý abouttheapriori orbit, which is representedby the(a priori) parametervalues
²û� � Ý :_ûH à RúS�_���H à Rxt Y] Ý ^ ®

� _��� ² Ý H à R û HÕ² ÝAÞ ²û� � Ý R�L (5.6)

where{ denotesthetotalnumber
H Ê t l R of orbit parametersandx _y�xOz|{ H à R describestheorbital changedueto achangein theparameter

² Ý .
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5.2 DynamicLEO Orbit Determination

Equation(5.6) allows us to improve the a priori orbit provided that the orbit parametercorrections} Ý S ² Ý Þ ² � � Ý andthe partial derivativesof the a priori orbit with respectto the orbit parametersare
known. Thetrajectory(5.6)shouldbeaddressedasthe“linearized”solutionof theoriginal (non-linear)
orbit determinationproblem.Alternatively, it is alsopossibleto againusethedynamicmodelstogether
with theimproveddynamicalparametersto propagatetheimprovedinitial statevectorby numericalin-
tegration.Usuallythelattermethodis usedin thiswork.

If
² Ý L Ü S ü L �­�­� L { aredeterministicorbit parameters,we alsospeakof dynamicorbit determination.If

additionalpseudo-stochasticparameters(seeSect.5.3) occurin theequationof motion(5.4),we speak
of a specialkind of reduced-dynamicorbit determination.b æèåwæèå ~�1�ëmí 1�îÛí .nò+1A(Û�%»nö+1�îÛí .nò�õ
Becauseinitial conditionsandforcemodelparametersareestimatedaspart of the orbit determination
process,knowledgeof thepartialderivativesof theapriori orbit with respectto theestimatedparameters
asa functionof time is requiredfor modelingtheGPSobservations.

Let us assumethat
² Ý is oneof the parametersdefining the initial conditionsor the dynamicsin the

equationof motion (5.4), andthat the partial derivative of the a priori orbit
_��¦H à R with respectto this

parameteris designatedby thefunction � z|{ H à R �S�� _+�� ² Ý H à R � (5.7)

Theinitial valueproblemassociatedwith (5.7) is obtainedfrom thedynamicforcemodelsby takingthe
partialderivative of theequationof motion(5.4).Theresultis subsequentlyreferredto asthevariational
equationof parameter

² Ý , which readsasq� z|{ S"�¨� û
� z|{ t
�c® û u� z|{ t � r ®� ² Ý L

(5.8)

with the ú ùcú (Jacobian)matricesdefinedby

Î �M� Ý�� ÚV� �S � 6 Ý� J � � Ú and Î ®t� Ý�� ÚR� �S � 6 Ý���J � � Ú L
(5.9)

where6 Ý denotesthecomponentÜ of thetotalacceleration
r

from (5.4)andJ � � Ú denotesthecomponentØ of thegeocentricpositionfrom (5.4).

Thevariationalequation(5.8) is a linear, homogeneousdifferentialequationsystemof secondorderin
timewith initial values

� z|{ H à � R'�S"2 and
u� z|{ H à � R\�S"2 for

² ÝP���Û¬ LVe�L Ü LVfCLhg-L ~ �|� . For
² ÝP�G� < ® L �­�­� L <�i �

(5.8) is inhomogeneous,but haszeroinitial valuessincetheinitial satellitestatedoesnot dependon the
forcemodelparameters.It is importantto mentionthat the homogeneouspart of (5.8) is thesamefor
dynamicalparametersandfor parametersdefiningtheinitial conditions,whichallows for theimplemen-
tationof anefficient integrationprocess[Beutler, 2005].

As alreadymentioned,thesolutionsof the { variationalequationsrelatedto theorbit parameters
² Ý L Ü Sü L �­�­� L { areneededto setupthefirst designmatrix (4.23),whichallowsusto eventuallysolve for theim-

provementsof theorbit parametersin astandardleast-squaresadjustmentprocess(seeSect.4.4)of GPS
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5 ModelingSatelliteMotion

observationstogetherwith all otherrelevantparameters,andto finally improve theorbit usingequation
(5.6). Althougheachvariationalequation(5.8) representsa differentinitial valueproblem,it is not nec-
essaryto solve { differentialequationsystemsastheir solutionscanberepresentedby definiteintegrals
[Beutler, 2005].

Let usassumethatthefunctions

����� H à RQL ñ S ü L �­�­� L Ê arethepartialderivativesof thea priori orbit
_'�_H à R

with respectto thesix parametersk ï , ñ S ü L �­�­� L Ê definingtheinitial conditionsattime à � . Theensemble
of thesesix functionsformsonecompletesystemof solutionsof thehomogeneouspartof thevariational
equation(5.8), which allows us to obtainthe solutionof the inhomogeneoussystemby the methodof
“variationof constants”.Thesolutionandits first time derivative may thusbewritten asa functionof
thehomogeneoussolutions

����� H à R as�P� Úa�z|{ H à R�S �]ï ^ ®:�
��� z|{ H à R û ��� Úa���� H à R c Ø S ý L ü L (5.10)

with thecoefficient functionsdefinedby� z|{ H à R �S�� áá �N� þ ® H à 
 R ûO� z|{ H à 
 R û*l�à 
 L (5.11)

where� z|{ denotesthecolumnarray
H � � Å z|{ L �­�­� L � ��� z|{ R ) ,� denotesthe

Ê ù Ê
matrixdefinedby � � ® ������� � � � ï � �S ����� L � � � ������� � � � ï � �S�u����� L

and� z|{ denotesthecolumnarray
Hp2�)�L � r ) ® « � ² Ý R�) .

Observe that the solution

� z|{ H à R of the variationalequation(5.8) and its first time derivative may be
expressedwith the samefunctions � ��� z|{ H à R asa linear combinationwith the homogeneoussolutions
����� H à R and

u����� H à R , respectively. Due to this representation,only thesix initial valueproblemsassoci-
atedwith theinitial conditionshave to beactuallytreatedasdifferentialequationsystems;theirsolutions
have to beobtainedeitherapproximately[Beutleret al., 1994a]or, preferably, by numericalintegration
techniques,e.g.,by collocationmethods[Beutler, 2005]. All variationalequationsrelatedto dynamical
orbit parameters,however, maybereducedto definiteintegrals,which canbeefficiently solvednumeri-
cally, e.g.,with aGaussianquadraturetechnique[Beutler, 2005].

Despitethenumericalefficiency of availablequadraturetechniques,it mustbeemphasizedthateachad-
ditionalorbit parameterrequiresanadditionalnumericalsolutionof thedefiniteintegral (5.11)– anissue
thatmightberelevantwhensettingupalargenumberof dynamicalorbit parameterssuchasgravity field
coefficients,seeChapter9. Only for selectedparametertypes,e.g.,pseudo-stochasticorbit parameters
(seeSect.5.3),anexplicit numericalquadratureof thecorrespondingdefiniteintegralscanbeavoided.

Theaccuracy requirementsfor thenumericalintegrationof thevariationalequationsarein generalnot
asstringentasfor theprimaryequations,becausemany termsaresmallanddo not harmtheparameter
adjustmentprocess(which could be iteratedon request)whenbeingneglected. Therefore,the partial
derivatives(5.9) with respectto thesatellitepositionaremodeledin this work by only thecentraltermT�V andby the lowestzonalterm � ° � � of the Earth’s staticgravity field. The partial derivatives(5.9)
with respectto thesatellitevelocityareignoredatall in thiswork.
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Kin.
HRD

Reduced-Dynamic

Dynamic

#Par.Sigma

Figure5.2:Dynamic, reduced-dynamic,highly reduced-dynamic(HRD), and kinematic(Kin.) orbit
determinationasa functionof thenumber(# Par.) andapriori standarddeviation (Sigma)of
theestimatedpseudo-stochasticorbit parameters(qualitative illustration).

��Å�á É9Ñ%Ò��bÔUÏbà �Û�%Ï�Ù=@bÝbÑ«�%ÓÕÙEÈ�Úxß¯ÓF� Ø Ï�ÔUÒbÜ Ó�ÖE�
Thereal-world LEO dynamicsarehardlyknown to a level whichis comparableto highly accuratetrack-
ing datasuchashigh-low GPScarrierphasemeasurementsor low-low y -bandobservations. This in-
sufficient knowledgehasto bemainly attributedto aerodynamicforceswhich arenot well predictable
at altitudesof 300–600km dueto limitationsin theupperatmospheredensitymodels[Bruinsmaet al.,
2004],anddueto complicatedinteractionsof neutralgasesandchargedparticleswith thesatellitesur-
face.Therefore,theconceptof reduced-dynamicorbit determination,see[Yunck et al., 1990]and[Wu
et al., 1991],hasbeenintroduceddecadesagoto fully exploit theaccuracy of theGPSmeasurements.
This hasbeenaccomplishedby complementingthedeterministicmodelof thespacecraftdynamicsby
additionalstochasticparametersthatwereadjustedtogetherwith thedeterministicorbit parameters.

Pseudo-stochasticorbit modelingperformedin this work maybeconsideredasa particularrealization
of thereduced-dynamicorbit determinationtechnique,which makesuseof boththegeometricstrength
of the GPSobservationsandthe fact that satellitetrajectoriesareparticularsolutionsof a determinis-
tic equationof motion.Theattribute“pseudo”distinguishesthismethodfrom stochasticorbit modeling
whereasatellitetrajectoryis modeledasasolutionof astochasticdifferentialequation[Jazwinski, 1970].
Pseudo-stochasticorbit modeling,in contrast,introducesadditionalempiricalparameters

²±®ÀL �­�­� L~² S , sub-
sequentlyreferredto aspseudo-stochasticorbit parameters,to thedeterministicequationof motion(5.4),
which thenreadsas q_¨S Þ T�V _J � t�r ® H à Lt_xLvu_uL < ®qL �­�­� L <�i L~²±®ÀL �­�­� L~² S R �S3r �

(5.12)

Theattribute“stochastic”arisesfrom thepracticeto optionallycharacterizetheseadditionalparameters
by apriori known statisticalpropertieslike,e.g.,expectationvaluesandapriori weights,whichconstrain
theestimatedparametersto user-specifiedexpectationvalues(seeSect.4.4.2).

Figure5.2illustratesqualitatively thatreduced-dynamicorbit determinationmaybeplaced“somewhere”
in-betweendynamicandkinematicorbit determination.Dependingon thenumberanda priori weights
of thesolvedfor pseudo-stochasticparameters,thesatellitedynamicscanberelaxedaccordingly. Onthe
onehand,it is thusobviousthatonestill obtainsanalmostdynamicorbit if only averysmallnumberof
pseudo-stochasticparameters,or alternatively, pseudo-stochasticparameterswith very tight constraints
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5 ModelingSatelliteMotion

areintroducedinto theequationof motion(5.12).On theotherhand,it is possibleto obtaina kinematic
orbit if themaximumnumberof unconstrainedpseudo-stochasticparametersis solvedfor (seeChapter
9), which meansthatany typeof orbit canbeapproximatedby pseudo-stochasticmodeling.Themost
preciseorbitsof CHAMP andGRACEasdeterminedin Chapters7 and8 arelocated,e.g.,in theregion
designatedas“Reduced-Dynamic”,whereastheHighly Reduced-Dynamic(HRD) orbitsasdiscussedin
Chapter9 arelocatedin theregionwhich lies just in front of thekinematicpointat thetopof thesquare.

It shouldbeemphasizedthateachadditional(empirical)parameterintroducedinto theorbit determina-
tion weakensthesolutionfor theother(non-empirical)parameters.Nevertheless,it is oftennecessaryto
solve for pseudo-stochasticparametersto compensatefor deficienciesin thedynamicmodels.Because
continuouslyimproving modelsof the Earth’s staticgravity field have beenmadeavailableduring the
lastfew years(seeChapter3), thelimiting factorfor dynamicLEO PODhasto beattributedtodayto the
non-gravitational forcemodels.Provided that denseGPSSSTtrackingdataof goodquality areavail-
able,LEO POD with additionalpseudo-stochasticparametersis thusan attractive andsimplemethod
to determinehighly accuratesatellitetrajectorieswithout taking into accountsophisticatedmodelsof
surfaceforces.If enoughpseudo-stochasticparametersaresetup,it is evenpossibleto neglectthephys-
ical modelingof thenon-gravitational forcesat all. Dependingon theappliedconstraints,theestimates
reflectmainly theunmodelednon-gravitationalaccelerationsactingontheLEO (seeSect.7.8.3), which
aredominatedeitherby air dragin thecaseof very low Earthorbitingsatellitesor by radiationpressure
for higherorbitingsatellites.

Thefollowing sectionsdevelopefficient methodsfor thesolutionof thevariationalequationsrelatedto
differenttypesof pseudo-stochasticorbit parameters,suchaspiecewise constantaccelerations,instan-
taneousvelocity changes,andpiecewise linear accelerations.All threetypesof empiricalparameters
arewell suitedto compensatefor any modelingdeficienciesin theemployedspacecraftdynamics,and
might easilybe usedfor the constructionof more refinedpseudo-stochasticorbit parametrizationsas
briefly discussedat theendof thischapter.b æèçwæÕé ,¯í]ñ�ð-ñ��Mí]õÛñ¢¯c.nò�õÛîÀ1\ò�î ¤Jð
ð-ñ+(@ñBë/1�îÛí .nò�õ
Let usassumethat piecewise constantaccelerationsaresetup asthe only orbit parametersapartfrom
the six initial conditions. The parametrizationsubsequentlyusedfor the residualacceleration

�aH à R in
the inertial systemshall readasthe sumof at maximumthreeaccelerationsactingin threepredefined
directions,e.g.,in the radial, along-track,andcross-trackdirectionsin the satelliteco-rotatingsystem
or, alternatively, in otherpredefineddirectionsthatseemto beusefulfor a particularorbit determination
problem: �aH à R �S"� ® H à Rut
� ° H à Rut
� � H à R � (5.13)

Eachacceleration
� i H à R , lI���*ü L � L ú � shallbe representedby

s
constantpiecesin direction l , being

active only betweenthepredefinedepochsà Ý þ ® and à Ý , i.e.,� i H à R S ` Î � � i t e�Ý ^ ® Î Ý � i û í'H à L à�Ý þ ® L à�Ý R b ûd� i H à R=L (5.14)

where� i H à R , l �G�*ü L � L ú � denotes,e.g.,theunit vector� ®�S _'�] _'�9] , � °-S �%�Îù¡� ® , �%� S _'� ù u_��] _�� ù u_��|] (5.15)
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in theradial,along-track,andcross-trackdirection,andwhereí'H à L à�Ý þ ® L à�Ý R �S£¢¥¤ c§¦©¨�ª�«�¬�¦J­�¦®¨¯ c otherwise ° (5.16)

Altogethera total numberof ±'²s³�´�µ�² ¤O¶ orbit parametersaresetup including ³Bµ pseudo-stochastic
parameters.Note that it makessenseto solve aswell for constantaccelerations·�¸F¹ º actingover the
whole arc in (5.14),provided that the piecewise constantaccelerationsareactuallycharacterizedby a
priori standarddeviations. In theabsenceof a priori weights,however, thesethreeparametersbecome
singularandmustbeomitted.»½¼:¾©¿À¼ÂÁF¿ÄÃÆÅ�¼�Ç�ÈÊÉ�Ë�¼:ÁM¿ÄÃÆÅ�Ì
Let us now develop the mathematicalbackgroundfor estimatingµ constantaccelerations· ¨ ¹ º in the
predetermineddirection ��º9´ ¦ ¶ for ¦®¨�ªÎÍÏ¬Ð¦A­5¦©¨®ÑYÒ\Ó ¤ Ñ °$°$° Ñ µ . For thesake of simplicity, we drop the
index Ô in thefollowing andfocusononeacceleration· ¨ . Thecontribution of thisparameterÕ ¨vÓ · ¨ toÖ « in (5.12)is of theform ·�¨Ê×d��´ ¦ ¶ for ¦ ¨�ªÎÍ ¬
¦�­�¦ ¨ . ThecorrespondingvariationalequationreadsasØÙ�ÚÊÛ Ó�Ü ¸ × Ù�Ú�Û ² Ü¡« ×�ÝÙ�Ú�Û ² ¢ ��´ ¦ ¶ßÞ ¦ ¨�ªÎÍ ¬�¦J­�¦ ¨à Þ otherwise ° (5.17)

The variationalequation(5.17)may be easilysolved thanksto the generalmathematicalpropertiesof
variationalequations,seeSect.5.2.2.Equation(5.11)readsfor thespecialcaseof a piecewiseconstant
accelerationas á ÚÊÛ ´ ¦ ¶ °Ó�âäããæåNç ª�« ´ ¦®è ¶ ×dé ÚÊÛ ´ ¦©è ¶ ×*Ô ¦©èyÓ3â/ãëêã Û$ì�í ç ª�« ´ ¦©è ¶ ×Oé ÚÊÛ ´ ¦©è ¶ ×OÔ ¦©èyÑ (5.18)

wheretheupperintegrationlimit is givenby

¦hî °Óðïñò ñó ¦©¨�ª�« Þ ¦ô­s¦®¨�ªÎÍ¦ Þ ¦®¨�ªÎÍõ¬�¦J­�¦©¨¦©¨ Þ ¦ôös¦®¨ ° (5.19)

The solution Ù�Ú�Û ´ ¦ ¶ andits first time derivative for the parameter· ¨ follow from (5.10),andmay be
writtenas Ùv÷ùøaúÚ�Û ´ ¦ ¶ Ó ïñññññò ñññññó

à Þ ¦ô­s¦®¨�ªÎÍû�üFý «:þPÿ�� Ú�Û ´ ¦ ¶ × ÙP÷Äøaúÿ�� ´ ¦ ¶ Þ ¦®¨�ªÎÍõ¬�¦J­�¦©¨û�üFý «:þPÿ�� Ú�Û ´ ¦©¨ ¶ × Ùv÷ùøaúÿ�� ´ ¦ ¶ Þ ¦ôös¦®¨ ° (5.20)

Notethat Ù�ÚÊÛ ´ ¦ ¶ is aonce(continuously)differentiablefunctionof time for theentirearc.Thenon-zero
coefficients þPÿ�� Ú�Û ´ ¦ ¶ areconstantin timefor thecase¦ôö�¦©¨ . This impliesthatachangein theparameter· ¨ doesnotonly affect theorbit in theinterval

� ¦®¨�ªÎÍ�ÑY¦©¨ ¶ whereit is active,but it affectsall positions(and
velocities)for ¦ôös¦®¨�ªÎÍ aswell.

For the case¦©¨ëªÎÍ�¬§¦ ­£¦®¨ the coefficientsaretime-dependentandrequire,in principle,a quadrature
of (5.18). The following two paragraphsdemonstratean efficient alternative solutionbasedon linear
combinationsrelyingonasmallsetof partialderivatives.
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	�ÃÆÇùË ÁM¿ÀÃÆÅ���Ã ¾ ¦®¨�ªÎÍ ¬�¦J­�¦©¨
Let us introducean auxiliary problemand write the solution Ù�Ú�Û ´ ¦ ¶ as a function of the solution of
this auxiliaryproblem.Theparameterunderlyingour auxiliaryproblemshallbea constantacceleration
· actingin the correspondingdirectionover the entirearc. The correspondingvariationalequationis
closelyrelatedto thevariationalequation(5.17)andreadsasØÙ��Ú Ó"Ü ¸ × Ù��Ú ² Üä« ×�ÝÙ��Ú ²
��´ ¦ ¶�� ¦ ° (5.21)

Observe that

· canbeidentifiedwith ·\¸F¹ º in (5.14),implying thatthesolutionof its variationalequation

wouldbeneededanyway if theparametershouldbesolvedfor.

Thedifference� ¨ °Ó Ù��Ú�� Ù�ÚÊÛ solvesthehomogeneousdifferentialequationsystem
Ø� ¨PÓ Ü ¸ ×�� ¨ ²Ü¡« × Ý� ¨ in thetimeinterval

� ¦©¨ëªÎÍ�ÑY¦©¨ ¶ . Therefore,its solutioncanbewrittenasa linearcombinationwith
constantcoefficients � ÿ�� ÚÊÛ of thefunctionsÙ ÿ�� ´ ¦ ¶ . As aconsequence,thesolution Ù Ú�Û ´ ¦ ¶ follows asÙ�÷ÄøaúÚ�Û ´ ¦ ¶ Ó Ùv÷ùøaú�Ú ´ ¦ ¶ � û�üRý « � ÿ�� ÚÊÛ × ÙP÷Äøaúÿ�� ´ ¦ ¶NÞ � Ó ¯ Ñ ¤ Ñ (5.22)

Evaluatingtheabove equationat time ¦©¨ëªÎÍ andtaking (5.20)into accountyieldsa linearsystemof six
scalarandalgebraicequations û�üFý « � ÿ�� Ú�Û × Ù ÿ�� ´ ¦ ¨�ª�« ¶ Ó Ù �Ú ´ ¦ ¨�ª�« ¶û�üFý « � ÿ�� Ú�Û ×�ÝÙ ÿ�� ´ ¦ ¨�ª�« ¶ Ó ÝÙ �Ú ´ ¦ ¨�ª�« ¶ Ñ (5.23)

whichcanbesolvedfor theunknown coefficients � ÿ�� Ú�Û . Equations(5.22)and(5.23)thusshow thatthe
partial derivative Ù�ÚÊÛ ´ ¦ ¶ may be written in the interval ¦®¨�ªÎÍ ¬ ¦.­ ¦®¨ asa function of the six partial
derivatives Ù ÿ�� ´ ¦ ¶ of thea priori orbit w.r.t. theparametersdefiningtheinitial conditionsat time ¦ ¸ , and
thepartialderivative Ù��Ú ´ ¦ ¶ of theapriori orbit w.r.t. a constantaccelerationactingin thesamedirection
over theentirearc. Thesolutionsof thementioned±'² ¤ partialderivativeshave to beavailablefrom a
numericalintegrationin orderto make useof therepresentation(5.22).È����|¿�� Å Á
	�ÃÆÇùË ÁM¿ÀÃÆÅ���Ã ¾ ¦ôös¦®¨
Fromequation(5.20)we concludethat Ù�ÚÊÛ ´ ¦ ¶ is continuousanddifferentiableat time ¦®¨ , which implies

that Ù�÷ÄøaúÚ�Û ´ ¦®¨ ¶ maybecomputedby evaluating(5.22)at time ¦©¨ . Thecoefficients þ ÿ�� ÚÊÛ ´ ¦®¨ ¶ in (5.20)may
thereforebeobtainedasasolutionof thefollowing linearsystemof algebraicequations:û�üRý « þ ÿ�� Ú�Û ´ ¦®¨ ¶ × Ù ÿ�� ´ ¦©¨ ¶ Ó Ù�ÚÊÛ ´ ¦©¨ ¶û�üRý « þ ÿ�� Ú�Û ´ ¦®¨ ¶ ×�ÝÙ ÿ�� ´ ¦©¨ ¶ Ó ÝÙ�ÚÊÛ ´ ¦©¨ ¶ ° (5.24)

As theabove equationsform, in closeanalogyto (5.23),a linearsystemof six scalarequationsfor the
six unknowns þ ÿ�� Ú�Û ´ ¦®¨ ¶ , it is possibleto write the partial derivative Ù�ÚÊÛ ´ ¦ ¶ in the interval ¦ ö£¦®¨ asa
linear combinationwith constantcoefficientsof only the six partial derivatives Ù ÿ�� ´ ¦ ¶ of the a priori
orbit w.r.t. the parametersdefining the initial conditionsat time ¦ ¸ . This expressesthe fact that the
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5.3 Pseudo-StochasticOrbit Modeling

accumulatedorbital changein theinterval
� ¦®¨�ªÎÍ�ÑY¦®¨ ¶ canberepresentedfor times ¦�ö�¦©¨ by a new setof

initial conditionsat time ¦ ¸ .
In conclusion,thesmallnumberof ±�² ³ numericallyintegratedpartialderivativesis sufficientto compute
all thepartialderivativesof thea priori orbit w.r.t. piecewiseconstantaccelerationsover theentirearc.
Theproposedparametrizationyieldsa continuouspositionvector �v´ ¦ ¶ anda continuousvelocity vectorÝ�v´ ¦ ¶ of theimprovedorbit over theentirearc.��� ��� ! "$#�%'&'()#*&'(+#�,*-/.�%102,�34-/5�64&87:92;�()#*<),=%?>A@B.C34%D,=%FE
Let usbriefly mentionthespecialcaseof instantaneousvelocitychangesG ¨ ¹ º attimes ¦®¨ in predetermined
directions �yº9´ ¦®¨ ¶ , see[Beutler et al., 1994a],and outline how it fits into the formalismpresentedso
far. For the sake of simplicity, we drop the index Ô in the following andfocuson onepulse G ¨ . The
contribution of this parameterÕ�¨ Ó Gy¨ to

Ö « in (5.12)may formally bewritten as Gy¨v×FHÂ´ ¦ � ¦ ¨ ¶ ×9��´ ¦ ¶ ,
whereH ´ ¦ ¶ representsDirac’s deltafunction.ThecorrespondingvariationalequationreadsasØÙ+IaÛ Ó"Ü ¸ × ÙCI*Û ² Ü¡« ×JÝÙ+IaÛ ²:H ´ ¦ � ¦®¨ ¶ ×O��´ ¦ ¶ ° (5.25)

Using thenotationfrom Sect.5.3.1,but identifying é IaÛ with é Ú�Û in (5.18),thedefiniteintegral (5.18)
maybesimplifiedfor ¦ôö�¦©¨ asá I*Û ´ ¦ ¶ °Ó3â/ãã å H ´ ¦®è � ¦©¨ ¶ × ç ª�« ´ ¦©è ¶ ×Oé IaÛ ´ ¦©è ¶ ×*Ô ¦®èÆÓ ç ª�« ´ ¦®¨ ¶ ×Oé IaÛ ´ ¦©¨ ¶ ° (5.26)

Obviously, þ ÿ�� IaÛ ´ ¦ ¶ is zero for ¦Ï­ ¦®¨ and non-zerobut constantfor ¦Ïö ¦©¨ . Therefore,the partial
derivatives Ù I*Û ´ ¦ ¶ maybewrittenasa linearcombinationof only thesix partialderivatives Ù ÿ�� ´ ¦ ¶ of the
a priori orbit w.r.t. theparametersdefiningtheinitial conditionsat time ¦ ¸ . Theparametrizationyieldsa
continuouspositionvector �v´ ¦ ¶ but, asopposedto theparametrizationfrom Sect.5.3.1,a discontinuous
velocityvector Ý�v´ ¦ ¶ of theimprovedorbit. Thediscontinuitieslie at thepulseepochs¦©¨ .
Thisparametrizationmaybeviewedasa specialcaseof theshort-arcrepresentation(seeSect.5.3.4)of
theentirearc,wheretheindividual short-arcsareforcedto becontinuousat thearcboundaries.��� ��� � @J6K,*5�,MLN6K%O,QPR6S#�,=(�TVU
5�5�,�34,CTW(=&O6K-/#�%
Let usdevelopthemathematicalbackgroundfor a morerefinedLEO orbit parametrization.It seemsto
benaturalto improve thepiecewiseconstantaccelerationmodelwith amodelthatrepresentseachof the
residualaccelerationsin (5.13)by µ linearpiecesactingbetweenpredefinedepochs¦ ¨�ªÎÍ and ¦ ¨ . From
the technicalpoint of view, thereexist basicallytwo differentpossibilitiesto realizesucha piecewise
linearparametrization.Eithereachof theaccelerationsÜ º9´ ¦ ¶ , ÔYX[Z ¤ Ñ]\ Ñ ³_^ in (5.13)is representedbyÜ º9´ ¦ ¶ Ó ·�¨ëªÎÍ�×O��ºÂ´ ¦ ¶ ²a`\¨�×:´ ¦ � ¦ ¨�ªÎÍ ¶ ×d��ºÂ´ ¦ ¶ Ñ (5.27)

where· ¨ëªÎÍ is aparameterdescribingthe(pointwise)accelerationat time ¦©¨�ªÎÍ of theinterval
� ¦©¨�ªÎÍ ÑY¦©¨ ¶ and` ¨ is asecondparameterdescribingtheslopeof thelinearaccelerationin theinterval
� ¦®¨�ªÎÍ�ÑY¦©¨ ¶ ,
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or eachof theaccelerationsÜ º:´ ¦ ¶ is representedbyÜ º9´ ¦ ¶ Ó ¦ � ¦ ¨ëªÎÍ¦©¨ � ¦®¨�ªÎÍ ×O· ¨ ×B��º:´ ¦ ¶ ² ¦ ¨ � ¦¦®¨ � ¦©¨ëªÎÍ ×*· ¨�ªÎÍ ×O��º9´ ¦ ¶ Ñ (5.28)

where· ¨ëªÎÍ describesthepointwiseaccelerationat time ¦®¨�ªÎÍ of theinterval
� ¦©¨�ªÎÍ�ÑY¦®¨Sb and· ¨ describesthepointwiseaccelerationat time ¦©¨ of theinterval

� ¦©¨�ªÎÍ�ÑY¦®¨Sb .
Fromthemathematicalpoint of view theparametrizations(5.27)and(5.28)areequivalent(if (5.27)is
continuous)andcanbeconveyedinto eachotherby thetransformationc · ¨�ª�«` ¨ed Ó c ¤ ¯ª�«ã Û ª ã Û$ì�í «ã Û ª ã Û$ì�í d × c · ¨�ª�«· ¨fd ° (5.29)

For two reasonstheparametrization(5.28)is preferable:first, it consistsonly of µ ² ¤ parametersper
direction,i.e.,only onemoreparameterperdirectionthanin thecaseof piecewiseconstantaccelerations,
secondly, the continuityat the interval boundaries¦®¨ is imposedby construction.The parametrization
(5.27)consistsof \ µ parametersperdirection,i.e., doublestheamountof parametersto besolved for,
and yields a discontinuousaccelerationat the interval boundaries¦©¨ . Whenaskingfor continuity in
connectionwith theparametrization(5.27),constraintshave to beimposedat theinterval boundaries.»½¼:¾©¿À¼ÂÁF¿ÄÃÆÅ�¼�Ç�ÈÊÉ�Ë�¼:ÁM¿ÄÃÆÅ�Ì
Let us now develop the mathematicalbackgroundfor estimatingµ ² ¤ pointwiseaccelerations· ¨ ¹ º
in predetermineddirections��º9´ ¦ ¶ at epochs¦©¨ that definea continuousaccelerationover theentirearc
consistingof µ linearpiecesbetweensubsequentepochs¦®¨ . For thesakeof simplicity wedroptheindexÔ in the following andfocuson oneacceleration· ¨ . The correspondingvariationalequationfollows
from theparametrization(5.28)andreadsasØÙ�ÚÊÛ Ó�Ü ¸ × Ù�Ú�Û ² Ü¡« ×�ÝÙ�ÚÊÛ ² ïññò ññó

g ã ª ã Û$ì�íh Û i Ûæì í�j ×O�Î´ ¦ ¶ Þ ¦©¨ëªÎÍõ¬s¦ô­�¦©¨ Þ Òlk ¯g ã Û�myí ª ãh Û4m�í]i n j ×d��´ ¦ ¶ Þ ¦©¨P¬s¦ô­�¦©¨ oPÍ Þ Ò ­ µà Þ otherwise

Ñ (5.30)

wherep ¨ ¹ ü is thetime interval ¦®¨ � ¦ ü betweentwo pointwiseaccelerations· ¨ and · ü .
Equation(5.30)is closelyrelatedto thevariationalequation(5.17)with anadditionaltermproportional
to ¦ occurringin theinhomogeneouspart. In addition,it is necessaryto distinguishbetweenfour different
regimesin timedueto astrongcouplingbetweensubsequentaccelerations,i.e.,onemoreregimein time
thanfor the caseof piecewise constantaccelerations.Observe that thevariationalequationsrelatedto
theaccelerations· ¸ and ·Bq referringto thebeginningandtheendof theorbitalarc,respectively, areof
simplerstructurethantherestof thevariationalequationsrelatedto accelerationsreferringto in-between
epochs.

The variationalequation(5.30)maybesolved in analogyto Sect.5.3.1. Equation(5.11)readsfor the
specialcaseof apointwiseaccelerationasá Ú�Û ´ ¦ ¶ °Ó�â/ããæå ç ª�« ´ ¦ è ¶ ×dé Ú�Û ´ ¦ è ¶ ×*Ô ¦ è Ó�âäã êã Ûæì_r ç ª�« ´ ¦ è ¶ ×Oé Ú�Û ´ ¦ è ¶ ×OÔ ¦ è Ñ (5.31)
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wheretheupperintegrationlimit is givenby¦ î °Óðïñò ñó ¦©¨�ªÎÍ Þ ¦ô­s¦®¨�ªÎÍ¦ Þ ¦®¨�ªÎÍõ¬�¦J­�¦©¨ oPÍ¦©¨ oPÍ Þ ¦ôös¦®¨ oPÍ ° (5.32)

The solution Ù�ÚÊÛ ´ ¦ ¶ and its first time derivative for the parameter· ¨ follow from (5.10) andmay be
writtenas Ùv÷ùøaúÚ�Û ´ ¦ ¶ Ó ïñññññò ñññññó

à Þ ¦ô­s¦®¨�ª�«û�üFý « þ ÿ�� Ú�Û ´ ¦ ¶ × Ù ÷Äøaúÿ�� ´ ¦ ¶ Þ ¦ ¨�ªÎÍ ¬�¦J­�¦ ¨ oPÍû�üFý «:þPÿ�� Ú�Û ´ ¦©¨soPÍ ¶ × Ùv÷ùøaúÿ�� ´ ¦ ¶ Þ ¦ôös¦®¨ oPÍ ° (5.33)

Notethat Ù�Ú�Û ´ ¦ ¶ is a twice(continuously)differentiablefunctionof timefor theentirearc.Thenon-zero
coefficients þ ÿ�� ÚÊÛ ´ ¦ ¶ areconstantin time for thecase¦Jö�¦©¨ oPÍ .
For thecase¦©¨ëªÎÍ.¬�¦�­�¦®¨ oPÍ thecoefficientsaretime-dependentandrequire,in principle,a quadrature
of (5.31). The following threeparagraphsintroduceanefficient alternative, which makesuseof linear
combinationsin analogyto Sect.5.3.1for piecewiseconstantaccelerations.È����|¿�� Å Á
	�ÃÆÇùË ÁM¿ÀÃÆÅ���Ã ¾ ¦®¨�ªÎÍ ¬�¦J­�¦©¨
Let us introducetwo auxiliary problemsandwrite the solution Ù�Ú�Û ´ ¦ ¶ asa functionof the solutionof
theseauxiliary problems.In analogyto Sect.5.3.1,the parametersunderlyingour auxiliary problems
shall be a constantacceleration


· acting in the correspondingdirection over the entire arc, and the
slope


` of a linearly changingaccelerationin the samedirectionover the entireorbital arc. The two
correspondingvariationalequationsreadfor theentirearcasØÙ �Ú Ó"Ü ¸ × Ù �Ú ² Ü «K×�ÝÙ �Ú ²
��´ ¦ ¶ and

ØÙ �t Ó"Ü ¸ × Ù �t ² Ü «K×�ÝÙ �t ² ¦ ×d��´ ¦ ¶ ° (5.34)

Observe that thesolutionmethodoutlinedin thefollowing relieson thesolution Ù �t ´ ¦ ¶ , i.e., it requires
onemorevariationalequationperdirectionthanfor piecewiseconstantaccelerations.

In closeanalogyto Sect.5.3.1,we form thedifference� ¨ °Ó Ù �t � ¦®¨�ªÎÍ × Ù �Úp ¨ ¹ ¨ëªÎÍ � Ù�Ú�Û (5.35)

whichsolvesthehomogeneousdifferentialequationsystem
Ø� ¨ÎÓ�Ü ¸ ×u� ¨ ² Ü/« × Ý� ¨ in thetimeinterval� ¦©¨ëªÎÍ�ÑY¦©¨ ¶ . Therefore,its solutioncanbewrittenasa linearcombinationwith constantcoefficients � ÿ�� Ú�Ûof thefunctionsÙ ÿ�� ´ ¦ ¶ . As aconsequence,thesolution Ù ÚÊÛ ´ ¦ ¶ follows asÙP÷ùøaúÚ�Û ´ ¦ ¶ Ó ¤p ¨ ¹ ¨�ªÎÍ × Ù�÷Äøaú�t ´ ¦ ¶ � ¦®¨�ªÎÍp ¨ ¹ ¨ëªÎÍ × Ù�÷ùøMú�Ú ´ ¦ ¶ � û�üRý « � ÿ�� ÚÊÛ × ÙP÷ùøaúÿ�� ´ ¦ ¶ Þ � Ó ¯ Ñ ¤ ° (5.36)

Evaluatingtheabove equationat time ¦©¨ëªÎÍ andtaking (5.33)into accountyieldsa linearsystemof six
scalarandalgebraicequationsû�üRý « � ÿ�� ÚÊÛ × Ù ÿ�� ´ ¦©¨�ªÎÍ ¶ Ó «h Û i Ûæì í × Ù �t ´ ¦®¨�ªÎÍ ¶ � ã Û$ì�íh Ûsi Û$ì�í × Ù �Ú ´ ¦©¨�ªÎÍ ¶û�üRý « � ÿ�� ÚÊÛ ×JÝÙ ÿ�� ´ ¦©¨�ªÎÍ ¶ Ó «h Û i Ûæì í ×JÝÙ �t ´ ¦®¨�ªÎÍ ¶ � ã Û$ì�íh Ûsi Û$ì�í ×�ÝÙ �Ú ´ ¦©¨�ªÎÍ ¶ Ñ (5.37)
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whichcanbesolvedfor theunknown coefficients � ÿ�� ÚÊÛ . Theequations(5.36)and(5.37)thusshow that
thepartialderivative Ù ÚÊÛ ´ ¦ ¶ maybewritten in theinterval ¦ ¨�ªÎÍ ¬"¦�­�¦ ¨ asa functionof thesix partial
derivatives Ù ÿ�� ´ ¦ ¶ of thea priori orbit w.r.t. theparametersdefiningtheinitial conditionsat time ¦ ¸ , the
partialderivative Ù �Ú ´ ¦ ¶ of theapriori orbit w.r.t. aconstantaccelerationactingin thesamedirectionover
theentirearc,andthepartialderivative ÙV�t ´ ¦ ¶ of thea priori orbit w.r.t. a linearly changingacceleration
actingin thesamedirectionover theentirearc.È����|¿�� Å Á
	�ÃÆÇùË ÁM¿ÀÃÆÅ���Ã ¾ ¦ ¨ ¬�¦J­�¦ ¨soPÍ
In closeanalogyto thepreviousparagraph,we form thedifference� î¨ °Ó ¦©¨ oPÍ × Ù �Ú�� Ù �tp ¨soPÍ ¹wv � Ù�Ú�Û (5.38)

whichsolvesthehomogeneousdifferentialequationsystem
Ø� î¨ Ó"Ü ¸ ×x� î¨ ² Ü¡« × Ý� î¨ in thetimeinterval� ¦ ¨ ÑY¦ ¨ oPÍ ¶ . Therefore,its solutioncanbewrittenasa linearcombinationwith constantcoefficients � îÿ�� Ú�Ûof thefunctionsÙ ÿ�� ´ ¦ ¶ . As aconsequence,thesolution Ù�ÚÊÛ ´ ¦ ¶ follows asÙv÷ùøaúÚ�Û ´ ¦ ¶ Ó ¦®¨ oPÍp ¨soPÍ ¹wv × Ù�÷Äøaú�Ú ´ ¦ ¶ � ¤p ¨ oPÍ ¹wv × Ù�÷Äøaú�t ´ ¦ ¶ � û�üRý « � îÿ�� ÚÊÛ × Ù�÷ùøMúÿ�� ´ ¦ ¶KÞ � Ó ¯ Ñ ¤ ° (5.39)

From (5.33) we concludethat Ù ÚÊÛ ´ ¦ ¶ is continuousand differentiableat time ¦ ¨ , which implies thatÙ ÷ÄøaúÚÊÛ ´ ¦©¨ ¶ maybecomputedby evaluating(5.36)at time ¦©¨ . Evaluating(5.39)at time ¦©¨ aswell, andtakingÙ�÷ÄøaúÚÊÛ ´ ¦©¨ ¶ from (5.36)into accountyieldsa linearsystemof six scalarandalgebraicequationsû�üFý « � îÿ�� Ú�Û × Ù ÿ�� ´ ¦ ¨ ¶ Ó ã Û4m�íh Û�myíyi n × Ù �Ú ´ ¦ ¨ ¶ � «h Û4m�íyi n × Ù �t ´ ¦ ¨ ¶ � Ù Ú�Û ´ ¦ ¨ ¶û�üFý « � îÿ�� Ú�Û ×�ÝÙ ÿ�� ´ ¦®¨ ¶ Ó ã Û4m�íh Û�myíyi n ×�ÝÙ��Ú ´ ¦©¨ ¶ � «h Û4m�íyi n ×�ÝÙ��Ú ´ ¦®¨ ¶ � ÝÙ�Ú�Û ´ ¦®¨ ¶ Ñ (5.40)

which can be solved for the unknown coefficients � îÿ�� ÚÊÛ . The equations(5.39) and (5.40) show, in
combinationwith theequations(5.36)and(5.37),thatthepartialderivative Ù�Ú�Û ´ ¦ ¶ maybewritten in the
interval ¦©¨P¬�¦ô­s¦®¨ oPÍ asafunctionof thesix partialderivatives Ù ÿ�� ´ ¦ ¶ , andthepartialderivatives Ù �Ú ´ ¦ ¶
and Ù �t ´ ¦ ¶ .È����|¿�� Å Á
	�ÃÆÇùË ÁM¿ÀÃÆÅ���Ã ¾ ¦ôös¦®¨ oPÍ
From (5.33)we concludethat Ù�Ú�Û ´ ¦ ¶ is continuousanddifferentiableat time ¦©¨ oPÍ , which implies thatÙ�÷ÄøaúÚÊÛ ´ ¦©¨ oPÍ ¶ maybecomputedby evaluating(5.39)at time ¦®¨ oPÍ . Thecoefficients þ ÿ�� Ú�Û ´ ¦®¨ oPÍ ¶ in (5.33)
maythereforebeobtainedasasolutionof thefollowing linearsystemof algebraicequations:û�üRý «:þ ÿ�� Ú�Û ´ ¦®¨ oPÍ ¶ × Ù ÿ�� ´ ¦©¨soPÍ ¶ Ó Ù�ÚÊÛ ´ ¦©¨ oPÍ ¶û�üRý « þ ÿ�� Ú�Û ´ ¦®¨ oPÍ ¶ ×�ÝÙ ÿ�� ´ ¦©¨soPÍ ¶ Ó ÝÙ�ÚÊÛ ´ ¦©¨ oPÍ ¶ ° (5.41)

As theabove equationsform a linearsystemof six scalarequationsfor thesix unknowns þ ÿ�� Ú�Û ´ ¦ ¨soPÍ ¶ ,it is possibleto write thepartialderivative Ù�Ú�Û ´ ¦ ¶ in theinterval ¦Jö�¦©¨soPÍ asalinearcombinationof only
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thesix partialderivatives Ù ÿ�� ´ ¦ ¶ of thea priori orbit w.r.t. theparametersdefiningtheinitial conditions
at time ¦ ¸ .
Thesmallnumberof ±\²�³�²�³ numericallyintegratedpartialderivativesarethussufficient to compute
all thepartialderivativesof theapriori orbit w.r.t. pointwiseaccelerationsdefiningapiecewiselinearac-
celerationover theentirearc.Theparametrizationyieldsacontinuouspositionvector �v´ ¦ ¶ , acontinuous
velocityvector Ý�v´ ¦ ¶ , andacontinuousaccelerationvector

Ø��´ ¦ ¶ of theimprovedorbit over theentirearc.

Fromtheconceptualpointof view, thepiecewiselinearaccelerationmodeldoesnot introduceany addi-
tional difficultieswith respectto thepiecewiseconstantaccelerationmodelexceptfor theslightly more
complicatedformulasto beevaluated,but this doesnot significantlyharmthecomputationalefficiency.
Fromthetechnicalpointof view, the“absolute”timesin theexpressions(5.36),(5.37),(5.39),and(5.40)
arepreferablyreferredto thebeginningof theorbitalarcin orderto keepthenumericalvaluessmall.��� ���sz {�&�;�,CT�{1T]|R64&~}�-��+,�3K6S#*<Q��,*5*;)#R6s�/.�,*%
For thesake of completeness,we includetwo otherwidely-usedorbit modelingtechniques,which are,
from theconceptualpointof view, relatedto thetechniqueof pseudo-stochasticorbit modeling.	���Ã�¾�Áy�y��¾����~�|Á���Ã��
Theshort-arcparametrizationrepresentsthesolutionwithin eachsubinterval by a new setof six initial
osculatingelements.The resultingtrajectoryis thuscharacterizedby a discontinuousvelocity vector
andadiscontinuouspositionvectoraswell. Obviously, it is notonly possibleto obtainsucha trajectory
by splitting the original orbital arc into several short-arcsby settingup new initial conditionsat the
beginningof eachshort-arc,but it is alsopossibleto solve for onesetof initial osculatingelementsand
for instantaneousvelocitychangesGy¨ (seeSect.5.3.2)in conjunctionwith instantaneouspositionchanges� ¨ at times ¦®¨ in predetermineddirections��´ ¦®¨ ¶ . Usingthenotationfrom Sect.5.3.1,but identifying é�� Û
with ´p� h ´ ¦©¨ ¶ Ñ à h ¶ , thecoefficientsof thepartialderivatives Ù � Û ´ ¦ ¶ maybeobtainedin closeanalogyto
Sect.5.3.2by á � Û ´ ¦ ¶ °Ó3â/ãã å H ´ ¦®è � ¦®¨ ¶ × ç ª�« ´ ¦©è ¶ ×Oé�� Û ´ ¦©è ¶ ×OÔ ¦©èyÓ ç ª�« ´ ¦©¨ ¶ ×Bé/� Û ´ ¦©¨ ¶ (5.42)

for ¦ôös¦®¨ .
For thesake of completenessandclarity, thetwo linearsystemsof algebraicequationsto besolved for
thecoefficients þPÿ�� � Û ´ ¦©¨ ¶ and þPÿ�� IaÛ ´ ¦®¨ ¶ of thepartialderivatives Ù � Û ´ ¦ ¶ and Ù+IaÛ ´ ¦ ¶ , respectively, may
beexplicitly writtenas û�üRý « þ ÿ�� � Û ´ ¦©¨ ¶ × Ù ÿ�� ´ ¦©¨ ¶ Ó ��´ ¦©¨ ¶û�üRý «:þ ÿ�� � Û ´ ¦©¨ ¶ ×�ÝÙ ÿ�� ´ ¦©¨ ¶ Ó àû�üRý « þ ÿ�� IaÛ ´ ¦®¨ ¶ × Ù ÿ�� ´ ¦©¨ ¶ Ó àû�üRý « þ ÿ�� IaÛ ´ ¦®¨ ¶ ×�ÝÙ ÿ�� ´ ¦©¨ ¶ Ó ��´ ¦©¨ ¶

Ñ (5.43)

55



5 ModelingSatelliteMotion

whichshowsthattheparameter
� ¨ is “allowed” to changeonly theorbitalpositionat time ¦®¨ in direction��´ ¦ ¨ ¶ , but not theorbital velocityat time ¦ ¨ . Theoppositestatementis valid for theparameterGy¨ .

Theadvantageof this alternative formulationis thattheoriginal arclengthremainsformally unchanged,
i.e., it is easilypossibleto solve for deterministicorbit parametersstill referringto theoriginalarclength.
This might beof “technical” importanceif thedeterministicorbit parametersareidentifiedwith geopo-
tential coefficients(seeChapter9). Insteadof saving many (large) normalequationsystemsreferring
to theshortarclength,a reducednumberof normalequationsystemsmaybegenerated,e.g.,on a daily
basis.� �Â¾©¿ÄÃR�Æ¿4�Y�������ÂÇ��Â¾®¼:ÁM¿ÄÃÆÅ�Ì
Orbital errorsareoften periodicin naturewith the orbital revolution beingthe main period,see,e.g.,
Sect.7.9.1. This is certainlya motivation to solve for otherempiricalorbit parametersthanpseudo-
stochasticorbit parameters,in orderto constrainorbital errorsmorespecifically, e.g.,by coefficientsof
a truncatedFourierseriesof periodicaccelerations.Suchempiricalparametrizationsareof advantage
if thesatelliteorbit is indeedmainly governedby orbital errorsof themodeledcharacteristics,because
they maynotsoeasilyabsorbotherunmodeledsystematiceffectsandharmotherparametersaspseudo-
stochasticorbit parameterscando. Therefore,once-per-revolution empiricalparametersareoftensolved
for whenmodelingmid- to high-altitudesatellitessuchasEarthobservingsatellitesandnavigationsatel-
lites, see[Beutleret al., 1994a]. The argumentof latitudeis often usedto definethe mainperiod,but
it maybeeasilymodifiedfor specificapplications,e.g.,whenmodelingsolarradiationpressure,to the
satellite’s argumentof latitudewith respectto thesun’s argumentof latitude.

Fouriercoefficientsof periodicaccelerationsarealsosuitedto modelthetrajectoryof LEOs. However,
the expansionin the Fourier seriescannotbe truncatedafter the first few terms,but mustbe usually
extendedto a numberwhich is comparableto thenumberof pseudo-stochasticparametersthataretypi-
cally estimated.Unfortunately, thecoefficientsof a truncatedFourierseriescannotbesetup efficiently
by simplelinearcombinationsasit is thecasefor all typesof pseudo-stochasticparameters,becausethe
basefunctionsin theFourierseriesexpansionareall linearly independent.Theproblemof solvingthe
associatedvariationalequationscanthusbereducedonly to numericalquadratureasequation(5.11)still
holds.

The developmentsfrom Sect.5.3.1 imply that the conceptof estimatingpiecewise constantacceler-
ationsmay be easilyextended,e.g., to the estimationof piecewise once-per-revolution accelerations,
which is attractive,aswell, for modelingLEO trajectories.Let usthereforebriefly summarizethemath-
ematicalbackgroundfor estimatingµ periodicaccelerations� ¨ in predetermineddirections ��´ ¦ ¶ for¦©¨ëªÎÍ¡¬?¦�­ ¦®¨©ÑYÒ�Ó ¤ Ñ °$°$° Ñ µ . Thecontribution of oneparameterÕ ¨JÓ · ¨ to

Ö « in (5.12)is of the form· ¨ ×���´ ¦ ¶ ×:��´ ¦ ¶ for ¦®¨�ªÎÍI¬Ð¦ ­^¦©¨ , where ��´ ¦ ¶ describes,e.g.,theonce-per-revolution periodicity. The
correspondingvariationalequationreadsasØÙ�Ú�Û Ó"Ü ¸ × Ù�ÚÊÛ ² Ü « ×�ÝÙ�Ú�Û ² ¢ ��´ ¦ ¶ ×d��´ ¦ ¶ Þ ¦ ¨�ªÎÍ ¬s¦ô­�¦ ¨à Þ otherwise ° (5.44)

In closeanalogyto the caseof piecewise constantaccelerationsdiscussedin Sect.5.3.1, the solution
of the variationalequation(5.44)may beefficiently obtainedasa linear combinationof a small setof
numericallyintegratedpartial derivatives. The only differenceresidesin the auxiliary problem(5.21)
whichhasto bereplacedby ØÙ��Ú Ó"Ü ¸ × Ù��Ú ² Ü¡« ×�ÝÙ��Ú ²���´ ¦ ¶ ×O�v´ ¦ ¶�� ¦ ° (5.45)
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Settingupthefirst designmatrix Ü andtheassociatedconstructionof thesystemof normalequationsare
essentialstepsin every least-squaresprocedure,followedby theinversionof thenormalequationmatrixµ

and,eventually, thecomputationof themodelparametercorrectionswith their standarddeviations.
Unfortunately, the involved matrix operationstend to be time consumingfor least-squaresproblems
governedby largenumbersof modelparameters.Thepurposeof thischapteris, therefore,to analyzethe
structureof thesystemof normalequationsassociatedwith reduced-dynamicLEO orbit determination
problems,andto developdifferentalgorithmsfor anefficienthandlingof thelargematrices.

First,wepresentthegeneralstructureof thesystemof normalequationsof reduced-dynamicLEO orbit
determination.Wethenfocusonasimplifiedorbit determinationproblemwherepulsesaresetupasthe
only parametersapartfrom thesix initial conditions.Thestructureof this particularsystemof normal
equationswill be exploited to the extent possible,with the goal to develop differentmethodsfor an
efficient handlingof the large matrices. Finally, the presentedmethodsare extendedand appliedto
moregeneralorbit determinationproblemsthatoccurin practice,e.g.,problemswhich aregovernedby
additionalparameterslike carrierphasebiases,or problemswhich arebasedon otherpseudo-stochastic
orbit parameters,suchaspiecewiseconstantaccelerations.A comprehensive summaryof thepresented
algebramaybefoundin [Beutleretal., 2006].¶¸·]¹ º¼»¾½l¿ÁÀJ½ÃÂ=ÄÅ»¾½�Æ�ÇÉÈlÀÃÆlÊ�Â_Ë�Ì2Í¸Î�ÆlÏOÀÁÊÑÐ�Ò+Ó�Î�Ê�ÂRÔ¯À¨½ÃÂ°Õ«Ð:½×Ö�¿ÁÀJÏ'¿ÃÄÅÀÙØ
Theorbit determinationproblemstreatedin this work areall basedon a least-squaresadjustmentof the
underlyingsystemof observationequations(4.22).Themodelfunction Ú is specificfor theactualtype
of observationsusedfor theadjustment,e.g.,theobservationequations(4.3)and(4.5)haveto beusedfor
undifferencedGPScodeandGPScarrierphaseobservations,respectively, or correspondingobservation
equationswouldhaveto beusedfor otherobservationtypessuchasrange,Doppler, or directionobserva-
tions.As aconsequence,thefirst designmatrix Ü andtheresultingnormalequationmatrix

µ
dependon

theobservationtypeto beprocessed.TheunderlyingGPS-specificstructuresfor reduced-dynamicLEO
orbit determinationareillustratedin the following for the processingof undifferencedionosphere-free
GPScarrierphaseobservations.Û �ÅÜ)�ÅÜ @Á(�TÝ&O6K(R3BÞ
,+TW64ß=(=&O64ß=,*%1L1�àT��K&á��âN@�ãåä'ãlæ),*5�64ç�5:@Ã(*TW(+è~,M&',CTÝ%
GPSpseudo-rangeandGPScarrierphaseobservationshave to beparametrizedwith thereceiver clock
offset, é�ê Óìë ×îí ¦ ê�ï�ð , which hasto be determinedat every measurementepoch ¦ ê . In the absenceof
datagaps,a 24h dataarc thusrequiresñ)ò Óó\FôFô ¯ offsetsif the measurementsareprocessedat 30s
intervals. In addition,the GPScarrierphaseobservationsrequirean additionalionosphere-freephase
biasparameter, `õq Ó�ö=÷ ×�` øêøïÝð , for eachcontinuoustrackingpass.Dueto therapidmotionof a LEO,
seeSect.7.4, theGPSsatellitesareobserved for a maximumof about40min which typically resultsin
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6 EfficientNormalEquationHandling

14to 15passeswith constantambiguitiesfor asingleGPSsatellite.Mostof thetimethetotalnumberof
carrierphasebiasparametersis thusin theorderof ñ)ùÙúQûîü ¯ � ü ¯|¯ for 24h dataarcs.

Thepartialderivativesof themodeledý -th GPSobservation þ�ÿ Ó�� øê of GPSsatellite� atepoch¦ ê with
respectto theclockoffsetvector,� � øê��� Ó g ¯ ÷ « ú °a°a° ¯ ÷ ê ª�« ú ¤ ÷ ê ú ¯ ÷ ê o�« ú °a°a° ¯ ÷����Yú j Ñ (6.1)

arevery simpleandonly set for the epochthe measurementwastaken. The sameis alsotrue for the
carrierphaseobservations,whereonly thepartialderivative with respectto theinvolvedbiasparameter
is non-zero,i.e., � � øê�
	 Ó g ¯ ÷ « ú °a°a° ¯ ÷ q�ª�« ú ¤ ÷ q ú ¯ ÷ q�o�« ú °a°a° ¯ ÷����©ú j ° (6.2)

Despitethesimilar shapeof (6.1) and(6.2),onehasto keepin mind thatcarrierphasebiasparameters
aregenerallyvalid for many observationepochs,whichmakesthemfundamentallydifferentfrom epoch-
specificparameterssuchasthereceiver clockoffsets.Û �ÅÜ)� ! @Á(�TÝ&O6K(R3BÞ
,+TW64ß=(=&O64ß=,*%1L1�àT��K&á�õP�
Ã{ {1T]|R64&~@Á(�TÝ()è?,M&',+TÝ%
It makessenseto expressthepartialderivatives(4.23)relatedto the ý -th observation andtheorbit pa-
rameterÕ ¨ with thefunctionsÙ��|Û definedby (5.7)as� þ ÿ ´�� ¶� Õ�¨ Ó ´�� ´Åþ ÿ ´�� ¶Y¶t¶ h × Ù��|Û Ñ (6.3)

whereþ ÿ denotesthe ý -th componentof themodelfunction Ú . Its gradientis givenby´�� ´ þ ÿ ´�� ¶Y¶Y¶ h Ó c � þåÿ ´�� ¶� ý ¸F¹ « � þåÿ ´�� ¶� ý ¸F¹ � � þ�ÿ9´�� ¶� ý ¸F¹ ÷ d ° (6.4)

Observe thatslightly morecomplicatedrelations(6.3)would resultif theobservationsdependnot only
on thegeocentricpositionvector, but alsoon thegeocentricvelocity vector, or if they werereferringto
morethanoneepoch. The advantageof a formulationof type (6.3) is that only the gradientdepends
on thetypeof theobservations,e.g.,it yieldsthe“leocentric” unit vectorpointingto thecorresponding
GPSsatellitewith a negative signfor a LEO-stationbaselineandwith a positive signfor a station-LEO
baseline,respectively. Thefunctions Ù��|Û , however, arecompletelyindependentof theobservationtype,
whichseparatestheobservation-specific(geometric)partfrom thedynamicpart,which,in essence,is the
“interesting”partfor orbit determination.Theformulation(6.3)demonstratestheimpactof theequation
of motion(5.12)onthesystemof observationequationsby thesolutionsÙ��|Û of its associatedvariational
equations(5.8).

Let usassumethatthreepulsesG ¨ ¹ ü aresetup in thethreepredetermineddirections� ü ´ ¦©¨ ¶ , � Ó ¤ Ñ]\ Ñ ³ at
theepochs¦®¨ , Ò Ó ¤ Ñ °$°$° Ñ ñ � ¤ astheonly orbit parameters,apartfrom thesix initial conditionsreferring
to ¦ ¸ . Accordingto Sect.5.3.2,thepartialderivative Ù IaÛ i � of thea priori orbit � ¸ ´ ¦ ¶ w.r.t. theparameterG ¨ ¹ ü readsas Ù+IaÛsi � ´ ¦ ¶ Ó ïñò ñó

à Þ ¦J­�¦®¨û�ø ý « � ÿ�� IaÛ i � × Ù ÿ�� ´ ¦ ¶ Þ ¦Jö�¦®¨ Ñ (6.5)
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6.1 ConventionalLeast-SquaresAdjustment– An Overview
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Figure6.1:Non-zero(grey) andzero(white) occupationof thefirst designmatrix in thepresenceof six
initial conditionsandthreepulsessetupat theepochs¦©¨ , ÒPÓ ¤ Ñ °$°$° Ñ ñ � ¤ .

whereÙ ÿ�� ´ ¦ ¶ arethepartialderivativesw.r.t. theinitial conditions� ø , � Ó ¤ Ñ °$°$° Ñ ± . Equation(6.5)shows
that Ù+IaÛsi � , andasa consequenceof (6.3) also ������ IaÛ i � in the first designmatrix (seeFig. 6.1 for the orbit
relatedpart),is generallynon-zerofor all observationtimes ¦ ê ö�¦®¨ . Therefore,thepartialderivativesof
themodeledGPSobservation þåÿ Ó�� øê of GPSsatellite� at epoch¦ ê with respectto theorbit parameter
vectorreadas � � øê�
� Ó c � � øê�
 � � øê�"! « °a°a° � � øê�#! ¨ëª�« � � øê�"! ¨ à ÷ ¨ o�« ú °a°a° à ÷�� ª�« ú d Ñ (6.6)

whereit is assumedthattheobservationtime ¦ ê is partof thesubinterval
� ¦©¨®ÑY¦©¨ o�« ¶ . Thefactthatthepulses

in thepastcontribute to thetrajectoryshapein thepresentimpliesthatthenumberof active parameters
grows by 3 aftereachepoch¦©¨ , Ò�Ó ¤ Ñ °$°$° Ñ ñ � ¤ , i.e., from originally only 6 Keplerianelementsin the
subinterval

� ¦ ¸ ÑY¦ « ¶ the numbergrows to a total ±�²�³G´àñ � ¤O¶ active parametersin the last subinterval� ¦ � ª�«aÑY¦ � ¶ . Thestoragerequirementsaregrowing aboutquadraticallywith thenumberof active pulses,
theCPUrequirementsevengrow with theapproximatelythird power of thenumberof active pulses.

Finally andfor a lateruse,it shouldbementionedthatthecoefficients � ÿ�� IaÛ i � canbeidentifiedwith the
partialderivativesof theinitial osculatingelements� ø w.r.t. thepulsesG ¨ ¹ ü . Thus,achangein theinitial
osculatingelement� ø inducedby achangein thepulse G ¨ ¹ ü canbecomputedasí$� ø Ó � � ø� G ¨ ¹ ü ×AíYG ¨ ¹ ü Ó � ÿ�� IaÛ i � ×DíYG ¨ ¹ ü ° (6.7)Û �ÅÜ)� � ã/&�T .R5_&�.)TÝ,�-�%2&�;�,'&�-)T]è?(C3(
��/.�(*&O6K-/#¦}°(=&�TW6�)
Thefirst designmatrix (4.23)of reduced-dynamicorbit determinationis constructedfrom theindividual
contributions(6.1),(6.6),and(6.2)asÜ °Ó � ÚÏ´�� ¶� � Ó * � é��� � é�
� � é��	,+ Ñ (6.8)
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6 EfficientNormalEquationHandling

Figure6.2:Non-zero(black)andzero(white)elementsof thenormalequationmatrixof thesystem(6.9).
Theninesub-matricesareseparatedwith blacklines.

whicheventuallyyieldsthecompletesystemof normalequations(4.26)for theparametercorrectionsas-./ µ1020 µ3054 µ1076µ8490¤µ84�4 µ8496µ36:0 µ;654 µ3676=<:>? × -./A@B C <:>? Ó -./ C 0C 4C 6=<:>? ° (6.9)

Thestructureof thepartitionednormalequationmatrixof (6.9)is visualizedin Fig. 6.2for a4h dataarc
of 30s CHAMP datacollectedon DOY 201,2002.

µ1020
thusconsistsof 480clock parameters,

µ84D4
of

54orbit parameters(6 Keplerianelements,3 constantaccelerationsactingover thewholearc,andatotal
of 45pulsessetup at 6-minuteintervals),and

µ3676
of 80biasparameters.Notethatthebiasparameters

areorderedin Fig. 6.2accordingto their appearancein time,andthatnew biasparametershadto beset
upatoneparticularepochfor all GPSsatellites,seethemiddleof thesub-matrix

µ10:6
.

It canberecognizedthatthesub-matrix
µ84�4

is fully populated.Therefore,it is not immediatelyobvious
how to efficiently handletheorbit-relatedpartin thenormalequationsystem(6.9),althoughthespecific
structuresof thesub-matrices

µ1054
and

µ84E6
indicateaswell aparticularstructureof thesub-matrix

µ84�4
dueto theactivity intervalsof thepseudo-stochasticpulses.In contrast,theverysimplestructuresof the
diagonalsub-matrices

µ 020
and

µ 6:6
canbeeasilyexploitedastheir inversesarereadilycomputed.In

orderto illustratethis,wegrouptheorbit andthecarrierphasebiasparametercorrections(smallletters)
into F Ó c B C d ° (6.10)

andrewrite thesystemof normalequations(6.9)asc µ3020 µ102Gµ G90 µ G9G d × c @F d Ó c C 0C G d ° (6.11)

Accordingto (4.33)and(4.34),thereceiverclockoffsetparametersmaybepre-eliminated,whichyields
theupdatesof theorbit andcarrierphasebiasparametersasF ÓIH µ1GEG � µ1GE0�µ ª�«020 µ10:GKJ ª�« H C G � µ1G90�µ ª�«020 C 0�J ° (6.12)

60



6.2 Structureof NormalEquationsrelatedto Orbit Parameters

After having processedall observations,

F
maybeback-substitutedto obtaintheupdatesfor theclock

offsetsas @ Ó µ ª�«020 ´ C 0 � µ102G F ¶ ° (6.13)

Notethattheclockoffsetsarepre-eliminatedepoch-wisein theBerneseGPSSoftwareVersion5.0[Dach
et al., 2007],i.e., it is usuallynot necessaryto setup (andstore)theentiresub-matrix

µ G90
. Therefore,

the back-substitutionis actuallynot performedwith (6.13),but by insertingthe updates

F
of the orbit

andcarrierphasebiasparametersbackinto theobservationequations,whicharesuccessively solvedfor
eachepoch.For thispurpose,partsof theobservationequationarestoredin ascratchfile.

Carrierphasebiasparametersmay be pre-eliminatedaswell, e.g.,beforethe inversionof the normal
equationmatrixor ateachtimewhenamultiplebiasparameterhasto besetup,but theback-substitution
processcan then no longer be easily achieved to obtain the estimatedupdatesof the bias and clock
parameterswithoutsaving largematrices.

Accordingto (4.30),thecofactormatrixof theorbit andcarrierphasebiasparametersfollows asL GEG Ó H µ G9G � µ G90 µ ª�«0:0 µ 02G J ª�« Ñ (6.14)

whichallows to finally recover thecofactormatrixof thereceiver clockoffsetsbyL 020 Ó µ ª�«020 ² µ ª�«020 µ102G L G9GBµ1G90åµ ª�«020 ° (6.15)

Notethatthesecondtermin (6.15)accountsfor theerrorsof thenon-epochparameters.If onedoesnot
care(too much)abouttoo optimisticestimatesof thereceiver clock formal errors,this secondtermcan
beneglectedasits computationmaybeCPUtime-andmemory-intensive.¶¸·NM Ì¾Â�ÏFÎPO)ÂRÎ ÏOÀ »(QSR�»�ÏFÔ­Æ�ÇUT¾Í2Î¨ÆÁÂ=ÄÅ»¾½¨Ê ÏOÀ�ÇSÆÁÂMÀÁÒ ÂM»eÖ¦ÏWVJÄSÂYX�ÆlÏOÆ�Ô¯À�ÂMÀ¨ÏOÊ
Thestructureof theorbit-relatedparts

µ84�4
and

C 4
in thenormalequationsystem(6.9) is importantfor

theunderstandingof theefficientmethodsto bediscussedin thischapter. Becauseit is only thegradient
(6.4)thatdependsonthetypeof theobservationsin thepartialderivatives(6.3),thestructureof

µ84D4
andC 4

doesnot changeif reduced-dynamicorbit determinationis performedwith otherobservationsthan
undifferencedGPScarrierphasemeasurements.In the following, we thereforederive the underlying
structurefor a simplifiedorbit determinationproblemwith initial conditionsandpulsesbeingtheonly
parameters.

Thecorrectionequation(4.24)of the ý -th observationof thisorbit determinationproblemreadsasZ ÿ Ó û�ø ý « � þ ÿ� � ø ×�[ ø ² ¨�q ý « ÷�üFý « � þ ÿ� G q ¹ ü ×]\�q ¹ ü �;^ ÿ Ñ (6.16)

where [ ø , � Ó ¤ Ñ °$°$° Ñ ± and \ ¨ ¹ ü , � Ó ¤ Ñ °$°$° Ñ ³ denotethe correctionsto six initial conditionsandthree
pulsesat eachepoch¦®¨ , Ò Ó ¤ Ñ °$°$° Ñ ñ � ¤ , respectively, andwhereit is assumedthattheobservationtime¦ ê is partof thesubinterval

� ¦©¨®ÑY¦©¨ o�« ¶ . Therelations(6.3)and(6.5)yield� þåÿ� G q ¹ ü Ó ´���þ ÿ ¶ h × Ù+I`_åi � Ó ´a�[þ ÿ ¶ h × û�ø ý « � ÿ�� I`_åi � × Ù ÿ�� ´ ¦ ¶ Ñ (6.17)
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6 EfficientNormalEquationHandling

thusthecorrectionequation(6.16)canberearrangedasZ ÿ½Ó û�ø ý « ´���þ ÿ ¶ h × Ù ÿ�� × -/ [ ø ² ¨�q ý « ÷�üFý « � ÿ�� I`_åi � ×`\ q ¹ ü <? �;^ ÿ ° (6.18)

The term in parentheseshasan importantmeaningfor a later use: it doesnot representthe “initially”
solved for correctionto theosculatingelement� ø at ¦ ¸ , which would fully characterizethesolutionof
thisparticularorbit determinationproblemin thesubinterval

� ¦ ¸ ÑY¦V« ¶ ; it represents,accordingto (6.7),the
correction[ ¨ ¹ ø to a differentinitial osculatingelement� ¨ ¹ ø at ¦ ¸ which fully characterizesthesolution
in the subinterval

� ¦©¨®ÑY¦©¨ o�« ¶ after the occurrenceof the ³ Ò pulses.The correctionequation(6.18) illus-
tratesthatorbit determinationbasedon pulsesmayalsobeunderstoodasa specialcaseof theshort-arc
parametrizationfrom Sect.5.3.4whenaskingfor continuityat theshort-arcboundaries.Theproperties
of thenewly definedosculatingelements� ¨ ¹ ø at ¦ ¸ will beexploitedin Sect.6.3.

Sincethepulseepochsdivide theorbitalarcinto ñ subintervals,it is advisableto write all ñ ð Û correction
equationsof thesubinterval b ¨�Ó � ¦©¨hÑY¦®¨ o�« ¶ in aconvenientmatrixnotationc ¨�Ó"Ü ¨�d ² Ü ¨ ¨�q ý « 	 qfeCq �3g ¨ÎÑ (6.19)

with thecolumnarraysc ¨ of theresidualsof subinterval bM¨ ,g ¨ of thetermsO–Cof subinterval b ¨ ,d of thecorrectionsto theinitial osculatingelements,ande�¨ of thepulsecorrectionsat epoch¦®¨ .
ThematrixÜ ¨ denotesthe ñ ð Ûih ± first designmatrix of the subinterval b ¨ relatedto the six initial osculating

elementsand	 q denotesthe ± h ³ coefficientmatrixdefinedby ` qkj ø�l ü2m °Ó � ÿ�� I]_�i � .

Takingthecorrectionequationsof all subintervals bM¨ , Ò Ó ¯ Ñ °$°$° Ñ ñ � ¤ into account,thecompletesystem
of normalequations(4.26)readsin theabove matrixnotationas-........../

µ � ª�«�¨ ý « µ ¨ 	 « ×a×a× � ª�«�¨ ý � ª�« µ ¨ 	 � ª�«° 	 h « � ª�«�¨ ý « µ ¨ 	 « ×a×a× 	 h « � ª�«�¨ ý � ª�« µ ¨ 	 � ª�«° ° . ..
...° ° ° 	 h � ª�« � ª�«�¨ ý � ª�« µ ¨ 	 � ª�«

< >>>>>>>>>>? ×
-..../ deP«

...e � ª�« < >>>>? Ó
-......../ Ü h � g	 h « � ª�«�¨ ý « Ü h ¨ � ¨ g ¨

...	 h � ª�« � ª�«�¨ ý � ª�« Ü h ¨ � ¨ g ¨
< >>>>>>>>? Ñ

(6.20)
where

µ ¨ °Ó Ü h ¨ � ¨ Ü ¨ is that part associatedwith the observation interval bM¨ of the normalequation
matrix relatedto the six initial osculatingelements. In analogy, Ü h ¨ � ¨ g ¨ is the contribution of the
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6.3 RapidSolutionStrategy

samesubinterval to theright-handsideof thenormalequationsystemrelatedto thesix initial osculating
elements.Observe thatµ Ó � ª�«�¨ ý ¸ Ü h ¨ � ¨|Ü ¨ and Ü h � g Ó � ª�«� ¨ ý ¸ Ü h ¨ � ¨ g ¨ (6.21)

arethenormalequationmatrixandtheright-handsideof thenormalequationsystemof thedeterministic
problem,respectively. They would resultif no pulseswould have beensetup. Obviously, thecontribu-
tions

µ ¨ and Ü h ¨ � ¨ g ¨ , Ò½Ó ¯ Ñ °$°$° Ñ ñ � ¤ do not only form thecompletesystemof normalequationsfor
dynamicPODaccordingto (6.21),they aretogetherwith thematrices

	 ¨ alsothebuilding blocksof the
completesystemof normalequations(6.20) for reduced-dynamicPOD basedon pulses.This implies
that theentiresystem(6.20)maybesetup efficiently, becauseall matricesareof smalldimensions.In
orderto minimizeCPUtime,it is recommendedto setupthenormalequationmatrixof (6.20)asfollows:n thebasicbuilding blocksarethepartialsums

� � ª�«ê ý ¨ Ü h ê � ê Ü ê , ÒJÓ ñ � ¤ Ñ °$°$° Ñ ¯ . As indicatedby
this sequence,thesesumsarebestformedstartingwith Ò½Ó ñ � ¤ andendingwith Ò�Ó ¯

, which
eventuallyalsoyieldsthecontribution (6.21),n thesub-matricesin thefirst row arethensimply formedfor thecolumnsÒ¨k ¯

by multiplying the
partialsums

� � ª�«ê ý ¨ Ü h ê � ê Ü ê from thepreviousstepfrom theright with thematrices
	 ¨ , andn the sub-matricesin columnsÒ�k ¯

androws
¯ ­ � ¬£Ò arefinally obtainedby multiplying the

matrices
� � ª�«ê ý ¨ µ ê 	 ¨ from thepreviousstepfrom theleft with thematrices

	 h ø .

Similar ruleshold for anefficientsetupof theright-handsideof thenormalequationsystem(6.20).

Equation(6.20)illustratesthatthenormalequationmatrixhasasimplestructure.However, its dimension
is linearly growing with the numberof subintervals, which makes the processingCPU time-intensive
for largenumbersof pseudo-stochasticparameters,mainly dueto theinversion.Unfortunately, it is not
possibletoapplytheparameterpre-eliminationtechnique(seeSect.4.4.1)toany of thepseudo-stochastic
parametersbeforetheverylastobservationis incorporatedinto thesystemof normalequations.Thiscan
beseenfrom theuppersummationlimits in (6.20)which all includethevery last subinterval. A rapid
solutionstrategy basedon thepresentedstructureis thusrequired.¶¸·No p Æ(q�ÄÅÒeÌ¸»õÇ$ÎÃÂ=ÄÅ»¾½ Ì¾ÂRÏOÆÁÂMÀsrut
Thecorrectionequation(6.18)implicitly introducedthetransformationdÆ¨ °Óvd ² ¨�q ý « 	 q=eCq (6.22)

betweenthe“initially” solvedfor correctionsd to theapriori valuesof theinitial osculatingelements
 

at ¦ ¸ (subsequentlydenotedas d ¸ ) andthecorrectionsdÊ¨ to thea priori valuesof the initial osculating
elements

 ¨ at ¦ ¸ which definethe solutionin the subinterval
� ¦®¨hÑY¦©¨so�« ¶ . For the following algebra,it

is convenientto definethe transformation(6.22)recursively, andin reverseorder, betweensubsequent
subintervalsas d ¸ °Ó d Þ Ò Ó ¯dÆ¨�ª�« °Ó d�¨ � 	 ¨We�¨vÓ ´xw û � 	 ¨ ¶ × c dÊ¨e�¨¾d Þ Ò ö ¤ Ñ (6.23)

wherew û denotestheidentitymatrixof dimension6.
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First, we considerthe systemof normalequationsin the presenceof initial conditionsandpulsesin
its initial stagesduring the collectionof the GPSobservations. Let us assumethat we alreadyhave
incorporatedall observationsfor times ¦ ê ¬�¦®¨ andthatthesystemmaybewritten in a reducedform asµ ¨ëª�«KdÊ¨�ª�«ôÓ C ¨�ª�« ° (6.24)

The normalequationmatrix
µ ¨�ª�« andthe right-handside

C ¨�ª�« of the normalequationsystem(6.24)
maybecomputedfrom thecontributionsto thenormalequationsystemof thedeterministicproblemfor
theobservationtimes ¦ ê ¬s¦®¨ , i.e., from

µ ê and

C ê , ^ Ó ¯ Ñ °$°$° ÑYÒ � ¤ , asµ ¸ °Ó µ ¸C ¸ °Ó C ¸µ ¨�ª�« °Ó µ î¨�ª � ² µ ¨ëª�«C ¨�ª�« °Ó C î¨ëª � ² C ¨�ª�«
Þ
Þ
Ò Ó ¤
Ò ö \ (6.25)

with
µ î¨�ª � and

C î¨�ª � to bedefinedlaterby (6.28).

The normalequationsystem(6.24)may be expandedinto a systemin the unknowns dÆ¨ and e�¨ by re-
placing dÊ¨ëª�« on the left-handsidewith the transformation(6.23),andby multiplying bothsidesof the
normalequationsystem(6.24)from theleft with thematrix ´�w ûQ� 	 ¨ ¶ h :c µ ¨�ª�« � µ ¨�ª�« 	 ¨� 	 h ¨ µ ¨�ª�« 	 h ¨ µ ¨ëª�« 	 ¨ d × c dÊ¨eÊ¨2d Ó c C ¨�ª�«� 	 h ¨ C ¨ëª�« d ° (6.26)

The system(6.26) is the key to a mostefficient solutionof our orbit determinationproblem. Accord-
ing to thecorrectionequation(6.18),themodeledobservationscontainedin the following subintervalsbM¨ Ñ bM¨so�« Ñ °$°$° Ñ b � ª�« do not dependon the terms e ¨ explicitly as their influenceis alreadytaken into ac-
count by the osculatingelementsdÆ¨ , seealso Sect.6.3.4. It is thus possibleto apply the parameter
pre-eliminationtechnique(seeSect.4.4.1) to the pseudo-stochasticparameters.The normalequation
systemreadsafterthepre-eliminationas µ î¨�ª�« d ¨ Ó C î¨�ª�« (6.27)

with µ î¨�ª�« °Ó µ ¨ëª�« � µ ¨�ª�« 	 ¨ g 	 h ¨ µ ¨�ª�« 	 ¨ j ª�« 	 h ¨ µ ¨�ª�«C î¨�ª�« °Ó C ¨�ª�« � µ ¨�ª�« 	 ¨ g 	 h ¨ µ ¨�ª�« 	 ¨ j ª�« 	 h ¨ C ¨�ª�« ° (6.28)

Observe thata priori weightsof thepseudo-stochasticparameters(seeSect.4.4.2),e.g.,in the form of
absoluteconstraintsgivenby anidenticalweightmatrixy Óvz �¸ � ª�«{�{ (6.29)

for all pulseepochs,have to beaddedprior to thepre-eliminationto thesub-matrix
	 h ¨ µ ¨�ª�« 	 ¨ of the

normalequationmatrix in (6.26). If pseudo-stochasticparametersreferringto differentepochsshallbe
constrainedwith respectto eachother, e.g.,in theform of relative constraints,it is necessaryto modify
theherepresentedpre-eliminationstep.
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6.3 RapidSolutionStrategy

In analogyto theequations(6.25)and(6.28),theweightedsum | ¨�ª�« of thetermsO–Cfor observation
times ¦ ê ¬�¦ ¨ canbeestablishedas| ¸ °Ó g h ¸ � ¸ g ¸| ¨ëª�« °Ó | î¨�ª � ² g h ¨�ª�« � ¨�ª�« g ¨�ª�« ÞÞ Ò Ó ¤Ò ö \ (6.30)

with | î¨�ª�« °Ó |*¨ëª�« � C h ¨�ª�« 	 ¨ g 	 h ¨ µ ¨�ª�« 	 ¨ j ª�« 	 h ¨ C ¨�ª�« Ñ (6.31)

which is neededfor thecomputationof theaposterioristandarddeviationof unit weight.Û � ��� ! "$#*&',CT]è~,*�)6K(*&', ã�-�3 .�&O6K-/#
The procedureoutlinedby the equations(6.24), (6.26), (6.27),and(6.25)hasto be repeateduntil the
very lastobservation of the subinterval b � ª�« is incorporatedinto the reducednormalequationsystem.
After completionof thedatacollection,wemaysolve for theinitial osculatingelementcorrectionsd � ª�«
of thelastsubinterval b � ª�« by d � ª�«JÓ µ ª�«� ª�« C � ª�«JÓ L$}�~`���x}�~`��� C � ª�«JÑ (6.32)

whereLU}]~`����}]~`���
is thecofactormatrixof thesolvedfor correctionsd � ª�« .

The solution(6.32)shows that thereis no needto computethe “intermediary” correctionsdÆ¨�ª�« , Ò Ó¤ Ñ °$°$° Ñ ñ � ¤ duringdatacollection.They wouldactuallyrepresentthefilter solutionsbasedon all obser-
vationsof theinterval

� ¦ ¸ ÑY¦©¨ ¶ , seeSect.6.6.2.

The estimated(a posteriori)standarddeviation of unit weight is computedaccordingto the formulas
(4.28)and(4.29)as µ ¸ Ó�� | � ª�« � d h � ª�« C � ª�«� Ñ (6.33)

whicheventuallyyieldsthecovariancematrixof theadjustedorbitalelements:� }]~]����}�~`��� Ó µ �¸ LU}]~]���x}]~]��� Ó µ �¸ µ ª�«� ª�« ° (6.34)Û � ��� � �B(�5
�îä'ãl.)|�%O&O64&�.*&O6K-/#�%Ý-)T¾&�;R,S�)6S#�(C3lãÙ-�3 .*&O6K-/#
In orderto outline theback-substitutionprocessfor thecorrectionsd ¨�ª�« and e ¨ , Ò'Ó ñ � ¤ Ñ °$°$° Ñ ¤ , it is
advisableto analyzethe normalequationsystemwhich would have resultedafter the incorporationof
all observations,but withouthaving performedthepre-eliminationof e � ª�« at time ¦ � ª�« . Thissystemis
obtainedfrom (6.26)by updatingthesub-matrix

µ � ª � andthesub-array

C � ª � (replacethe index Ò byñ � ¤ in (6.26))accordingto �µ � ª�« °Ó µ � ª � ² µ � ª�«� C � ª�« °Ó C � ª � ² C � ª�« Ñ (6.35)
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6 EfficientNormalEquationHandling

andby not pre-eliminatinge � ª�« in (6.26). Theresultingsystemof normalequationsthusreadsat the
endof thevery lastsubinterval asc �µ � ª�« � µ � ª � 	 � ª�«� 	 h � ª�« µ � ª � 	 h � ª�« µ � ª � 	 � ª�« d × c d � ª�«e � ª�«Yd Ó c � C � ª�«� 	 h � ª�« C � ª � d Ñ (6.36)

becausethe influenceof theobservationsof the lastsubinterval is alreadytaken into accountby d � ª�« .
Basedon thealreadyknown correctionsd � ª�« by (6.32),thecorrectionse � ª�« to thea priori valuesof
thepseudo-stochasticpulsesat ¦ � ª�« maybecomputedase � ª�« Ó g 	 h � ª�« µ � ª � 	 � ª�« j ª�« g 	 h � ª�« µ � ª � d � ª�« � 	 h � ª�« C � ª � j Ñ (6.37)

i.e., they maybecomputedby circumventingtheterms

�µ � ª�« and
� C � ª�« in (6.36).

Theprocedureoutlinedby (6.36)and(6.37)mayberepeatedfor thecomputationof theremainingcor-
rectionse ¨ , ÒPÓ ñ � \ Ñ °$°$° Ñ ¤ in conjunctionwith thepreviousandalternatecomputationof thecorrectionsdÊ¨ , Ò Ó ñ � \ Ñ °$°$° Ñ ¯ using the transformation(6.23). Finally, all pulsecorrectionsandthe “initially”
solvedfor correctionsd ¸ areobtained.� Ã��9¼:¾©¿À¼�Å����~� ¼:Áa¾®¿��
In orderto outlinetheback-substitutionprocessfor thecovariancematrixof theadjustedpulses,westart
deriving theinversematrixof thenormalequationmatrixon theleft-handsideof (6.36).As we already
know thecofactormatrix

LU}]~]���x}]~]���
of theadjustedorbital elementsfrom (6.32),we mayfocuson the

computationof thesub-matrices
L } ~]��� { ~`��� and

L { ~`��� { ~]��� inc �µ � ª�« � µ � ª � 	 � ª�«� 	 h � ª�« µ � ª � 	 h � ª�« µ � ª � 	 � ª�« d × c LU}]~`����}]~`����LU}]~]��� { ~`���L h }�~`��� { ~`��� L { ~]��� { ~`��� d Ó c w û àà w ÷ d Ñ (6.38)

where w ø denotesthe identity matrix of dimension� . Due to theknowledgeof matrix
L } ~`��� } ~`���

, the
missingpartsof theentirecofactormatrix in (6.38)maybeobtainedwithout inversionasL } ~`��� { ~`��� Ó L } ~`��� } ~`��� µ � ª � 	 � ª�« g 	 h � ª�« µ � ª � 	 � ª�« j ª�« (6.39)

and L { ~`��� { ~]��� Ó g 	 h � ª�« µ � ª � 	 � ª�« j ª�« g w ÷ ² 	 h � ª�« µ � ª � L } ~`��� { ~`��� j Ñ (6.40)

whicheventuallyyieldsthecovariancematrixof thelastsetof adjustedpulses:� { ~`��� { ~]��� Ó µ �¸ L { ~]��� { ~`��� ° (6.41)

The procedureoutlinedby the equations(6.38),(6.39),and(6.40)maybe repeated(replacethe indexñ � ¤ by Ò ) for the computationof the remainingsub-matrices
LU}]� { � and

L { � { � , Ò Ó ñ � \ Ñ °$°$° Ñ ¤ in
conjunctionwith the previous andalternatecomputationof the sub-matrices

LU}]��}]�
, Ò Ó ñ � \ Ñ °$°$° Ñ ¯ ,

which may be obtainedby applyingthe generallaw of error propagation(4.32)on the transformation
(6.23)as L$}������a}]����� Ó ´xw û � 	 ¨ ¶ × c LU}]��}]��LU}]� { �L h } � { � L { � { � d × c w û� 	 h ¨ d ° (6.42)

Finally, all cofactor (andcovariance)matricesof the adjustedpulsesandof the “initially” solved for
orbitalelementcorrectionsd ¸ areobtained.
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6.4 ConsideringAdditionalParametersÛ � ���sz ã/&�T .R5_&�.)TÝ,�-�%V��TW(+#�%�%Ý-)T]è~,*��&�-+T è?(C3�
��/.�(*&O6K-/#�%
For thesake of completeness,we includethecompletesystemof normalequationsfor theorbital ele-
mentcorrectionsd � ª�« andthe pulsecorrectionse�¨ , Ò�Ó ¤ Ñ °$°$° Ñ ñ � ¤ . This systemwould be obtained
by transformingthe orbital elementcorrectionswithout pre-eliminatingthe pulsecorrectionse�¨ at the
epochs¦ ¨ , Ò Ó ¤ Ñ °$°$° Ñ ñ � ¤ , andwould readas-........../

µ � ¸�¨ ý ¸ µ ¨ 	 « ×a×a× � � ª ��¨ ý ¸ µ ¨ 	 � ª�«° 	 h « ¸�¨ ý ¸ µ ¨ 	 « ×a×a× 	 h « ¸�¨ ý ¸ µ ¨ 	 � ª�«° ° . . .
...° ° ° 	 h � ª�« � ª ��¨ ý ¸ µ ¨ 	 � ª�«

< >>>>>>>>>>? ×
-..../ d � ª�«eP«

...e � ª�« < >>>>? Ó
-......../ Ü h � g� 	 h « ¸�¨ ý ¸ Ü h ¨ � ¨ g ¨

...� 	 h � ª�« � ª ��¨ ý ¸ Ü h ¨ � ¨ g ¨
< >>>>>>>>? °
(6.43)

Observe the differencein the uppersummationlimits of the normal equationsystem(6.43) and the
untransformedsystem(6.20).They illustrate(oncemore)thatthepulsese�¨ maybepre-eliminatedafter
having processedtheobservationsin theinterval

� ¦ ¸ ÑY¦©¨ ¶ , Ò Ó ¤ Ñ °$°$° Ñ ñ � ¤ thanksto thetransformationof
theinitial osculatingelements.¶¸·a� º¼»¾½�Ê=ÄÅÒBÀ¨ÏDÄ�½�r Ð�Ò ÒõÄSÂMÄÅ»2½�Æ�Ç�X�ÆlÏOÆ�Ô¯À�ÂMÀ¨ÏOÊ
Theconsideredorbit determinationproblemin Sects.6.2and6.3wasgovernedby six initial conditions
and by a user-specifiednumberof pseudo-stochasticpulsesonly. This caseactually is important in
practice,e.g.,it occursif satellitepositionsareusedaspseudo-observations for a furtherorbit analysis
asin Sect.9.2. In mostcases,however, themodelfunctioncontainsmany moreparameters,e.g.,carrier
phasebiasparametersif GPSphaseobservablesareprocessed,which may vastly outnumberall other
parameters.

It is thusimportantto adda few commentshow the efficient methodsfrom Sects.6.2 and6.3 canbe
extendedto copewith moregeneralorbit determinationproblems.Û �szÙ�ÅÜ ã/&�T .R5_&�.)TÝ,�-�%2&�;�,'&�-)T]è?(C3(
��/.�(*&O6K-/#�ã�7M%O&',Cè
In orderto benefitfrom the structureof the normalequationsystem(6.20)of the orbit determination
problemconsideredsofar (andfrom its efficientsetup),we formally considertheadditionalparameters
as“deterministicorbit parameters”,anddefineageneralizedarrayof parameters�d h °Ó g d h�� « °a°a° � � � j Ñ (6.44)

where
�ñ is thenumberof additionalparameters.As a consequence,thedimensionsof thecontributions�µ ¨ and
�Ü h ¨ � ¨ g ¨ , Ò Ó ¯ Ñ °$°$° Ñ ñ � ¤ to thesystemof normalequations(6.20)areno longersix squaredand

six, respectively, but (much)larger. Of course,thecoefficientmatriceshave to beredefinedaswell as�` quj øDl ü2m °Ó ¢ � ÿ�� I`_åi � Þ ¤ ¬ � ¬ ±¯ ÞI� ¬ � ¬ �ñ ° (6.45)

Usingthe formalismof theequations(6.44)and(6.45),thenormalequationsystemof thegeneralized
orbit determinationproblemis formally identicalto thenormalequationsystem(6.20)of theoriginally
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6 EfficientNormalEquationHandling

studiedorbit determinationproblem.In particular, theoutlinedrulesfor anefficientsetupof thenormal
equationmatrix remainunchanged.Whetheror not theprocedureis efficientdependson thedimensions
of thetermsof thepartialsumsandon thedimensionsof thepartialsums.

The dimensionsof the termsof the partial sumsandthe dimensionsof all partial sumsarethe same,
if theadditionalparametersoccurin all subintervals,e.g.,if theadditionalparametersaredeterministic
orbit parametersrelatedto anair dragor aradiationpressuremodel.In thiscase,theprocedurebecomes
inevitably inefficient if thenumberof theseadditionalparametersis large,i.e.,comparableto thenumber
of pseudo-stochasticorbit parameters.

Otherparameterssuchasthereceiver clock correctionsor thecarrierphasebiasesareonly active at one
epochor during thecomparatively shorttrackingpassesof theGPSsatellites,respectively, andshould
bepre-eliminatedassoonaspossibledueto their occurrencein largenumbers.Whereasreceiver clock
correctionsmay still be pre-eliminatedepoch-wise(seeSect.6.1.3),the pre-eliminationof the carrier
phasebiasesmay, e.g.,besynchronizedwith thesubinterval boundaries(seeSect.6.4.2). In this case,
theefficiency of thesolutionmethodis hardlyaffectedby theadditionalparameters,seeSect.6.6.3.Û �szÙ� ! �¨(+æC6s� ã�-�3 .�&O6K-/#�ã/&�TW(=&',M<)7
In order to benefitfrom the rapid solutionstrategy from Sect.6.3, we distinguishbetweenadditional
parametersoccurringin all subintervals,e.g.,deterministicorbit parameters,andadditionalparameters
whichmayor maynotbepre-eliminatedattheendof thesubintervals,e.g.,carrierphasebiasparameters.
As a consequence,we have to generalize(6.26) to containa parameterarray

�dÆ¨ with the array dÆ¨ and
additional

�ñ ¨ parameters,whicharenotsubjectto pre-eliminationat time ¦®¨ , andaparameterarray�e h ¨ °Ó g e h ¨ � « °a°a° � �q Û j Ñ (6.46)

whichcontainsadditional
�µ ¨ parametersto bepre-eliminatedat time ¦©¨ . Theindicesfor thenumbers

�ñ ¨
and

�µ ¨ indicatethat we have to keeptrack of subinterval-dependent parameterarrays
�dÊ¨ and

�e�¨ (with
subinterval-dependent dimensions)to beretainedandeliminatedat theendof thesubintervals, respec-
tively.

Whetheror not theresultingalgorithmis efficientdependsalmostuniquelyon thedimensionsof thear-
rays

�d ¨ . Evenin thecaseof processingdoublydifferencedphaseobservablesbetweenaspaceborneLEO
receiver anda multitudeof groundstationreceivers,thedimensionsof thearrays

�d�¨ remainmoderatly
small,whichdoesnotharmtheefficiency of thesolutionstrategy verymuch,seeSect.6.6.3.¶¸·a� T¾Ê�Â=Ä�Ô¯ÆÁÂ=Ä�½�r Ð�O�OåÀ�ÇSÀJÏOÆÁÂ=ÄÅ»¾½�X�ÆÃÏOÆ Ô¯À�ÂMÀ¨ÏOÊ
Section6.4generalizedtheorbitdeterminationproblemby includingadditionalparameters.In thecourse
of a furthergeneralization,we focusagainon thepseudo-stochasticorbit modelandreplacethepulses
by piecewise constantaccelerations.The forthcomingupgradethus requiresminor adaptionsof the
algorithmspresentedsofar.

Let usassumethatthreeaccelerations· ¨ ¹ ü aresetup in threepredetermineddirections� ü ´ ¦ ¶ , � Ó ¤ Ñ]\ Ñ ³
in thesubintervals

� ¦ ¨ëª�« ÑY¦ ¨ ¶ , ÒPÓ ¤ Ñ °$°$° Ñ ñ astheonly orbit parametersapartfrom thesix initial conditions
referringto ¦ ¸ . Accordingto Sect.5.3.1,thepartialderivative Ù�ÚÊÛ i � of thea priori orbit � ¸ ´ ¦ ¶ w.r.t. the
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Figure6.3:Non-zero(non-white)andzero(white)occupationof thefirst designmatrixin thepresenceof
six initial conditionsandthreepiecewiseconstantaccelerationsfor theintervals

� ¦©¨�ª�«aÑY¦®¨ ¶ , ÒNÓ¤ Ñ °$°$° Ñ ñ . Thefirst non-zerointervals(primed)of all accelerationsrequireaspecialtreatment.

parameter· ¨ ¹ ü readsas

Ù�Ú�Ûsi � ´ ¦ ¶ Ó ïñññññò ñññññó
à Þ ¦J­�¦®¨�ªÎÍû�ø ý « þ ÿ � Ú�Ûsi � ´ ¦ ¶ × Ù ÿ � ´ ¦ ¶ Þ ¦©¨ëªÎÍ ¬�¦J­�¦©¨û�ø ý « þ ÿ�� Ú�Ûsi � ´ ¦©¨ ¶ × Ù ÿ�� ´ ¦ ¶ Þ ¦Jö�¦®¨ ° (6.47)

Equation(6.5) shows that Ù�Ú�Ûsi � , andasa consequenceof (6.3) also �]���� ÚÊÛ i � in thefirst designmatrix (see
Fig. 6.3), is generallynon-zerofor all observation times ¦ ê ö ¦©¨�ª�« . This implies that the numberof
active parametersis increasedby 3 after eachepoch ¦©¨ , Ò Ó ¯ Ñ °$°$° Ñ ñ � ¤ , i.e., from originally only 6
Keplerianelementsand3 accelerationsin the subinterval

� ¦ ¸ ÑY¦V« ¶ the numbergrows to a total ±�²�³�ñ
activeparametersin thelastsubinterval

� ¦ � ª�«*ÑY¦ � ¶ . Similar to thecaseof pulses,thestoragerequirements
aregrowing quadraticallywith thenumberof active accelerations.Theonly differencesmerelyresidein
thetotal numberof parameters( ³/ñ insteadof ³½´àñ � ¤O¶ ) andin thespecialtreatmentof thesubintervals� ¦ ¨ëª�« ÑY¦ ¨ ¶ for theparameters·�¨ ¹ ü , � Ó ¤ Ñ]\ Ñ ³ .Û � ���ÅÜ 92;�()#*<),=%16S#a&�;�,:ã/&�T .R5_&�.)TÝ,�-�%�&
-)T]è~(R3�
��/.R(=&O6K-/#�%
In order to highlight the structureof the systemof normal equationsassociatedwith the considered
orbit determinationproblem,wewrite in analogyto (6.19)all ñ ð Û correctionequationsof thesubintervalb ¨ÎÓ � ¦®¨hÑY¦©¨ o�« ¶ in aconvenientmatrixnotationc ¨�Ó"Ü ¨�d ² Ü ¨ ¨�q ý « 	 q=��q ² ÜU  ò$ò ¹ ¨ o�«¡��¨so�« �3g ¨ÎÑ (6.48)

whereÜU  ò$ò ¹ ¨so�« is thefirst designmatrixof thesubinterval b ¨ relatedto theaccelerationsÜ ¨ o�« and	 q is thecoefficient matrixdefinedby ` quj øDl ü2m °Ó þ ÿ�� Ú�_åi � ´ ¦©¨ ¶ .
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6 EfficientNormalEquationHandling

It is convenientto usethe samedesignationfor thecoefficient matrices
	 q for both typesof pseudo-

stochasticmodelingto underlinetheanaloguestructureof thesystemof normalequations.Takingthe
correctionequationsof all subintervals b ¨ , Ò�Ó ¯ Ñ °$°$° Ñ ñ � ¤ into account,thecompletenormalequation
matrix may be written in the above matrix notationasthe sumof the normalequationmatrix (6.20),
expandedby a

à
line andcolumnfor thelastaccelerationcorrections� � , andthematrix-....../ à Ü h ¸ � ¸ Ü   ò$ò ¹ « ×a×a× Ü h � ª � � � ª � Ü   ò$ò ¹ � ª�« Ü h � ª�« � � ª�« Ü   òxò ¹ �° Ü h   ò$ò ¹ « � ¸ Ü   òxò ¹ « ×a×a× 	 h « Ü h � ª � � � ª � Ü   ò$ò ¹ � ª�« 	 h « Ü h � ª�« � � ª�« Ü   ò$ò ¹ �° ° . . .

...
...° ° ° Ü h   ò$ò ¹ � ª�« � � ª � ÜU  ò$ò ¹ � ª�« 	 h � ª�« Ü h � ª�« � � ª�«ÊÜU  ò$ò ¹ �° ° ° ° Ü h   ò$ò ¹ � � � ª�«ÆÜU  ò$ò ¹ �

< >>>>>>? Ñ (6.49)

which takesthecontributionsof thepiecewiseconstantaccelerationsin their subintervals into account.
Theright-handsideof thecompletenormalequationsystemmaybewrittenasthesumof theright-hand
side(6.20),expandedby a

à
line for thelastaccelerationcorrections� � , andthearray-..../ àÜ h   ò$ò ¹ « � ¸ g ¸

...Ü h   ò$ò ¹ � � � ª�« g � ª�« <:>>>>? ° (6.50)

Û � ��� ! 92;�()#*<),=%$%Ý-)T¾&�;R,'�¨()æR6s� ãÙ-�3 .*&O6K-/#�ã�&�TÝ(=&',=<)7
The transformation(6.22) is also in the centerof interestfor adaptingthe algorithm of Sect.6.3 to
piecewiseconstantaccelerations.Thearray dÊ¨ , however, mustbeunderstoodin a differentway, namely
ascorrectionsto thea priori valuesof the initial osculatingelements

 ¨ at ¦ ¸ of theparticularsolution
whichsolvestheequationof motionin thesubinterval

� ¦©¨®ÑY¦©¨ o�« ¶ . Bothparameterarrays
 ¨ and Ü ¨ o�« are

necessaryin thepresenceof accelerationsto fully characterizetheparticularsolutionin thesubinterval� ¦ ¨ ÑY¦ ¨ o�« ¶ .
In orderto performtherapidsolutionstrategy, it is necessaryto modify thetransformation(6.23)toc d ¸�N«Yd °Ó c d�K«Yd Þ Ò Ó ¯c dÆ¨�ª�«�v¨ód °Ó c w û � 	 ¨à w ÷ d × c dÊ¨�Î¨2d Þ Ò ö ¤ ° (6.51)

Thecollectionof observations,however, follows thealreadyestablishedpattern.Let us thereforecon-
sider the systemof normal equationsin the presenceof initial conditionsand accelerationswith all
observationsalreadyincorporatedfor observationstimes ¦ ê ¬�¦®¨ , andlet usassumethatthissystemmay
bewrittenasc µ ¨�ª�« Ü h ¨ëª�« � ¨�ª�«ÊÜU  ò$ò ¹ ¨Ü h   ò$ò ¹ ¨ � ¨�ª�«ÆÜ ¨ëª�« Ü h   ò$ò ¹ ¨ � ¨�ª�«ÊÜU  ò$ò ¹ ¨ d × c dÊ¨ëª�«��¨ed Ó c C ¨�ª�«Ü h   ò$ò ¹ ¨ � ¨ëª�« g ¨�ª�« d ° (6.52)

Unlike thenormalequationsystem(6.24)of thepulseprocessing,thesystem(6.52)alwaysincludesone
setof accelerationcorrections�v¨ andtheassociatedcomponentsof thenormalequationmatrix andthe
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right-handside.Thesub-matrix
µ ¨�ª�« andthesub-vector

C ¨�ª�« of thenormalequationsystem(6.52)may
still becomputedwith thesamerelations(6.25)alreadyestablishedin Sect.6.3,but with

µ î¨�ª � and

C î¨�ª �
defineddifferently.

The normalequationsystem(6.52)may be transformedinto a systemin the unknowns dÊ¨ and ��¨ by
replacingtheparametervectoron the left-handsidewith thetransformation(6.51),andby multiplying
bothsidesof thenormalequationsystem(6.52)from theleft with thetransposedtransformationmatrix,
which yields a new systemsimilar to (6.26). As the modeledobservationscontainedin the following
subintervalsdonotdependontheterms� ¨ explicitly, it is possibleto applytheparameterpre-elimination
technique(seeSect.4.4.1)to thepseudo-stochasticparameters.Thenormalequationsystemmaythus
bewrittenafterthepre-eliminationas µ î¨�ª�« dÊ¨�Ó C î¨�ª�« (6.53)

with
µ î¨�ª�« and

C î¨�ª�« defineddifferentlyfrom (6.28)dueto theadditionalcomponentsin (6.52).Finally,
thenormalequationsystem(6.53)maybeagainexpandedinto a systemin theunknowns d�¨ and �Î¨ o�«
with thetransformation dÊ¨ °Ó ´�w û à ¶ × c dÊ¨��¨ o�«Yd Ñ (6.54)

andby multiplying bothsidesof thenormalequationsystem(6.53)from theleft with thematrix ´�w û à ¶ h
to bereadyfor thecollectionof theobservationsfrom thenext subinterval.

In a similar way, thecomputationof an intermediatesolutionandtheback-substitutionfor thefinal so-
lution have to beadapted.

Finally, it shouldbe mentionedthat the computationof the covariancematrix of the position(andve-
locity) vector at epochs¦ of the subintervals

� ¦©¨©ÑY¦®¨ o�« ¶ , Ò¡Ó ¯ Ñ °$°$° Ñ ñ � ¤ by the generallaw of error
propagation(4.32)requiresnot only the covariancematrix associatedwith dÊ¨ asin the caseof pulses,
but the covariancematrix associatedwith dÆ¨ and �Î¨ o�« , becausethe improved orbit is written in each
subinterval as �v´ ¦ ¶ Ó � ¸ ´ ¦ ¶ ² û�ø ý « � � ¸� � ¨ ¹ ø ´ ¦ ¶ ×D[ ¨ ¹ ø ² ÷�üRý « � � ¸� · ¨so�« ¹ ü ´ ¦ ¶ ×'� ¨ o�« ¹ ü ° (6.55)

Observe that the partial derivativesof the a priori orbit � ¸ ´ ¦ ¶ w.r.t. the six osculatingelements
 ¨ are

identicalto thosew.r.t. the“initially” solved for osculatingelements
 

. Comparedto theconventional
processing,thecovariancematrixof thepositionandvelocityvectormaybeobtainedveryefficiently.¶¸·�¶ R�Î Ô¯À¨ÏDÄ�O/Æ�ÇUT£¢¤qõÀ¨ÏDÄ�Ô¯À¨½lÂ�Ê
In orderto demonstratetheoperationaluseof theefficientnormalequationhandling,afew numericalex-
amplesarepresentedin thefollowing with CHAMP datafrom DOY 198,2002.Onthatday, thetracking
performanceof theBlackJackreceiver wasnominalwith about22500codeandphaseobservationscol-
lectedonbothcarriersevery30s. Theionosphere-freecodeandphaseobservationswereprocessedona
HPCompacnc6000notebookwith a1.6GHzprocessor, whichshouldbekeptin mindwhencomparing
theresultsfrom theperformancetestswith resultsfrom differenttestenvironments.
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Figure6.4:Differencesbetweentheconventionalandthe rapidsolutionstrategy for along-trackpiece-
wiseconstantaccelerations(left) andalong-trackorbit positions(right).Û � Û �ÅÜ 
��/.R64ß=(C34,C#R5�,�-�%Vã�-�3 .�&O6K-/#�%

Comparedto theconventionalprocessing,therearemajordifferencesin thehandlingof thenormalequa-
tions for the rapid solutionstrategy discussedin Sect.6.5.2. Differentorbits may resultfor thesetwo
approaches.Figure6.4 (left) depictsthedifferencesin thealong-trackdirectionof (constrained)piece-
wiseconstantaccelerationsestimatedover15min for bothapproaches.Despitethealgebraicequivalence
of bothmethods,smalldifferencesoccur. Thealong-trackaccelerationdifferencesindicateanexcellent
agreementfor thefirst half of DOY 198,followedby a suddenincreaseof thequasi-periodicbehavior.
Theobservedpatternis probablydueto numericalproblems,whichareaccumulatedduringtheprocess-
ing, andthustendto show up on theright-handsideof Fig. 6.4 (left). This might becausedby thevast
numberof manipulationswith smallmatricesnecessaryfor therapidsolution,althoughit is difficult to
attribute this behavior to oneor theothermethod.It is interestingto note,however, thatthesignof the
accelerationdifferencesoften changesin adjacentsubintervals, indicatingthat the impacton the orbit
differencesis small.Figure6.4(right) confirmsthesmallnessof theimpactontheorbit asanalong-track
drift of half a millimeter perday, indicatinga slightly wrongmeanmotion. It shouldbementionedthat
no drifts larger than1mm perdayhave beenobserved,andthat the radialandcross-trackcomponents
donotshow any differencesatall, i.e., if present,they arebelow 0.05mm.Û � Û � ! "$#*&',CT]è~,*�)6K(�TÝ7S�)6 3�&',CT�ã�-�3 .*&O6K-/#R%
It waspointedout in Sect.6.3.2that thefilter solutionsof the consideredorbit determinationproblem
mightbemadeavailableeasilyonrequest,which is anadvantagecomparedto theconventionalprocess-
ing. It mustbementioned,however, thatour definitionof a “filter” solutionmight differ slightly from
otherterminologies:it representsthe least-squaressolutionof theconsideredorbit determinationprob-
lembasedonall observationsfrom theveryfirst epochto theactuallyprocessedepoch.This impliesthat
theorbit trajectoryis still representedby pseudo-stochasticparameters,e.g.,setupevery ñ -th minute.A
new filter solutionis thusprovidedonly every ñ -th minuteaswell, andnotaftereachnewly incorporated
observation epoch. Only in the specialcaseof pseudo-stochasticparameterssetup at the observation
samplingrate, our algorithmshouldprovide equivalent solutionsto “classical” filter solutionswhere
stochasticparametersaresetupateverymeasurementepoch.
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Figure6.5:Along-trackorbit differencesbetweenfilter andleast-squaressolutions.

Figure6.5shows thealong-trackorbit differencesbetweentheleast-squaressolutionfor anorbit deter-
minationbasedon piecewiseconstantaccelerationsestimatedover 15min anddifferentfilter solutions.
Thefilter trajectorieswerecomputedwheneverabatchof 15min of datahasbeencollected,whereasthe
least-squaressolution(lastfilter solution)wascomputedafterthedatacollectionin theback-substitution
process.It canbe recognizedthat large differencesoccurfor the first 15min which maybe attributed
to a weakdeterminationof theorbit parametersfrom a worth of 15min dataonly (filter initialization).
Theconsistency betweentheindividual filter solutionsandthefinal least-squaressolutionsdramatically
improves if longerdatabatchesareprocessed,e.g.,sub-millimeterdifferencesat the beginning of the
orbital arc arereachedfor a batchof 8h. However, Fig. 6.5 alsoshows that the orbit solutionis not
verywell constrainedby thetrackingdataat theend(s)of theprocessedtimespan,whichcanbeseenin
thisexperimentat theright-endsof theindividual filter solutions.Theorbit consistency maybeseverely
degradedby severalcentimeters,which is an issuethatonehasto keepin mind whenperformingorbit
validationby overlapanalysis(seeSect.7.9.4).Û � Û � � @Á,+TN%W-+T]è~(+#R5�,a�l,*%'&'%
The developmentspresentedin this chapterweremotivatedby improving the efficiency of the normal
equationhandling. Figure6.6 (left) shows the CPU executiontimes for an orbit determinationwith
pulsesfor DOY 198in thedescribedtestenvironmentusingcodezerodifferenceobservationsonly. The
conventionalprocessing,theexploitationof thenormalequationstructure,andthe rapidalgorithmare
comparedfor differentspacingsof thepseudo-stochasticpulses.Notethatthereceiver clock offsetsare
epoch-wisepre-eliminatedfor all threemethodscompared.

It canbeseenthatthecomputationtimesvaryfor ordersof magnitudewith thelengthof thesubintervals,
whicharedirectly relatedto thenumberof solvedfor parameters(291and8643for pulsesevery15min
and30s, respectively, including6 initial conditions).Obviously, therapidsolutionstrategy is by more
thantwo ordersof magnitudemoreefficientthanthealternative two methods,if pseudo-stochasticpulses
aresetup at the observation samplingrateof 30s. On the otherhand,it is remarkable,aswell, that
the exploitation of the normalequationstructureis comparableto the rapid solutionstrategy in terms
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Figure6.6:CPU executiontimesfor orbit determinationwith pulsessetup at different intervals using
undifferencedGPScode(left) or phaseobservations(right). Comparedaretherapidsolution
strategy, theexploitationof thenormalequationstructure,andtheconventionalprocessing.

of efficiency, if pseudo-stochasticpulsesare solved for at moderaterates,e.g., every 6-minutesas it
is commonlydonefor CHAMP and GRACE orbit determination(seeChapter7). The conventional
processingshows a substantiallydifferentperformancecomparedto the othertwo methods:the slope
of thecurve indicatesthat theperformanceis muchworseandstill dominatedby theprocessof setting
up thenormalequationsystem,which is proportionalto thedimensionsquaredof thenormalequation
matrix.

Concerningtheexploitationof thenormalequationstructure,Fig. 6.6 (left) shows that theCPU times
aredominatedby the inversionof thecompletenormalequationmatrix for subinterval lengthsshorter
thanabout4min. This canbe seenby the steeperslopecomparedto the conventionalmethod,which
is proportionalto the dimensioncubed(insteadof squared)of the normalequationmatrix dueto the
inversion. It hasto be expected,however, that both curvesbecomeparallel, if the CPU timesof the
conventionalmethodaredominatedaswell by the inversionof the completenormalequationmatrix,
i.e., if the length of the subintervals tendsto zero. For subinterval lengthslonger than about4min,
the inversionbecomesnegligible andthe CPU timesare thusdominatedby the requiredtime for the
collectionof theobservations.Comparedto theconventionalmethod,however, datacollectionis roughly
oneorderof magnitudelesstimeconsuming.

Thetime for theinversionof thereducednormalequationmatrix is no issueat all for therapidsolution
strategy. Figure6.6 (left) shows that theCPUtimesaredominatedby thedatacollectionprocedurefor
all subinterval lengths.Evenfor 30s subintervals thepre-eliminationandback-substitutionareat least
oneorderof magnitudelesstimeconsumingthanthedatacollection.Only for very highsamplingrates
thealgorithmicpartmighteventuallydominatethedatacollectionpart.

The performanceof the threemethodsfor piecewise constantaccelerationsis almostidentical to that
presentedin Fig. 6.6 (left) andneednot beshown here.Theonly differenceis a few additionalseconds
of CPU time spentin the datacollectionprocedure,which is attributed to the slightly larger number
of parameters(oneadditionalsetof threeaccelerations),andto the specialhandlingof the first active
subinterval of eachsetof accelerations.
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Figure6.6 (right) shows theCPU timesfor anorbit determinationwith pulsesfor DOY 198 usingthe
phasezerodifferenceobservationsonly, which makes it necessaryto solve for 475 additionalcarrier
phasebiasterms.Becausethey arepre-eliminatedat thesubinterval boundariesassoonaspossible,the
CPU timesdo not changedramaticallycomparedto Fig. 6.6 (left). The overall behavior of the three
methodsremainsbasicallythesamefor theprocessingof codeandphasezerodifferenceobservations.
Theonly differenceresidesin slightly largerprocessingtimes,e.g.,for 1min subintervals therunstake
now 40min insteadof 38min, 13min insteadof 9min, and12s insteadof 8s, respectively. Thereason
for this moderateincreaseof the CPU timesis that the carrierphasebiastermsareonly active during
comparatively short time intervals. As the BlackJackreceiver wasrestrictedon DOY 198 to track up
to 10 GPSsatellitesat maximum,thenumberof active phasebiastermswasusuallybelow 30 in each
subinterval, if thecorrespondingbiasparametersarepre-eliminatedassoonasthecorrespondingGPS
satellitesetsbelow the local horizonof the CHAMP antenna.Despitethe large numberof additional
phasebiasterms,their impacton theCPUtimesthereforeremainssmall.

It shouldbementionedthatit is alsopossibleto notpre-eliminatethecarrierphaseambiguities,e.g.,for
therapidsolutionstrategy. A discussionabouttheresultingperformancemaybefoundin [Beutleretal.,
2006].©�ÃÆËK­yÇ��=©\¿�ª/�Â¾��ÂÅM�A� � ��¼ÂÌ8�f«¯­�Ì8�Â¾a�9¼ÂÁF¿ÄÃÆÅ�Ì
Figure6.7showstheCPUtimesfor anorbit determinationwith pulsesfor DOY 198usingdoublediffer-
encephaseobservationsonly. They wereformedaccordingto Fig. 8.1(left) in Sect.8.1onspace-ground
baselinesbetweentheCHAMP satelliteand30 IGS groundtrackingstations(shown for all threemeth-
ods),50 IGS groundstations,and70 IGS groundstations(only shown for therapidsolutionstrategy).
Thecoordinatesandthetroposphereparametersof all groundstationsweretakenfrom theCODEfinal
analysisandintroducedasknown into the LEO analysis,which is thencloselyrelatedto the process-
ing of zerodifferencephaseobservationsfrom oneLEO. Themaindifferenceresidesin thenumberof
ambiguityparameters,which was3630in the caseof the 30 stationsnetwork, 6422in the caseof the
50stationsnetwork, and8998in thecaseof the70stationsnetwork, andin thenumberof observations,
whichwasabout115000,200000,and280000,respectively. It shouldbementionedthatall correlations
aremodeledcorrectlyfor all threemethods.

Despiteof the hugenumberof unknown parameters,Fig. 6.7 shows that the CPU timesarestill very
small,at leastfor therapidsolutionstrategy. Theentireorbit determinationfor a subinterval lengthof
1min could be performedin 88s, 192s, and350s with the 30, 50, and 70 groundstationsnetwork,
respectively. As expected,theexploitationof thestructureof thenormalequationsystemrequiresmuch
moreCPUtime thantherapidsolutionstrategy, but it is still muchmoreefficient thantheconventional
processing.It takes,e.g.,about47min of CPUtime to generatea solutionbasedon subinterval lengths
of 1min with the30 stationsnetwork, but probablymorethan10h to processtheobservationsconven-
tionally. Therefore,therapidsolutionstrategy shouldbeusedif a reduced-dynamicorbit basedonshort
subinterval lengthsis determinedwith a largegroundnetwork.

The efficiency of the rapid solutionstrategy is ensuredby the fact that alsodoubledifferencecarrier
phaseambiguitiesareonly active during comparatively short time intervals. Even for the 70 ground
stationsnetwork, thenumberof activeambiguitieswasusuallybelow 300in eachsubinterval, if they are
pre-eliminatedassoonaspossible.It is interestingto noticethatthenumberof activeambiguitiesshows
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Figure6.7:CPU executiontimesfor orbit determinationwith pulsessetup at different intervals using
GPSdoubledifferencephaseobservationsformedbetweenIGSgroundstationsandCHAMP.
Comparedaretherapidsolutionstrategy, theexploitationof thenormalequationstructure,
andtheconventionalprocessing.

considerablevariationsfor the different subintervals due to the inhomogeneousIGS groundtracking
network [Beutleret al., 2006].¶¸·N° Ì�Î Ô Ô¯ÆÃÏ�t Æ�½¨Ò«º¼»¾Ô Ô¯À¨½ÃÂMÊ
Thedevelopmentspresentedin thischaptershowedthatthenormalequationsystemsof differentreduced-
dynamicLEO orbit determinationproblemsareall governedby a similar andsimplestructure,which
shouldbetakeninto accountwhendeterminingorbitsusinga largenumberof pseudo-stochasticparam-
eters.In essence,multiplicationsof matricesof largedimensions,e.g., ´p±\²�³ ´àñ � ¤O¶Y¶ ñ ð Û for pulses,
canbeavoidedwhenconsideringtherelationshipsbetweenthecoefficientscomparedto theconventional
processingbasedon theobservationequations(6.18).

Sections6.2and6.3showedthatbothefficientmethodsarecloselyrelated.As amatterof fact,for both
approachesan identicaldatacollectionstephasto be performedfirst to establishandsave the normal
equationcontributions

µ ¨ Ó3Ü h ¨ � ¨ Ü ¨ and

C ¨ Ó?Ü h ¨ � ¨ g ¨ of all subintervals. Section6.4showedthat
thedatacollectionremainsessentiallyunchangedif additionalparametershave to betakeninto account,
but thatthedimensionsof

µ ¨ and

C ¨ have to beenlargedaccordingly. Section6.5showedthata similar
statementholdsfor a transitionto morerefinedpseudo-stochasticorbit parameters.Whereaspulsesdo
not show up at all in thedatacollectionstep,onesetof piecewiseconstantaccelerations,or two setsof
piecewiselinearaccelerationsarealwaysactive duringthedatacollectionprocedure.

Section6.2showedthatthecompletenormalequationsystem(6.20)maybeconstructedefficiently from
thecontributions

µ ¨ and

C ¨ in conjunctionwith thematrices
	 ¨ dueto thesmalldimensionsof all sub-

matrices.Sections6.4and6.5showedthatthesamestatementholdsundermostotherconditionsaswell
if additionalparametersor morerefinedpseudo-stochasticorbit parametershave to be estimated.The
maindrawback,which is at thesametimeanadvantage,is thatthecompletenormalequationmatrixhas
to be invertedto computethesolutionvector. This issuebecomesimportant,e.g.,if a largenumberof
pseudo-stochasticparametershasto be setup. The advantageis, however, that the completevariance
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matrix is availableaftertheinversionof thecompletenormalequationmatrix.

Section6.3showedthata reducednormalequationsystemmaybeconstructedefficiently from thecon-
tributions

µ ¨ , C ¨ , andthematrices
	 ¨ in conjunctionwith anadditionaltransformationof theinitial os-

culatingelementsandapre-eliminationstepof thepseudo-stochasticparameters,whichrequiresbefore-
handa transformationof theinitial osculatingelements.Thehigh efficiency of this algorithmis mainly
dueto thesmalldimensionof the reducednormalequationsystems.Sections6.4 and6.5 showed that
thesamestatementholdsundermostotherconditions,aswell, if additionalparametersor morerefined
pseudo-stochasticorbit parametershave to beestimated.It is a disadvantagethat thecompletecovari-
ancematrix is not availableafter the inversionof the last reducednormalequationmatrix. However,
thecompletesolutionvector(includingthepre-eliminatedparameters)maybeestablishedtogetherwith
their a posterioristandarddeviationsby a back-substitutionprocess,which alsoyieldscovarianceinfor-
mationbetweenpseudo-stochasticorbit parametersreferringto thesameepochandbetweentheinitial
osculatingelements.

Theprocessingof undifferencedcarrierphaseobservationsrequires,in principle,thecodeobservations
to separatethe carrierphasebias termsfrom the receiver clock offsets. It is, however, alsopossible
to processundifferencedcarrierphaseobservationsalone,if “suitable” a priori information is added
to the ambiguities. This problemis usuallycircumventedin this work by simple regularization,i.e.,
singularphasebiasparametersarefixed to zerowheninverting the normalequationmatrix. It might
happen,however, if a largenumberof pseudo-stochasticparametersis solved for, that (singular)phase
biasparametersand(regular)pseudo-stochasticparametersarenotassignedcorrectlyto thesingularand
non-singularparameters,respectively. To overcomethis problem,anadditionalsearchof “connected”
phasebiasparameterswasappliedto thenormalequationmatrix,whichallows it to constrainonerefer-
enceambiguityperconnectedpartto zerobeforeinversion.Thisprocedureturnedout to beanecessity,
if onestrivesfor thekinematiclimit with reduced-dynamicorbitsbasedonpseudo-stochasticparameters.
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May 2, 2000,maybeconsideredasthe“initiation” of undifferencedGPSdataprocessingfor LEO orbit
determination.On that day, the intentionalditheringof the GPSsatelliteclocks,selective availability
(SA), wasswitch off. That decisionopenedthe possibility to usethe preciseIGS GPSsatelliteclock
corrections,nominally available at 5-minuteintervals, and to simply interpolatethem linearly to the
requiredsampling,typically30s,with acceptableprecisionsof afew centimetersfor theindividualclock
types[Montenbruck etal., 2005].Thesameprocedurewouldhavecompletelyfailedwith SA turnedon.

ProcessingundifferencedLEO GPSobservationsis attractive becauseonly datafrom the spaceborne
receiver is required,unlike to theprocessingof doublydifferencedGPSdata.In thelattercase,onehas
to handleahugeamountof observationsandambiguityparametersrelatedto aglobalterrestrialnetwork
of GPSreceivers. For the zero differenceprocessing,one only hasto introduceGPSsatelliteclock
correctionsinstead,which implicitly containtheinformationfrom thereceiver groundnetwork aswell.
SincetheGPSsatelliteclock correctionsareavailablewith full precisionat the required30s intervals
from severalIGSACs,e.g.,[Hugentobler, 2004a],thezerodifferenceapproachis anefficientalternative
to themoreinvolvedprocessingof doublydifferenceddata.CPUtimesaresignificantlyreduceddueto
thesimplerdatahandlingasshown in Sect.6.6.3.

In this chapter, we first give anoverview of theusedGPSorbit- andclock-productsof theCODEAC.
This is followedby adescriptionof referenceframeconventionsandtransformationsusedfor thiswork.
A shortdescriptionof thedatascreeningalgorithmsis given thereafterwith theprocessingschemefor
zerodifferenceorbit determination.The chapterconcludeswith an analysisof CHAMP andGRACE
orbits from undifferencedGPSdata. Summariesof the resultsmay be found in [Jäggi et al., 2004],
[Jäggi et al., 2005a],[Jäggi et al., 2005b],[Jäggi et al., 2006a],[Jäggi et al., 2006c]and[Jäggi et al.,
2007].Resultsfrom otherresearchgroupsareaddressedin thecorrespondingsections.°¸·]¹ ÄÅX�Ì Ö¦ÏWVJÄSÂ�X�ÏO»2Ò¸Î¤O�Â�Ê
The knowledgeof the GPSsatellitepositionsis a prerequisitefor any type of positioningapplication
basedon GPSobservations. Throughoutthis work, theGPSfinal ephemeridesfrom theCODEAC of
theIGS,seeSect.4.2,areusedto calculatetheGPSsatellitepositions.LikeotherACs,CODEderivesits
own products,which aresubsequentlyusedby theIGS AC coordinatorto derive theproperlyweighted
combinedIGSproductsusingall availablesubmissionsfrom theIGSACs.

CODEcurrentlyprovidesthreetypesof GPSephemerides:thefinal, therapid,andtheultra-rapidorbits.
The final orbits (usedin this work) have a reportedprecisionof 2 to 3cm andarereleasedin weekly
batchesabout10daysaftertheendof aGPSweek.Therapidorbitsareavailablein daily batcheswithin
17hourspasttheendof eachdaywith a,meanwhile,almostidenticalprecisionto thatof thefinal orbits.
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7 CHAMP andGRACEOrbit DeterminationUsingUndifferencedGPSData

The ultra-rapidorbits areintendedfor near-real time usersandaremadeavailable four timesper day
with a latency of 3 hourspastthe lastGPSobservationsincludedin theanalysis.Thepredictedpartof
theultra-rapidorbitshasaprecisionof about10cmatpresent.

Thedifferenttypesof theCODEGPSephemeridesareprovidedin 24h files ona regular15min grid in
thestandardSP3format[Remondi, 1991],which providessatellitepositionsin theInternationalTerres-
trial ReferenceFrame(seeSect.7.3). In orderto ensureahighly consistentreconstructionof theoriginal
trajectory, thepositionsaretransformedbackto theInternationalCelestialReferenceFramewherethey
serveaspseudo-observations to (re)-estimatetheGPSorbit parameters,andto finally obtaintheoriginal
trajectoryby a numericalintegrationbasedon the sameforce modelstandardsasusedby the CODE
AC. It shouldbe mentionedthat this procedureis performedin batchesof 12h arc lengthto properly
accountfor thepseudo-stochasticpulsesestimatedevery12h in theoriginalorbit determinationscheme
at CODE.It is thereforepossibleto reconstructGPStrajectorieswith longerarcsthan24h, which are,
however, no longerfully consistentwith theoriginal 3-dayarcsfrom theorbit determinationschemeat
CODE,wherethemiddledaysonly definethefinal orbit products.

The GPSsatellitepositionsof the reconstructedtrajectoriesrefer to the centerof massof the satellite,
andhave to be correctedfor the GPSantennaphasecenteroffset beforebeingusablefor positioning.
Throughoutthiswork theseoffsetsareassumedto beknown andthey aretreatedasconstantvalues(asit
wascommonpracticefor thelasttwenty-fiveyearsof GPSdataprocessing).Nowadaysit is well known,
however, thatantennaphasecentervariationsof thereceiver antennasandthe transmitterarraysof the
GPSsatelliteantennasrepresentone of the largestsourcesfor systematicerrorsin highest-precision
GPSanalyses,see,e.g.,[Rothacher, 2001],[SchmidandRothacher, 2003],and[Schmidet al., 2005a].
Theimplementationof themajorchangefrom relative to absoluteantennaphasecentercorrectionshas
beendiscussedwithin theIGSfor severalyears[Schmidet al., 2005b],andwasfinally accomplishedon
November6, 2006,startingwith therapidandultra-rapidproducts[Gendt, 2006]. TheCODEproducts
usedin thiswork arestill basedontherelative phasecentercorrectionmodelsof theIGSreceiveranten-
nas.

Despiteof thehighqualityof theCODE(IGS)orbit products,theprovidedephemerideswith thecenter
of masspositionsof the individual GPSsatellites,aswell as the phasecenterlocationsof the corre-
spondingGPSantennaarrays,areaffectedby uncertaintiesenteringinto theerrorbudgetof anestimated
LEO position.In orderto assessthemismodelingeffecton thecomputedslantrangeÆ øê�ï�ð (see(5.1)),we
considerthelinearization Æ øê�ï�ð Ó Æ øê�ï�ðh¸ � � øê�ï�ð í��=ê�ï�ðN²
� øêøïÝð í�� ø Ñ (7.1)

whereÆ øê�ï�ðh¸ is theapriori slantrangebetweenthephasecenterlocationsonGPSsatellite� andtheLEO,í��=ê�ï�ð is thephasecenterpositionincrementfor theLEO,í�� ø is thephasecenterpositionincrementfor GPSsatellite� , and� øêøïÝð is theunit line-of-sightvectorpointingfrom theLEO phasecenterto theGPSphasecenter.

Thelinearization(7.1)wouldappearin this form ateachepochon theright-handsideof theobservation
equation(4.22)of GPSsatellite � , if onewould simultaneouslytry to estimatethe LEO andthe GPS
positionincrementskinematicallyfrom undifferencedGPSLEO dataonly. Note that the line-of-sight
vector � � øêøïÝð maybeidentifiedwith thegradient(6.4)addressedin Sect.6.1.2.
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7.2 GPSClockProducts

As no GPSpositionincrementsareestimatedin this work, í�� ø is setto zeroin (7.1). However, it can
belearnedfrom (7.1) thatGPSsatellitepositionerrors HO� ø affect thecomputedslantrangeaccordingto� øêøïÝð HO� ø whenprocessingzerodifferenceGPSdata.This illustratesthaterrorsin theGPScenterof mass
positions,antennaphasecenterlocations,or GPSsatelliteclockcorrectionsmaydirectly propagateinto
the observation equationswith the full magnitude,becausemax́2Ç � øê�ï�ð HO� ø Ç ¶ Ó Ç HD� ø Ç . KinematicLEO
orbits aremostaffectedby this typeof error, but the impacton reduced-dynamicorbits shouldnot be
underestimatedasthe strengthof the dynamicmodelsis usuallygreatlyrelaxed by pseudo-stochastic
parameters[ŠvehlaandRothacher, 2006].°¸·NM ÄÅX�Ì º ÇS»iOÉÈÊX¼ÏO»2Ò¸Î¤O�Â�Ê
GPSsatelliteclock correctionshave to betaken into accountwhenprocessingundifferencedGPSdata.
In order to achieve the bestpossibleresults,useis madeof the CODE high-rateGPSsatelliteclock
correctionswhichareavailableat30sintervals[Bock etal., 2004].Thegenerationis basedontheCODE
final GPSorbits,Earthorientationparameters,stationcoordinates,troposphereparameters,and5-minute
GPSclock corrections.In theCODEanalysisclock epoch-differencesbasedon epoch-wisedifferenced
phaseobservationsare estimatedand constrainedto the 5-minuteclock solution, which resultsin a
phase-consistentinterpolationof the precise5-minuteclock corrections.A similar proceduremay be
performedagainto obtainGPSsatelliteclockcorrectionsatevenhigherrates,e.g.,at10sor 5s intervals
[Bock etal., 2007],providedthatGPSgroundstationdataareavailableatthetargetedsamplingrate,e.g.,
from theIGS sub-network of 1Hz trackingsites.It is importantto mentionthattheGPSsatelliteclock
correctionsareconsistentwith theGPSorbitsandthemodelingstandardsadoptedby theIGS,e.g.,the
relative antennaphasecentervariationsfor theGPSreceivers,seeSect.7.1. Notethat theclock offsets
referto theIGSrealizationof theInternationalTerrestrialReferenceFrame(seeSect.7.3),whoseorigin
exhibitsanoffsetfrom ageocentricreferenceframe,e.g.,[Hugentobleretal., 2005b].

Althoughthesamequality is reportedfor thehigh-rateandtheoriginal 5-minuteclock correctionsfor
kinematicpoint positioningof terrestrialstations[Bock et al., 2004], theuseof GPSclock corrections
addsapotentialsourcefor errorswhich is notpresentwhenprocessingdoublydifferencedGPSdata.°¸·No p ÀsQ'À¨ÏOÀ¨½POåÀÊË ÏOÆ Ô¯ÀÍÌ�ÏOÆ�½¨Ê�Q'»JÏFÔ¯ÆÃÂMÄÅ»¾½¨Ê
GPS dataprocessingrequiresto expressthe samevectorsin different referenceframes. The GPS
ephemeridesfrom CODE,e.g.,areprovidedin theInternationalTerrestrialReferenceFrame(ITRF),but
areconvenientlyexpressedin theInternationalCelestialReferenceFrameICRF for the(re)-integration
outlinedin Sect.7.1. The phasecenteroffsetsof the receiving GPSantennasaboardLEOs, e.g.,are
providedin a satellite-fixed(SF)coordinatesystem,but areconvenientlyexpressedin theICRF for set-
ting uptheGPSobservationequations(4.3)and(4.5).Thetransformationsbetweenthethreementioned
referenceframesarebriefly summarizedin thefollowing.Î�� ���ÅÜ "$9®�i�ÐÏ­"à�U�i�
Any positiongivenin theICRFmaybetransformedto theITRF by aseriesof successive rotationsas�¡Ñ h�Ò � Ó � h®Ó hÕÔ µ � �¡Ñ7Ö Ò � Ñ (7.2)

where
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7 CHAMP andGRACEOrbit DeterminationUsingUndifferencedGPSData

� h¯Ó?h
aredue to polar motion anddescribethe separationbetweenthe third axis of the terrestrial

system(ConventionalTerrestrialPole)andtheCelestialEphemerisPole(IERS1996formulation),Ô
is due to Earth rotation and describesthe transitionfrom the rotating systemby the Greenwich
apparentsiderealtime,andµ �

aredue to nutationandprecessionanddescribethe transformationbetweenthe meancelestial
systematepochJ2000andasystemdefinedby thetrueequatorandequinoxof date.

TheInternationalAstronomicalUnion(IAU) conventionsdefinethecomputationof thematrices
Ô

,
µ

,
and

�
, see,e.g., [McCarthy, 1996] for the IERS 1996conventionsusedin this work, or [McCarthy,

2003] for the newly adoptedIERS 2000conventions. For LEO orbit determinationdiscussedin this
work, the ITRF conventionusedis the IGS realizationof ITRF2000,called IGS00,which is implied
by theGPSephemeridesandEarthrotationparametersusedfrom theCODEAC. Whenfollowing the
referenceframetransformationsprovidedby [McCarthy, 1996], the ICRF conventionthenrealizesthe
Earthmeanequatorandequinoxof J2000,alsoknown astheJ2000inertialsystem.Î�� ��� ! ã(��Ï³" 9®�i�
The phasecenteroffsetsof the receiving GPSantennasaboardLEOs areprovided in a satellite-fixed
(SF)coordinatesystem,whichusuallyhasits origin in theLEO centerof mass.Table7.1lists theoffsets
for themainPODantennasaboardCHAMP andGRACE asprovidedby [Schwintzeret al., 2002]and
[Caseet al., 2002],respectively. ThetransformationbetweentheSFcoordinatesystemandtheICRF is
approximatelygivenby thenominalspacecraftattitudemodelasF Ñ:Ö Ò � Ó�× FÙØ � Ñ (7.3)

where× denotesa rotationmatrix definedby the unit vectors(5.15),e.g.,as × j Ú ¹ÜÛÜÛÜÛ�¹ ÷ l Ú m °Ó �   , × j Ú ¹ÜÛÜÛÜÛ�¹ ÷ l � m °Ó� ��ò , and × j Ú ¹ÜÛÜÛÜÛ�¹ ÷ l ÷ m °Ó � � ÿ .
Theconcreteform of theapproximative transformation(7.3)is valid for theCHAMP nominal,non-yaw-
steeringattitudemodel,wherethefirst axisof theSFcoordinatesystemcoincideswith thealong-track
directionasindicatedby Fig. 7.1,andwherethethird axispointsinto thenadirdirection.Alternatively
andpreferably, theattitudeinformationmaybeobtainedfrom thestarcameraobservations,which pro-
videamuchmoreaccuratedefinitionof theactualtransformationmatrix × in (7.3)by quaternions.

Figure7.2shows thedeviationsbetweentheactualCHAMP SFcoordinatesystemandthenominalori-
entationasobtainedfrom a reduced-dynamicorbit solution. The angledifferencesbetweentheactual
andthe nominalyaw-, roll-, andpitch-axis(not the angleof rotationaroundtheseaxes)aregiven as
absolutevaluesfor a time interval of 300min, togetherwith informationabouttime andmagnitudeof

Table7.1:GPSantennaphasecenteroffsetsgivenin thecorrespondingSFcoordinatesystems.

Satellite Ý Ú (m) Ý � (m) Ý ÷ (m)

CHAMP -1.4880 0.0000 -0.3928
GRACEA -0.0004 -0.0004 -0.4514
GRACEB 0.0006 0.0007 -0.4514
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7.3 ReferenceFrameTransformations
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Figure7.1:TheCHAMP roll-, pitch-,andyaw-axis.
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Figure7.2:Deviationsbetweenthe actualandthe nominalyaw-, roll-, andpitch-axisof the CHAMP
satelliteon DOY 198,2002. Time andmagnitudeof attitudemaneuvers for correctingthe
alignmentof thecorrespondingaxesareindicated.

thrusterpulsesfor attitudemaintenance.It canbeseenthatthedeviationsdo not exceed3Þ for all axes,
whichcanbeonly achievedby frequentattitudemaneuvers.Thelargestnumberof (small)maneuversis
performedto correctthealignmentof theroll-axis,which mostof thetimeshows thelargestdeviations.
This might be causedby the inclined front sideof the CHAMP satellite(seeFig. 7.1), resultingin an
upwardscomponentdueto air drag.Lessfrequentbut strongermaneuversmayalsobeobservedin order
to align theyaw-axis.

The attitudeof the two GRACE satellitesis even closerto nominal than in the caseof CHAMP. As
theGRACE GPSPODantennasarenot locatedat therearendsof thesatellites,but directly above the
centerof masslocations,seeTable7.1,thenominalattitudemodeldefinedby (7.3)wouldbesufficient.
Notethatthesignschangefor GRACEA whichwasflying “backwards”beforetheswitchmaneuver on
December10,2005[Montenbruck etal., 2006].
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Figure7.3:PRN31 on DOY 243,2003asobservedby thePODantennaof theBlackJackGPSreceiver
aboardGRACEA. The14passesproceedfrom bottomto top.°¸·a� ºÐßaÐvà�X Æ ½�ÒáÄÅp1Ð º�T�ÄÅX¼Ì�Ì�ÌâÌ ã�ÆÁÂMÆ

Theraw dataof thespaceborneGPSreceiversis, of course,themostvaluableproductfor orbit determi-
nation. At present,all CHAMP andGRACE GPSSSTdataarepublicly available. The GRACE GPS
datausedin this work, however, arepartof thefirst public datarelease,which coveredDOY 212–335,
2002,DOY 031–365,2003,andDOY 001–214,2004[Reigber, 2004a].

TheCHAMP andGRACEsatellitesarenotmorethan500km higherabove theEarth’s surfacethanany
GPSgroundstation(seeTable2.1). With only slight exaggeration,they maythereforebeconsideredas
ordinary, rapidlymovingGPSreceivers.Whereasthemotionof aterrestrialstationin theinertialframeis
dominatedby theEarth’srotation(about450m/sattheequator),theLEOsmovewith ä åiæ�çA��ú � km/s
in inertial space( è denotesthesemi-majoraxisof thesatelliteorbit).

Theviewing geometryof thespacebornereceiversis almostthesameasthatof groundreceiverslocated
at thesub-LEOpoints.However, dueto therapidmotionof thespacebornereceivers,it is continuously
andrapidlychangingfrom theequatorialto thepolarregionandvice-versa.Therefore,aparticularGPS
satellitecanonly betrackedfor abouthalf anhour, andnot for severalhoursasfor GPSgroundstations.
Figure7.3shows a sky plot for oneGPSsatellite,PRN31,which wasobservedby thePODantennaof
theBlackJackreceiver aboardGRACEA onDOY 243,2003.Azimuthandelevationarereferringto the
GRACEA SFcoordinatesystem,i.e.,azimuth0é refersto theanti-flightdirection.

The 14 tracksarealmoststraightlines from bottomto top due to the polar orbit of GRACE A; they
begin ataninitial elevationof approximately10é andlastbetween32and39minutesbeforethereceiver
losesthelock of thesignaldueto thefadingsignalstrengthat low elevations.Theelevationthresholdof
approximately10é for satelliteacquisitionis normalandknown from otherBlackJackGPSreceiversas
well, e.g.,from CHAMP [Montenbruck andKroes, 2003].

Figure7.4shows thenumberof GPSobservationsper1.5é azimuthand1é elevationbinsfor a timespan
of nineweeks.Apart from theelevationthresholdof approximately10é for raisingGPSsatellitesin the
bottompart,onerecognizesa trackingcoveragewhichis typical for apolarLEO orbit. Thefour vertical
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Figure7.4:Numberof GPSobservationsper1.5é azimuthand1é elevationbinsascollectedby thePOD
antennaof theBlackJackreceiver aboardGRACEA (GPSweeks1233– 1241).

“stripes”,e.g.,indicatethelocal “horizons” for GPSsatellitesin thedifferentorbital planes.Their loca-
tionschangewith time becausethe right ascensionof theascendingnodeof theGRACE orbital plane
increasesby about-0.136é per day dueto theflatteningof the Earth. In contrast,GPSorbits areonly
affectedby about-0.039é perday[Beutleret al., 1998].For thetime interval usedfor Fig. 7.4,theGPS
satellitesin theorbital planesB andE mayappearabove theentirehorizon,whereastheGPSsatellites
in the orbital planesF andC maybeonly observed in-betweenthe “stripes” far left andfar right, and
theGPSsatellitesin theorbital planesA andD evenonly in-betweenthemiddle“stripes”. Moreover, it
canberecognizedthatgenerallyasmallernumberof observationsis collectedathighelevations(seethe
transitionbetweendarkandlight grey in Fig. 7.4),becauseno observationscanbecollectedabove 45é
over thepolesdueto theGPSorbital inclinationof 55é . Finally, wenoticethatsettingGPSsatellitesare
tracked down to 0é elevationor evenbelow. A similar statementdoesnot hold for GRACE B wherea
slightly worsetrackingperformanceis observed,seeSect.7.9.5.êâëaì í2îPïñð¡ï�ò�óÕô�õWö(ïñðø÷�ùsð�ùPõ�úûïNîPòÙð¡ï�ü£î
Theinitial LEO orbit determinationaimsatobtainingcleanedLEO GPSphaseobservationsandapriori
LEO orbits.A simplifiedflow chartof thestepsinvolvedin thisprocedureis providedin Fig. 7.5.

First, the LEO RINEX (Receiver-INdependentEXchange[Gurtner, 1994]) observation files arecon-
vertedat the requiredsamplingrate into GPScodeandphasebinary observation files in the Bernese
format [Dach et al., 2007]. At the sametime, the CODE final orbit, ERP, andhigh-rateclock prod-
ucts,aswell asadditionalLEO auxiliary dataproductslike attitudeandaccelerometerdata,arecopied
into the campaigndirectoriesfor concatenationto the requiredarc length. A first codepre-processing
is thenperformedwith theionosphere-freecodeobservationequation(4.3) to detectoutliers,andto ob-
tainkinematicLEO positionsfor initial orbit determinationandepoch-specificreceiver clockoffsetsfor
synchronizationpurposes.Subsequently, thekinematicLEO positionsserve aspseudo-observations for
a first orbit determination/integration with six initial conditionsanda few dynamicalparameters.This
first orbit solutionentersasreferencetrajectoryinto the dual-frequency phasepre-processingschemes
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Figure7.5:Flow chartof theinitial LEO orbit determination.

searchingfor outliersandcycleslipsbasedontheionosphere-freeLC (seeSect.7.5.1),andasapriori or-
bit into theorbit improvementwith theionosphere-freephaseobservationequation(4.5). Theimproved
orbit parametersarethenusedto updatetheapriori orbit andthecorrespondingpartialderivativesof the
orbit with respectto theorbit parametersby numericalintegration.

Thevery first LEO orbit basedon kinematicLEO positionsfrom thecodepre-processingis not of the
highestqualitydueto themodestorbit modelandtheaccuracy of theunderlyingcodeobservations.As a
consequence,many GPSphaseobservationsarerejectedin thedatascreeningbasedon theionosphere-
freeLC containingthegeometricinformation. It is thusnecessaryto repeatthesearchfor outliersand
cycle slipswith thebestavailableorbital information,i.e., with theupdateda priori orbit from thefirst
run, to obtaina larger amountof cleanphasedata. More preciseorbital informationcanthenbe de-
rived from the newly acceptedphasedata. Otherapproachesfor phasedatascreening,e.g.,usingthe
Melbourne-ẄubbenaLC [Springer, 2000],have notbeenappliedto LEO POD.
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Figure7.6:Numberof acceptedCHAMP GPSphaseobservationsfor 30s samplingand24h arcsafter
thefirst, second,andthird screeningiteration.

Theflow chart7.5impliesthatthedatascreening,theorbit improvement,andtheorbit integrationshould
berepeatedto obtainthemaximumamountof cleanphasedata. Despitethegeometricinformationof
theionosphere-freeLC, it is importantto point out thatnot themostpreciseorbit modelis necessaryto
achieve this goal. Experiencewith CHAMP andGRACE datahasshown thata reduced-dynamicorbit
parametrizationwith pulses,e.g.,setupevery15min, is sufficient to obtaincleanphaseobservationfiles
in threeiterationsteps.

Figure7.6shows thenumberof acceptedGPSphaseobservationsafterthefirst, second,andthird itera-
tion, respectively, for 75 daysof CHAMP dataprocessedwith 30s in arcsof 24h. This numbershows
largevariationsin thefirst iterationstep,rangingfrom only 1548observationsto 20270,which makes
it necessaryto performat leasta seconditeration.It canberecognizedthattwo iterationswouldbesuf-
ficient for themajority of thedaysdisplayed,becausethenumberof additionallyacceptedobservations
aftera third iterationis, with a few exceptions,only small. Themeannumberof acceptedobservations
perdayafterthreeiterationsis foundto be17882for the75-dayperiod.Onehasto beaware,however,
that thetrackingperformancemaybesubjectto considerablevariations,seeFig. 7.7 for theGRACE A
andB receivers. Thealmosthorizontalline at a numberof approximately10000observations,e.g.,is
causedby a largedatagapon DOY 174,2002,whereasthelowestline is causedby baddataquality on
DOY 107,2002.

©«ª­¬«ª¯® °²±´³¶µ¸·º¹»·¼³Ù5¾½À¿º¿ÂÁR6ÃÁ¾Ä
It is of crucialimportancefor GPSbasedpreciseorbit determinationto haveGPSdataof goodqualityat
ourdisposal.As badmeasurementsarefrequentlyencounteredevenin dataobtainedfrom geodetic-type
receivers, robust methodshave to be usedin order to reliably detectandrejectbadmeasurementsin
pseudo-rangeandcarrierphasedataprior to the(final) orbit determinationstep.

A first qualitycheckof theGPScodemeasurementsis performedsimultaneouslywith theestimationof
thekinematicpositionsin orderto detectoutliers.For thispurpose,thequalityof thepositionsolutionis
examinedat eachepoch.Whenever theRMSof theassociatedresidualsexceedsa predefinedthreshold,
the codeobservation that contributes the dominatingerror is identified and removed from the set of
observations. If necessary, the procedureis iteratedto rejectmultiple outliersat the sameepoch.The
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receiver clock offsetsemerging from thesameprocedureareusedlateron asa priori valuesin theorbit
determinationaccompanying the carrierphasecleaning,but are re-estimatedafter the screeningloop
with thelatestavailableorbit in orderto guaranteea correctreceiver clock synchronizationfor thefinal
orbit determination.

Carrierphasedatahave to be screenedfor both outliersandcycle slips (suddenjumpsof the sizeof
an integer numberof cycles that may occur in the carrierphasedata). Sincethe carrierphasebiases
shouldbe constantin time, suddenjumps can be detectedand separatedfrom outliers by analyzing
time-differencedcarrierphaseobservationsbetweenconsecutive measurementepochs.Similar to the
procedurefor codeobservations, the quality of the position differencesolution is examinedfor this
purposeusingthe availablea priori orbit. The estimatedtime-differencedpositionsandreceiver clock
offsetsfrom time-differencedionosphere-freephasemeasurementsareusedto derive (time-differenced)
residualsÅÇÆÉÈ and ÅÇÆËÊ of the original dual-frequency observations in order to test the no-cycle slip
hypothesison theoriginal carriers,see[Dach et al., 2007]. TheassumptionÅÍÌ²ÈÏÎÑÐ and ÅÍÌ¸ÊÒÎÑÐ in
theresiduals ÅÇÆ È Î Ó È ÅÍÌ ÈÕÔ ÅÍÖÅÇÆËÊ×Î Ó¾ÊØÅÍÌ¸Ê ÔÚÙ ÅÍÖ (7.4)

is usedto computethe ionosphere-freeresidualÅÇÆËÛ andthe ionosphericchangeÅÍÖ . Whenever these
valuesexceedpredefinedthresholds,a searchfor more appropriatevalues Å²Ì²È and ÅÍÌÜÊ is started
around ÅÇÝÞÈßÎ NINT àâáÕãåäæ äèçÅÇÝ²ÊéÎ NINT à áÕãÀêæ êëç (7.5)

within predefinedsearchranges.If exactly onepair ÅÍÌ²È and ÅÍÌ¸Ê is foundwhich passesboththresh-
olds, it would be possibleto correctthe carrierphasedatafor the cycle slips ÅÍÌ È and ÅÍÌ Ê . Often,
however, morethanonepair is founddueto thedifficulty to setthethresholdssmallenoughto guarantee
noundetectedcycleslipsandlargeenoughto avoid many (small)cycleslipswhichareprobablynot real.
Therefore,no attemptwasmadein this work to correctthecycle slipsduringthepre-processing,but to
setup a new phasebiasparameterwhenever oneor morepairs ÅÍÌìÈ and ÅÍÌ¸Ê arefoundpassingboth
thresholds.This conservative strategy eliminatestherisk to incorporatewrongcycle slip correctionsin
thecarrierphasedata. If noneof thepairs ÅÍÌìÈ and ÅÍÌ¸Ê passesboth thresholds,anoutlier hasto be
suspectedin thecarrierphasedataandthesatellitethatcontributesthedominatingerroris identifiedand
theprocedureis repeatedwithout thisobservation. In ordernot to deleteall observationsof onesatellite
from acertainepochonward,e.g.,becauseasuspectedoutlierwasnotcorrectlyidentifiedasacycleslip,
it is safeto setupanew biasparameterafterapredefinedtimespan.

Despitetheadditionalburdenon theoverall PODprocesscausedby theGPSdataediting,in particular
for theiterative zero-differencedatascreeningwith only poora priori orbit knowledgediscussedin this
chapter, dataeditingis oneof themostimportantstepsin theprocessingschemeof Fig.7.5.Experiences
gainedwith realGPSdatafrom CHAMP andGRACEhave shown that“clean” observationscanbeob-
tainedundermostcircumstances,which makesit unnecessaryto screenalsothepostfit residualsof the
final orbit determinationstep.

Figure7.7documentstheoutcomeof theGPSdatascreeningfor GRACE A (top) andGRACE B (bot-
tom) for the2003datasetof thefirst GRACErelease,seeSect.7.4.Thedaily numbersin Fig. 7.7reflect
the total amountof availableGPSobservationsper day for a samplingrateof 30s. The colorsshow
thedistribution betweenthenumberof accepted(light grey) andrejected(darkgrey) observations.We
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Figure7.7:Numberof accepted(light grey) andrejected(dark grey) GPSobservationsfor GRACE A
(top)andGRACEB (bottom)for 30ssamplingand24h arcs.

noticea largeramountof availableobservationsfor GRACEA dueto agenerallybettertrackingperfor-
manceof its receiver [Dunnet al., 2003]. At thesametime it canberecognizedthata largeramountof
datahasto berejectedfor GRACE A (6.7%)thanfor GRACE B (3.1%),which mainly originatesfrom
the rejectionof low elevation databelow a cut-off angleof 0é . Nevertheless,GRACE A offers more
acceptedobservationsfor orbit determinationthanGRACEB asindicatedby meanvaluesof 22664and
20956observationsperday, respectively.

It is interestingto noticethatthenumberof availableGPSobservationsshowsconsiderablevariationsin
time, thatarecorrelatedbetweenbothsatellites.Themostobviouscorrelations,e.g.,a suddenincrease
of rejectedobservationson DOY 46 or a suddendecreaseon DOY 206,areprobablycausedby simul-
taneouslyexecutedchangesin bothreceiver configurations.Thebesttrackingperformanceis observed
for DOY 243–298for both receivers,wherethe meannumberof acceptedobservationsis 23759 for
GRACE A and22165for GRACE B. It is importantto rememberthis time periodwhenanalyzingthe
orbit resultsin Sect.7.9, becausea goodtrackingperformanceis a prerequisiteto determinesatellite
orbitsmostprecisely.

êâëîí ï ïNî¤ò�ó ô�õWö�ïñðûí2úñðPõ�üèòÙùPúøùPî�ð,ò�îôóöõ1ò(ó ï¯ókòÙð¡ï�ü£î
Thefinal LEO orbit improvementandvalidationaimsat obtainingandvalidatingthefinal LEO orbits.
A simplifiedflow chartof thestepsinvolved is shown in Fig. 7.8. First, several reduced-dynamicorbit
solutions(andakinematicsolution)arecomputedin parallelwith theionosphere-freephaseobservation
equation(4.5). Theflow chart7.8 impliesthateachof thereduced-dynamicsolutionscouldbe iterated
on request,if it is suspectedthatconvergencehasnot yet beenreached.It is worth to mentionthat this
optionwasnotusedsofar for CHAMP andGRACEPOD,althoughtheapriori orbit wasonly modeled
with six initial conditionsandthreeconstantaccelerationsover theentireorbital arc. For theupcoming
GOCEsatelliteandthe decayingorbits of the CHAMP andGRACE satellites,however, the situation
mightbedifferentdueto thevery low altitudes,whichreducethequalityof theapriori trajectorieswhen
usingthesamesimpleorbit modelwith only threedynamicalparameters.
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Figure7.8:Flow chartof thefinal LEO orbit improvementandvalidation.

©«ªON«ª¯® P Á¾¹»¿Â½åÁ ·RQTSÞ½VURW ¹YX ·ZQ[W]\Ø·º¹^W[_ÕÁ
Figure7.8 shows thatseveral internalvalidationstepsareperformedin orderto assesstheprecisionof
theestimatedtrajectories.Apart from computingtheionosphere-freeGPSphasetrackingresiduals,the
differentsolutionsmaybecompared,e.g.,by formingorbit differences.Thereby, thedifferencesbetween
thevariousreduced-dynamicsolutionsandthekinematicsolutionareof particularinterestfor checking
the internalconsistency betweenseveral typesof solutions.Furthermore,formal orbit accuraciesalong
the trajectoryandorbital overlapsbetweenconsecutive solutionsprovide additionalindicatorson the
internalqualityof theorbits.

©«ªON«ªO` acb ¹»¿Â½åÁ ·RQTSÞ½VURW ¹dX ·ZQ[W]\Ø·º¹^W[_ÕÁ
Only measurementsnot usedfor POD areuseful to independentlycheckthe GPS-basedorbit results.
All availableobservationsareusedin anattemptto obtainasmany indicatorsaspossibleto assessthe
“true” orbital accuracies.For this purpose,SatelliteLaserRangingdataareusedto comparethecom-
putedmicrowave-basedrangesbetweenLEOsandSLR groundstationswith themeasuredranges,and
accelerometerdataareusedto comparethecomputedmicrowave-basedaccelerationswith themeasured
non-gravitationalaccelerations.For thetwo GRACE satellites,inter-satellite egfhe è -bandobservations
areusedto validatethecomputedline-of-sightrangeandrange-ratedifferenceswith themeasuredones.

ikjmlVnmo[oqprlVntsmjvuVnvwyxzj|{|}~p[{|}
SatelliteLaserRanging(SLR) observationsarecollected,merged,anddistributedby the International
LaserRangingService(ILRS) [Pearlmanetal., 2002].They representunambiguousrangenormalpoints
which areconstructedfrom theoriginal roundtrip(two-way) time-of-flight measurementsof shortlaser
pulses( ��� ÐÉÐ ps)betweenthe SLR groundstationtelescope� andthe satellite � equippedwith retro-
reflectorarrays.Shortlaserpulsesarerequiredto measuretheunbiasedrangebetweentheemittingand
the reflectingphasecenterlocationwith 1 to 2mm normalpoint precision. BecauseSLR stationsare
usuallyco-locatedwith GPSpermanentstations,SLR observationscanbeeasilytime-taggedwith GPS
systemtime. TheSLR (one-way) rangeobservation equationmay thusbeformulatedin closeanalogy
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to theGPScodeobservationequation(4.3),andreadsatGPStime ��� as�z�� Î�� �� Ô Å�� ���� � ã���� Ô Z ��y� (7.6)

where� �� is theSLRnormalpoint rangeobservation,expressedin unitsof length,

� �� is theslantrangebetweenthelasertelescope� andtheretro-reflector-equipped satellite� ,Å�� ���� � ã���� is thesignaldelaydueto thetroposphere,expressedin unitsof length,andZ �� is theresidual.

Theterm � �� includes(in principle)thegeometricdistancebetweenthetelescopereferencepointandthe
centerof masspositionof thesatellite,aswell asphasecenteroffsetsandvariationsfor thetelescopeand
theretro-reflectorarray. TheadoptedCHAMP andGRACE phasecenteroffsetsaregiven in Table7.2
accordingto [Schwintzeret al., 2002]and[Caseet al., 2002],respectively. Phasecentervariationshave
notbeentakeninto account,see[Neubertetal., 1998]for theCHAMP retro-reflectorarray.

SLRobservationshavetobecorrectedfor theatmosphericsignaldelay. Mostof theSLRstationsperform
theirobservationsin thevisiblepartof theelectromagneticspectrum,e.g.,at532nmfor aNeodym-YAG
laseror at 423nm for a Titanium-Sapphirelaser. Therefore,SLR observationsarecomparablyinsensi-
tive to thewet partof thetroposphereandthereis no ionosphericrefraction,which makesit possibleto
modeltheremainingpart Å�� ���� � ã���� of thetroposphericdelayveryaccurately[Marini andMurray, 1973].
Localmeteorologicaldatasuchaspressure,temperature,andhumidityareneededfor thispurpose.

For theactualSLR validationtheslantrange� �� is computedfrom theknown SLR stationcoordinates,
thecenterof masspositionof thesatellite,andtheknown SLRphasecenteroffset.BecauseSLRobser-
vationsareunambiguous,the computedrange� �� andthe modeledtroposphericdelayscanbe directly
comparedwith themeasuredrange

� �� withoutestimatingany calibrationparameters.TheRMSerrorof
theSLR residualsZ �� , e.g.,perdayor singlepassof thesatellite � over thelaserobservatory � , provides
anunambiguousmeasureof the1-D accuracy of theline-of-sightdistanceduringthepass.

����� nmornmw��~�Yn�l�nmw
TheCHAMP STAR accelerometerobservationsarepartof theLevel 2 CHAMP datadistributedby the
GFZ.They represent10s normalpointsof thepre-processedandcorrectedoriginal Level 1 accelerom-
eterdata[FörsteandChoi, 2004]. Thepre-processingis necessarybecauseof variousdisturbancesin
theoriginal data[GrunwaldtandMeehan, 2003],whereasadditionalcorrectionsareneededto account
for the Lorentzforce of the Earthmagneticfield, andfor the anomalousbehavior of oneelectrodein
the radialdirection[Perosanzet al., 2003]. TheLevel 2 accelerometerdatarepresentpreciseobserva-
tionsof thesumof thenon-gravitational accelerationsactingon thesatellite(seeSect.2.3.2),but only

Table7.2:SLRretro-reflectorphasecenteroffsetsgivenin thecorrespondingSFcoordinatesystems.

Satellite � È (m) � Ê (m) � Û (m)

CHAMP 0.0000 0.0000 0.2500
GRACEA -0.6000 -0.3275 0.2178
GRACEB -0.6000 -0.3275 0.2178
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7 CHAMP andGRACEOrbit DeterminationUsingUndifferencedGPSData

within a measurementbandwidthrangingfrom 10s to slightly more thanoneorbital period. As the
STAR instrumentis not sensitive outsideof the specifiedbandwidth,additionalcalibrationparameters
arenecessaryto relatethemeasuredaccelerometerdatato theactualnon-gravitationalaccelerations.The
accelerometerobservationequationfor onespecificdirection   thusreadsas¡£¢ Î�¤ ¢¦¥¨§�¢ Ôª© ¢ Ô Z ¢ � (7.7)

where¡£¢
is theSTAR accelerometernormalpointobservation,

¤ ¢ is theSTAR accelerometerscalefactor,§�¢
is thenon-gravitationalacceleration,

© ¢ is theSTAR accelerometerbias,andZ ¢ is theresidual.

Thecalibrationparameters¤ ¢ and © ¢ maybesubjectto long periodicvariations,which makesit neces-
saryto adjustthemfrequently, e.g.,onceperday. [Perosanzet al., 2004]evenproposeto adjustthem
onceperrevolution.

For the actualaccelerometervalidation the non-gravitational acceleration
§�¢

is simply identifiedwith
theestimatedpseudo-stochasticacceleration.Thesatelliteattitudemayevenbeneglectedfor this pur-
posebecauseof the relatively large errorsin single estimatesof pseudo-stochasticparameters.Pro-
vided that state-of-the-artmodelsfor the gravitational accelerationsare used,and no modelsfor the
non-gravitational accelerations,this representsaneasyway for anapproximative validationof theesti-
matedpseudo-stochasticaccelerations.Oneshouldkeepin mind,however, thatthisprocedureis only an
approximation,even if a close-to-perfectgravity field modelis used.Moreover, only the (scaled)time
variationscanbecompared,becauseof theestimationof calibrationparameters.

Similarprocedurescanbeappliedto GRACEaccelerometerdata,whicharepartof theLevel 1B GRACE
datadistributedby JPL’s PhysicalOceanographyDistributedActive Archive Center(PODAAC). How-
ever, thiswasnotdonehere.

e«fhe=è­¬¯® j°{|±
TheGRACE e«fhe è -BandRanging(KBR) systemobservationsarepartof theLevel 1B GRACE data
and are distributed by JPL’s PODAAC at 5s intervals. They representionosphere-freecarrier phase
observationswhich areconstructedfrom the original Level 1A dual-frequency one-way e - and e è -
bandrangingobservationson carrierswith frequenciesof 24.5GHz and32.7GHz, respectively [Case
et al., 2002]. The shortwavelengthsof about1.2cm and0.9cm of both carriersarea prerequisiteto
measurethe biasedrangebetweenboth GRACE satellitesultra-preciselywith about10 ² m at a 1Hz
samplingrate [Dunn et al., 2003]. Becausethe digital signalprocessinghardwareandCPU hostare
sharedwith the GPSfunction on the InstrumentProcessingUnit (IPU), the KBR observationscanbe
time-alignedwith GPSdatawith picosecondaccuracy. TheKBR carrierphaseobservation equationis
thuscloselyrelatedto theGPScarrierphaseobservationequation(4.5),andreadsfor anionosphere-free
KBR observationcollectedat GPSsystemtime ��� as³µ´ Î¶�v·R¸ Ô Å�¹ ´ Ôªº ´ Ô Z ´ � (7.8)

where
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³µ´
is theKBR ionosphere-freeobservation,expressedin unitsof length,

�m·Z¸ is thegeometricdistancebetweenthephasecentersof theemittingandthereceiving KBR antennas,Å�¹ ´ is theKBR distancecorrectiondueto theKBR signaltraveling time,

º ´ is theKBR biasrelatedto theinitial carrierphaseambiguity, andZ ´ is theresidual.

Theterm �v·R¸ includes(in principle)thegeometricdistancebetweenthecenterof massof bothGRACE
satellites,the KBR antennaphasecenteroffsetswith respectto the centerof gravity, andthe antenna
phasecentervariationswith respectto thephasecenteroffsets.Thelattertwo termsareprovidedin the
Level 1B KBR datafiles,aswell astheterm Å ¹ ´ [Caseetal., 2002].

TheKBR observationsrepresenthighly accuratephaseor biasedrangeobservations.In orderto validate
therelative GRACEpositionswith theKBR observations,thebiasterm º ´ in (7.8)hasto beestimated
for eachcontinuousarcof KBR measurements.SincetheLevel 1B KBR datafiles areprovidedin 24h
(daily) periods,onebiastermhasto becalibratedfor eachday, if no lossof thesignallock occursin the
KBR data.If a lossof lock occurred,cycleslipshave to beaccommodatedby theestimationof multiple
biasterms.This canbeaccomplishedeasily, becausecycle slip epochsor badmeasurementepochsare
flaggedreliably in theLevel 1B KBR datafiles[Caseetal., 2002].An additionalpre-processingof KBR
observationsfor cycleslip detectionis notnecessary.

For theactualKBR validationtherelative GRACEpositionis computedassimplyas

�m·Z¸ Î¼» ½¾¸À¿����ÂÁcÃÄ½Å·µ¿����ÆÁ¯» � (7.9)

where½Å·µ¿����ÂÁ and ½~¸À¿����ÂÁ aretheorbit positionsatGPSsystemtime ��� of GRACEA andB, respectively.
The meanKBR antennaphasecenteroffsetsandthe satelliteattitudeareneglectedbecausethe KBR
measurementsareonly ableto validatethechangeof therelative GRACE orbit positionsin theline-of-
sightdirection.Dueto thevery smallKBR observationnoise,theRMS errorof theKBR residualsthus
providesadirectmeasureof the1-D precision(standarddeviation)of therelativeGRACEorbit solution.
Oneshouldkeepin mind, however, that the KBR RMS error could reflecta too optimistic quality, if
multiplebiaseshave to becalibratedover a24h arc.

The Level 1B KBR datafiles also report KBR range-rateand range-accelerationobservations[Case
et al., 2002].Both quantitiesarederivedfrom theKBR phaseobservationsby numericaldifferentiation
andmay be used,e.g.,to directly measurethe precisionof the line-of-sightcomponentof the relative
GRACEorbit velocities Ç

·Z¸ ÎÈ¿ÅÉ½~¸ÊÃËÉ½Å·ÌÁ ¥ ½~¸ÍÃÄ½Å·» ½~¸ÍÃÄ½Å·¦» � (7.10)

where ½Å· , É½Å· and ½~¸ , É½~¸ aretheorbital positionsandvelocitiesat GPSsystemtime ��� of GRACE A
andB, respectively.êâëNê ÎÐÏÐÑ�ÒÔÓ ô�õWö�ïñðÕÎ¬ü£úñðPò�õDï�Ö ü£î×Î¬òuúñðPòPï�Øiî
Until todayit is possibleto validateCHAMP orbit resultsin thecontext of theCHAMP orbit comparison
campaign[Boomkamp, 2003],which wasstartedin October2001on an initiative within the IGS LEO
Pilot Projectwith the goal to assistthe IGS LEO centersto develop their POD methodsby providing
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7 CHAMP andGRACEOrbit DeterminationUsingUndifferencedGPSData

externalreferenceorbits.Thecampaignattractedmuchattentionin CHAMPPODin thefirst few months
andreachedthe maximuminterestwhen the First CHAMP ScienceMeetingwasheld at the GFZ in
Potsdam,Germany (21–24January, 2002[Reigber, 2001]). Sincethen,CHAMP orbit solutionswere
submittedonly sporadicallyby someIGSLEO centersto monitorthefine-tuningof theirPODmethods.

After thestartof our work in October, 2002,we recomputedreduced-dynamicCHAMP orbit solutions
basedon piecewise constantaccelerationsfor the period from May 20 to May 30, 2001 (DOY 140
to 150)of theCHAMP orbit comparisoncampaign.Theorbitswerepresentedin July 2003at the23th
GeneralAssemblyof theInternationalUnionof GeodesyandGeophysics(IUGG) in Sapporo,Japan,see
[Jäggi et al., 2005b],andweresubmittedlateron to the IGS LEO AC coordinatorfor furtheranalysis
[Boomkamp, 2004]. In the following, we presentthe outcomeof this analysis,but we emphasizethat
utmostcautionhasto betakenwheninterpretingtheresults,becausesomeof theoldersubmissionsfrom
otherinstitutionsmightnothavefully exploitedtheGPSdataatthetimeof theircreation.Therefore,only
thebetterperformingsolutionsfrom eightIGSLEO centersareincludedin thefollowing discussion,but
valuingconclusionsaboutthequalityof thesesolutionsshouldbeomittedaswell, becausethey possibly
donot reflectthestate-of-the-artcapabilitiesof orbit determinationat theseinstitutions.

©«ª­©«ª¯® P ÁR\ÙWqÚ~W]\ÌÛ ·ZQTSÞ½ÜUZW ¹ ³z_ÝQÞÛ ¹^W[_ÕÁ¾ß
The CHAMP orbit solutionsof the eight LEO centerspresentedbelow areall basedon differentreal-
izationsof thereduced-dynamicmethodology. They all rely on themostrecentgeopotentialmodelsof
that time, EIGEN1-Sor TEG-4 [Tapley et al., 2000], which both alreadyincorporatedCHAMP data.
TheprocessingstrategiesandthePODsoftwarepackagesusedat theindividual LEO centers,however,
differ considerably. Below we provide informationaboutthe key elementsof thePODmethodologies
(if available),andin addition,we refer to newer andnewestdevelopmentswith respectto LEO orbit
determinationat theseinstitutions.Our solutions,labeledAIUB, aredescribedin full detail, including
the“secrets”of an“optimal” tuning.

�áàãâ ®
LEO orbit determinationat theAstronomicalInstituteof theUniversityof Bern(AIUB) hasbeenper-
formedwithin adevelopmentenvironmentof theBerneseGPSSoftware[Dach etal., 2007].Theexten-
sionsdiscussedin this work have beenimplementedin this version,andwill beusedin thenearfuture
for the official PreciseScienceOrbit (PSO)determinationof ESA’s upcomingGOCEsatellitein the
framework of theHigh-level ProcessingFacility (HPF),seeChapter2. It is importantto acknowledge
that majorpartsof the LEO implementationshave beencarriedout aswell by thescienceteamof the
Institutefor AstronomicalandPhysicalGeodesy(IAPG) at theTechnicalUniversityof Munich(TUM),
in particularby DraženŠvehla.Theircooperationandsupportwasessentialfor thesuccessof ourwork.

The reduced-dynamic24h solutionscomputedfor the CHAMP orbit comparisoncampaignaresolely
basedon GPScarrierphaseobservationswith a samplingof 30s. TheGPSpseudo-rangeobservations
areonly usedfor synchronizationpurposes.Datascreeningandprocessingfollows the schemesde-
scribedin Sects.7.5 and7.6, andrelieson equallyweightedphaseobservationsfrom all in view GPS
satellitesabove 0é elevation. Full useis madeof theorbit andhigh-rateclock solutionsfrom CODEas
summarizedin Sects.7.1 and7.2, andof attitudedatafrom GFZ. The gravity field modelEIGEN-1S,
but no non-gravitational models,areusedfor the pseudo-stochasticCHAMP orbit modelingbasedon
piecewiseconstantaccelerations,seeSect.5.3.
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Figure7.9:PostfitRMS errorsof theionosphere-freephaseresiduals(scaledto
³ È ) on DOY 141,2001

plottedasa functionof theconstraintsappliedto piecewiseconstantaccelerationsor pulses
which aresetup every six minutesfor reduced-dynamicPOD(left). Formalerrorsof postfit
orbit positionsasa functionof time for differentsolutions(a),(b), (c), and(d) (right).

Thesettingsof thepseudo-stochasticmodelingsuchasthenumberandapriori standarddeviationsof the
estimatedparametersareoptionswhichmaybevaried.It is to someextenttheanalyst’s responsibilityto
select“reasonable”settingsfor thepseudo-stochasticmodelingof aLEO trajectory. Thischoicemaybe
completelydifferentfor differentLEOs,reasonablydifferentfor thesameLEO if differentapriori force
modelsareused,or slightly differentfor thesameLEO if datafrom differenttimeperiodsareanalyzed.

Figure7.9 (left) shows fitted curves for the postfit RMS errorsof the ionosphere-freephaseresiduals
(scaledto

³ È ) on DOY 141, 2001asa function of the constraintsappliedfor the radial, along-track,
andcross-trackdirection(equalperdirection)for piecewiseconstantaccelerationsor pulsessetupevery
six minutes. The subinterval lengthof six minutesis selectedsomewhat arbitrarily. In principle, it is
a compromisebetweenthe longestperiodof anunmodeleddisturbingaccelerationto betolerated,and
theactualsensitivity of theGPSdatato have accessto suchan acceleration.In practice,thesubinter-
val lengthof six minuteswassimply found to be adequateto model the GPSdatafrom the CHAMP
(andGRACE) satellite(s),becauseappropriatea priori standarddeviationsof thepseudo-stochasticpa-
rametersexist to compute“similar” orbitswhenusingdifferenttypesof pseudo-stochasticparameters.
Section7.8will confirmthisstatement.

Figure7.9(left) showsthattheselectionof theapriori standarddeviationshasasignificantimpactonthe
postfitRMS errorof theGPSdata.Symbolicallyspeaking,thecurvesreflectperpendiculartransections
to the(# Par.) axisin Fig. 5.2. ThepostfitRMS errorsin theupper-left-handcornerof Fig. 7.9(left) are
theresultof adynamicorbit determination,wherebothtypesof pseudo-stochasticparametersareheavily
constrainedto zerowith very small a priori standarddeviations. In contrast,the postfitRMS errorsin
thelower-right-handcornerresultif a“kinematic-like” reduced-dynamicorbit is determined,whereboth
typesof pseudo-stochasticparametersareestimatedfreely with very largea priori standarddeviations.
Theareain-betweenrepresentsthekind of reduced-dynamicPODwhich will usuallybeperformedin
this work to obtainhigh-qualitytrajectories.Notethattheshift betweenthetwo curvesis a resultof the
differentunitsof piecewiseconstantaccelerationsandpulses;it is not causedby a differentresponseto
theconstraining.
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7 CHAMP andGRACEOrbit DeterminationUsingUndifferencedGPSData

Thesizeof thepostfitRMSerrorsof thedynamicsolutionsin theupper-left-handcornerindicatesthatthe
dynamicmodelsareinsufficient to modeltheGPSobservations.This is mainlycausedby notmodeling
thenon-gravitationalforcesin theorbit determination,whichshallbeabsorbedby thepseudo-stochastic
orbit parameters.Therefore,it is necessaryto selectmuchlargerapriori standarddeviationsfor thesolu-
tionsdiscussedin thefollowing, e.g., å ¥hæ Ðvç~è m/sÊ for thesolution(a),

æé¥¨æ Ðvç~è m/sÊ for thesolution(b),å ¥væ Ð ç~ê m/sÊ for thesolution(c), and
æë¥­æ Ð ç~ê m/sÊ for thesolution(d). It canberecognizedin Fig. 7.9

(left) that all of thesefour valuesarecloseto the kinematic-like reduced-dynamicorbit solutions,as
thepseudo-stochasticorbit parametershave to beableto absorbratherlarge accelerations,suchasthe
unmodeledair drag in the along-trackdirection. Oneshouldkeepin mind, however, that the marked
solutionsaswell asthe kinematic-like reduced-dynamicorbit solutionsin the lower-right-handcorner
still differ significantlyfrom akinematicsolution,becauseof thesubinterval lengthof six minutes.

Figure7.9 (left) shows thatbetterpostfitRMS errorsoccurfor larger a priori standarddeviations. The
samestatementis true if the numberof pseudo-stochasticparametersis increased.This does,how-
ever, not necessarilyindicatea betterquality of the estimatedorbits, becausethey might be “over-
parametrized”.This might easilyoccur if oneestimatestoo many pseudo-stochasticorbit parameters
with too large a priori standarddeviations. In order to avoid “over-parametrization”, a betterquality
indicatoris needed,suchasthe formal accuraciesof the orbit positionsin the radial, along-track,and
cross-trackdirections.They arecomputedfrom thecovariancematrix of the estimatedparametersac-
cordingto thegenerallaw of errorpropagation(4.32). Besidesthescalingwith theestimatedstandard
deviation of unit weight,they couldbecomputeda priori asthey only dependon thecompleteobserva-
tion scenario,but noton theactualobservations.

Figure7.9(right) shows theformalaccuracies(3-D) of theorbit positionsonDOY 141,2001asa func-
tion of time for thefour acceleration-basedsolutionsmarked in Fig. 7.9 (left). A few commonpatterns
maybeimmediatelyrecognized,e.g.,thelessaccuratepositionsat thearcboundariesaswell asaround
02:53:00and09:35:00. The boundaryeffectshave to be expectedbecausethe orbital positionsat the
arcboundariesarelessconstrainedby theobservationsin a least-squaresestimation.A first indication
for this factwasalreadyfoundin Fig. 6.5by comparinga completeleast-squaressolutionwith different
filter solutions.The lessaccuratepositionsaround02:53:00and09:35:00,however, maybeattributed
to many marked observationsby the GPSdatascreeningandto a lessfavorableobservation scenario
includinga datagap,respectively. Both situationsaregovernedby a strongreductionof useableGPS
observations,which is reflectedin the formal accuraciesof theorbit positions.BecausetheBlackJack
receiver wasableto trackonly up to 8 satellitesat that time, a few missingsatellitesmayconsiderably
influencethe quality of the orbit positionseven for reduced-dynamicPOD. It canbe recognizedthat
the“most” kinematicsolution(a) suffersmostfrom theunfavorableobservationscenarios,whereasthe
“most” dynamicsolution(d) is lessaffectedand,e.g.,almostignorestheoutagearound09:35:00which
lastsonly for 8min. Moreover, it canberecognizedthat the formal positionaccuraciesof solution(d)
exhibit a muchsmoothertime behavior thanthoseof thesolution(a). This is a characteristicof thedy-
namicmodels,whichpreventa“more” dynamictrajectoryto bechangedasmuchasa“more” kinematic
orbit by individualobservations.

Figure7.9 (right) shows thatneitherthesolution(a) nor thesolution(d) exhibit the lowestlevel in the
formalaccuraciesof theorbit positions.Accordingto Fig. 7.9(right), it is thesolution(c) for which the
CHAMP orbit is determinedmostpreciselyon DOY 141,2001.Thesameperformanceis observed for
theotherdaysof theCHAMP orbit comparisoncampaign(DOY 140–150,2001)whenusingthesame
constraintsin theradial,along-track,andcross-trackdirection. This typeof solutionwasgivenprefer-
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enceamongvariousotherCHAMP orbit solutionsbasedon 6-minutepiecewiseconstantaccelerations,
andwassubmittedasthe“optimal” solutionto theCHAMP orbit comparisoncampaign.The“optimal”
settings,however, mightbedifferentfor CHAMP datafrom adifferenttimeperiod,e.g.,dueto upgrades
in thereceiver firmware,andshouldbechecked from time to time. Moreover, oneshouldkeepin mind
thata furtherfine-tuningof thepseudo-stochasticorbit modelingis still possible,if differentconstraints
areappliedto thepiecewiseconstantaccelerationsin theradial,along-track,andcross-trackdirections.
This would muchbettercharacterizethe differentamplitudesof the perturbingaccelerationsthat are
presentin thesedirections.

It shouldalsobementionedthatthealong-trackcomponentexhibitsthelargestformaluncertaintiesof all
of thefour solutionsdiscussed.Thishasto beexpectedfor reduced-dynamictrajectories,andillustrates
(oncemore)thateventhe“most” kinematicsolution(a)significantlydiffersfrom akinematicorbitwhere
theradialcomponentis determinedweakly. Additional informationabouttheorbit solutions,including
avalidationwith independentSLRobservations,maybefoundin [Jäggi etal., 2005b].

ì âîí
LEO orbit determinationat the TechnicalUniversityof Munich (TUM) is alsoperformedwithin a de-
velopmentenvironmentof the BerneseGPSSoftware, becausemajor partsof the LEO implementa-
tions have beencarriedout aswell by the scienceteamfrom the Institutefor AstronomicalandPhys-
ical Geodesy(IAPG). Apart from their commoninterestin reduced-dynamicorbit determination,e.g.,
[Švehlaand Rothacher, 2002] and [Švehlaand Rothacher, 2003b], their researchfocuseson the de-
terminationandpromotionof precisekinematicLEO positionsfor gravity field recovery, see[Švehla
and Rothacher, 2003a],[Švehlaand Rothacher, 2003c], [Švehlaand Rothacher, 2004a],[Švehlaand
Rothacher, 2004b],and [Švehlaand Rothacher, 2005a]. The successfulapplicationof kinematicor-
bits for gravity field recovery basedon kinematicorbits is well documentedby [Gerlach et al., 2003c],
[Földváry et al., 2004],and[Wermuthetal., 2004].

The reduced-dynamic24h solutionscomputedfor the CHAMP orbit comparisoncampaignaresolely
basedon doublydifferencedGPScarrierphaseobservationswith a samplingof 30s. TheGPSpseudo-
rangeobservationsareonly usedfor synchronizationpurposes.The GPSfinal orbits from CODEand
theattitudedatafrom GFZ areusedasthenecessaryexternalsourcesfor POD.Reduced-dynamicorbit
determinationbasedonpulsesat6-minuteintervalsis performedwith theEIGEN-1Sgravity field model.

ïñðkò i
LEO orbit determinationat the Departmentof EarthObservation andSatellitesystems(DEOS)of the
TechnicalUniversityof Delft is performedwith theGEODYN [Rowlandset al., 1995]or theGPSHigh
precisionOrbit determinationSoftwareTools(GHOST),e.g.,[vanHelleputte, 2004]. Apart from their
commoninterestin reduced-dynamicorbit determination[van den IJsselet al., 2003], their research
focuseson GPS-basedaccelerometry, [vandenIJsselandVisser, 2005]and[vandenIJsselandVisser,
2007],andon theexploitationof theformationflying GRACEconstellation[Kroes, 2006].

Thereduced-dynamic30h solutionscomputedfor theCHAMP orbit comparisoncampaignarebasedon
triply differencedGPScarrierphaseobservationswith asamplingof 30s betweentheCHAMP satellite
anda groundnetwork of about40GPSstations[vandenIJsselet al., 2003],andarecomputedwith the
GEODYN software. TheGPSpseudo-rangeobservationsareonly usedfor synchronizationandfor the
screeningof theundifferencedGPSobservationswith theMelbourne-Ẅubbenalinearcombination.The
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GPSfinal orbitsfrom IGS andtheattitudedatafrom GFZareusedasthenecessaryexternalsourcesfor
POD.Reduced-dynamicorbit determinationbasedon piecewise constantaccelerationsover 20min is
performedwith theEIGEN-1Sgravity field modelandmodelsfor non-gravitationalaccelerations.

óTiéx
LEO orbit determinationat theCenterfor SpaceResearch(CSR)of theUniversityof Texasat Austin is
performedwith theMulti SatelliteOrbit DeterminationProgram(MSODP).Latestresultsachievedwith
thissoftwarepackagefor GRACEorbit determinationmaybefoundin [Kangetal., 2006].

The reduced-dynamic30h solutionscomputedfor the CHAMP orbit comparisoncampaignarebased
on doublydifferencedGPSpseudo-rangeandcarrierphaseobservationsbetweentheCHAMP satellite
and a groundnetwork of about50 GPSstations[Rim et al., 2002]. The GPSfinal orbits from IGS
andtheattitudedatafrom GFZ areusedasthenecessaryexternalsourcesfor POD.Reduced-dynamic
orbit determinationbasedon once-per-revolution accelerationsestimatedevery 48 minutesand drag
coefficientsestimatedevery90minutesis performedwith theTEG-4gravity field modelandmodelsfor
non-gravitationalaccelerations.

ôyõRö
LEO orbit determinationat theGeoForschungsZentrum(GFZ)Potsdamis performedwith theEarthPa-
rameter& Orbit System(EPOS)software,e.g.,[Angermannet al., 1997]. A selectionof recentresults
for CHAMP orbit determinationwith this softwarepackagemaybe foundin [König et al., 2004]. Ad-
vancedstudiesoncombiningGPStrackingdatafrom groundstationandLEO receiversmaybefoundin
[Zhuet al., 2004]and[Königetal., 2005].

Thereduced-dynamicsolutionsof therapidscienceorbits(RSO)computedfor theCHAMP orbit com-
parisoncampaignarebasedon undifferencedCHAMP GPSpseudo-rangeandcarrierphasedata.They
consistof two overlapping14h arcsper day. The GPSorbit positionsandhigh-rateclock corrections
neededfor undifferencedLEO PODarederivedin aseparatestepprior to LEO orbit determinationwith-
out makinguseof theIGS coreproducts.Thereduced-dynamicLEO orbit determinationis performed
with the EIGEN-1Sgravity field modelandattitudedata. Detailsaboutthe orbit parametrizationare,
unfortunately, notknown to us.

ôyx÷ôëi
LEO orbit determinationat theGroupedeRecherchesdeGéod́esieSpatiale(GRGS)of theCentreNa-
tional d’EtudesSpatiales(CNES)is performedwith theGINS softwarepackage,which wasdeveloped
at GRGS/CNES.Early resultsof CHAMP orbit determinationwith this softwarepackagemaybefound
in [Bruinsmaetal., 2003].

Thereduced-dynamicsolutionsof therapidscienceorbits(RSO)computedfor theCHAMP orbit com-
parisoncampaignarebasedon undifferencedCHAMP GPSpseudo-rangeandcarrierphasedata. The
IGS GPSfinal orbits,thehigh-rateGPSclock correctionsfrom CODE,andtheattitudedatafrom GFZ
areusedasthenecessaryexternalsourcesfor POD.Detailsof thereduced-dynamicLEO orbit determi-
nationare,unfortunately, notknown to us.
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Table7.3:RMS(cm)of thenormof thedifferencebetweenorbitsfrom severalIGSLEO centers.

Satellite DEOS AIUB TUM JPL CSR GRGS GFZ NCL

DEOS *
AIUB 6.85 *
TUM 7.67 5.33 *
JPL 9.63 10.45 10.71 *
CSR 8.22 9.52 10.43 8.94 *

GRGS 9.10 9.33 9.82 10.96 10.57 *
GFZ 9.11 10.09 10.09 9.91 10.86 11.48 *
NCL 9.96 10.86 11.39 8.44 8.59 11.75 11.07 *

øÅù s
LEO orbit determinationat theJetPropulsionLaboratory(JPL)is performedwith theGIPSY/OASISII
softwarepackage.

The 30h solutionscomputedfor the CHAMP orbit comparisoncampaignarebasedon undifferenced
GPSpseudo-rangeandcarrierphaseobservations.TheneededGPSsatellitehigh-rateclock corrections
arederivedin aseparatestepfrom theJPLorbit andclockproductsfor theIGS.TheLEO orbit determi-
nationis basedon a two-stepmethod,whereanorbit basedon a few dynamicparametersis determined
first. Basedonthisdynamicsolution,areduced-dynamicfiltering is performedby introducingstochastic
accelerationsinto theorbit determinationprocess.

ú óûs
LEO orbit determinationat theSchoolof Civil EngineeringandGeosciencesat theUniversityof New-
castleuponTyneis performedwith theGIPSY/OASISII softwarepackage.

The13.5h solutionscomputedfor theCHAMP orbit comparisoncampaignarebasedon undifferenced
GPSpseudo-rangeandcarrierphaseobservations.Similarto theJPLsolutionstrategy, atwo-stepmethod
basedondynamicPOD(TEG-4gravity field model)with additionaliterationsbasedonstochasticaccel-
erationsis applied.TheGPSsatelliteorbitsandthehigh-rateclockcorrectionsfrom JPLareused.
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The ultimategoal of the CHAMP orbit comparisoncampaignwasto estimatethe 3-D orbit error for
eachof the submissions,i.e., to estimatethe RMS ��� of the norm of the differencevectorbetweena
CHAMP trajectorycomputedby theIGSLEO center“ � ” andthetrueCHAMP orbit. As thiserroris not
directlyaccessible,it mustbeinferredfrom theentiresetof availablesubmissions,possiblyby including
otheravailable information. Table7.3 summarizesthe RMS ����� of the norm of the differencevector
betweenorbit solutionsfrom the different IGS LEO centersfor the eleven-dayperiodof the CHAMP
orbit comparisoncampaign.ThesmallestRMS,5.33cm,is foundbetweenTUM andAIUB. Thelargest
RMS,11.75cm,resultedbetweenNCL andGRGS.

Wehave a numberof RMSvaluesrelatedto thedifferencesbetweenindividual CHAMP orbit solutions
at our disposal.If we assumethat theindividual solutionsareindependent,eachRMS ����� of Table7.3

maybewritten as ¿�� Ê� Ô � Ê� Á äê , where ��� and ��� denotetheunknown RMS errorsof theorbit solutions
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7 CHAMP andGRACEOrbit DeterminationUsingUndifferencedGPSData

Table7.4:SLRvalidation(cm) for orbitsfrom differentIGSLEO centers.

Satellite RMS MEAN SIGMA Dateof submission

AIUB 3.00 0.93 2.86 Feb. 2004
CSR 3.12 0.17 3.11 Jan.2002

DEOS 3.59 1.30 3.35 Jun.2002
TUM 3.67 1.77 3.22 Feb. 2003
GRGS 3.97 1.66 3.60 Sep.2002
GFZ 4.62 0.76 4.56 Sep.2002
NCL 4.83 1.31 4.65 2002
JPL 4.92 2.42 4.28 2002

from thecenters“ � ” and“ 	 ”, respectively. Expressedasvariances,therelationship� Ê��� Î
� Ê� Ô � Ê� is
linearandcouldthusbeusedto adjustthe8 individual RMS valuesin the least-squaressensefrom the
28pair-wiseRMSvaluesfrom Table7.3.Thedescriptionof theindividualsolutions,however, indicates
that the solutionsare in generalnot independent.The very small RMS valueresultingfor TUM and
AIUB, e.g., indicatesthat their orbit solutionsarehighly correlatedasboth institutionsusethe same
PODsoftware. A similar underestimationhasto beexpectedif thesamesystematicerrorsarepresent
in two or moresolutions. The RMS errorsfrom Table7.3 thereforeestimatea lower limit of the true
pair-wiseorbit errors.

©«ª­©«ª�� ³�
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The individual submissionsto theCHAMP orbit comparisoncampaignareall derived from GPSdata.
Theanalysisof SLRresiduals(seeSect.7.6.2)thusprovidesanindependentvalidationof thequalityof
eachorbit solution.Therefore,theSLRvalidationwastakeninto accountfor theCHAMP orbit compar-
isoncampaignto derive theorbit quality not only from thepair-wiseorbit comparisonresultsshown in
Sect.7.7.2,but (mainly) from theSLR validationin orderto provide morereliableestimatesof the3-D
orbit quality.

1716differencesof computedandobservedrangesbetweentheCHAMP satelliteandtheSLRobserva-
toriescould be formedfor the 11-dayperiodof the CHAMP orbit comparisoncampaign.TheseSLR
residualswerecomputedwithout theestimationof any additionalparameterslike rangeor time biases.
Despitetheratherlargenumberof collectedSLRobservationsduringthe11-dayperiod,thedistribution
of the availableSLR observationsin spaceandtime is still very sparse.The 1716SLR residualsare
momentarysnapshotsof theprojectionof thetotal orbit erroronto the line-of-sightvectorbetweenthe
SLRobservatoryandthesatellite.

Table7.4 shows thevalidationresultsfor theeightbestsubmissions.ThesmallestRMS of 3.00cm is
found for AIUB, the largestRMS with 4.92cm resultedfor JPL.Despitethegoodresultsfor all eight
solutions,it mustbepointedout thatmorerecentsubmissions,e.g.,from JPL,might bebetterthanthe
availablesolutions.This is alsothereasonwhy only eightof a totalof thirteensolutionsaregivenin the
tablesof theseparagraphs;othersolutionsdonot fully reflectthepotentialof reduced-dynamicCHAMP
PODwith GPSdata.

Table7.4separatestheSLR RMS for theeightsubmissionsinto a meanoffsetanda standarddeviation
aroundthemean.It is striking thatall solutionsshow a positive SLR offset,evenif thescatterbetween
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7.7 CHAMP Orbit ComparisonCampaign

Table7.5:Pair-wiseRMS (cm) of SLR residualsbetweendifferentIGS LEO centers(top triangle)and
ratiosof RMSerrorsfrom Table7.3andfrom this Table(bottomtriangle).

Satellite AIUB CSR DEOS TUM GRGS GFZ NCL JPL

AIUB * 4.33 4.68 4.75 4.97 5.51 5.69 5.76
CSR 2.20 * 4.76 4.82 5.04 5.57 5.75 5.82

DEOS 1.46 1.73 * 5.14 5.35 5.85 6.02 6.09
TUM 1.12 2.17 1.49 * 5.41 5.90 6.07 6.14
GRGS 1.88 2.10 1.70 1.82 * 6.09 6.25 6.32
GFZS 1.83 1.95 1.56 1.71 1.87 * 6.68 6.75
NCL 1.91 1.50 1.66 1.88 1.88 1.66 * 6.89
JPL 1.81 1.54 1.58 1.75 1.74 1.47 1.23 *

the individual solutionsis ratherlarge. By far the smallestmeanvaluecanbe foundwith 0.17cm for
theCSRsubmission.This might bedueto thefact thatCSRsolvesfor a daily center-of-mass� Û -offset
parametertogetherwith theotherorbit parameterswithin thePODprocess.Sucha parameteraccounts
for apossiblywrongoffsetof theGPSantennaphasecenter, whichwouldcauseanalmostperfectradial
orbital errorastheCHAMP satelliteis well alignedto thenominalattitude(seeFig. 7.2). A radialorbit
errormapsinto theSLR residualsandshows up mainly asanoffset. As CSRis theonly centersolving
for a � Û -offsetwithin theirPODprocess,theobservedSLRoffsetsin Table7.4are,if atall, rathercaused
by anerroneousGPSphasecenteroffsetthanby anerroneousSLRphasecenteroffset,whichwouldaf-
fect all submissionsin thesameway. ConcerningtheSLR offsetof 0.93cm for theAIUB submission,
it will beshown in Sect.7.8.2thatno significantoffsetcanbedetectedover longertime spans.Eleven
daysthusseemto betooshortto draw firm conclusionsaboutwrongsensoroffsets.

In orderto correlatethepair-wiseRMSorbit errorsfrom Table7.3with theindividualRMSerrorsof the
SLRresidualsfrom Table7.4,pair-wiseSLRRMSvaluescanbecomputedfrom thevaluesprovidedin
Table7.4, assumingthat the individual contributionsareindependent.Table7.5 (top triangle)summa-
rizesthesepair-wiseSLRRMSvalues,aswell astheratios(bottomtriangle)betweenthepair-wiseorbit
errorsignalfrom Table7.3andthepair-wiseRMSof SLRresiduals.Theratiosin thebottomtriangleare
well suitedto recognizedependenciesbetweenindividual solutions,which is thecaseif thecomparison
for a singlecentershows a significantdifferencefrom comparisonswith theothersolutions.Theratios
of 1.12for thepair AIUB+TUM and1.23for thepair NCL+JPLsuggest,e.g.,correlationsinducedby
theuseof thesamePODsoftware.

A “proper” eliminationof suchoutliersyields57ratios(stemmingalsofrom 4 LEO centersnot listedin
thetables)which wereacceptablefor thecomputationof a meanratio of 1.81with a standarddeviation
of 0.16.[Boomkamp, 2003]showedthatthemeanvalueof theacceptedratiosfrom Table7.5(indicated
by non-italics)is identical to the ratio for singleorbit results,which is the single-solutionorbit error
dividedby thesingle-solutionRMSof theSLRresiduals.As thesameis truefor thestandarddeviation,
theabsoluteorbit errormaybeestimatedby theempiricalrelation

RMSorbit ÎÈ¿ æ����|æ�� Ð �Oæ�� Á ¥ RMSSLR
�

(7.11)

Table7.6shows theindividual orbit errorestimateswith their errorsaccordingto relation(7.11)for the
solutionsof theCHAMP orbit comparisoncampaign.Therankingof theindividualsolutionsis uniquely
determinedby theSLRvalidationresultsfrom Table7.4. It shouldbementionedthat[Boomkamp, 2003]
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7 CHAMP andGRACEOrbit DeterminationUsingUndifferencedGPSData

Table7.6:3-D orbit errorestimates(cm) for orbitsfrom differentIGSLEO centers.

Satellite RMS SIGMA

AIUB 5.45 0.48
CSR 5.65 0.50

DEOS 6.52 0.58
TUM 6.67 0.59
GRGS 7.20 0.64
GFZ 8.38 0.74
NCL 8.76 0.77
JPL 8.93 0.79

foundameanratioof 1.52with astandarddeviationof 0.18in ananalysisof earliersubmissions,which
is closerto � � andnot to � � asthevalueof 1.81from [Boomkamp, 2004]usedin thissection.

©«ª­©«ª�� µ�W[ß��~Û¾ß¨ß¨W[_ÕÁ
Theassessmentof theabsoluteorbit errors,i.e., thedeterminationof theratiosbetweenthepair-wiseor-
bit errorsandthepair-wiseSLRerrorsis not freefrom assumptions[Boomkamp, 2001].Let ustherefore
briefly discusssomeof thecentralissues.

As mentionedin thepreviousparagraph,several ratiosfrom Table7.5 (bottomtriangle)wereexcluded
in orderto justify to someextenttheassumptionof independency betweenindividual solutions.This is
probablytheweakestpoint of thatkind of analysis,becausethe individual solutionsarenot at all inde-
pendentanduncorrelated.If all submissionsfrom theLEO centerswere,e.g.,kinematicorbit solutions,
they would tendto beevenmorecorrelatedthanthereduced-dynamicorbit solutions,becauseonly the
GPSdataselectionandmodelingwoulddiffer from solutionto solution.Thepair-wiseorbit errorsfrom
Table7.3 would thusdecrease,even while the actualorbit errorwould increase.Obviously, the ratios
in Table7.5 (bottomtriangle)areaffectedby thePODstrategy aswell andneednot to beequal,which
questionsthecomputationof onemeanratio. Individual errorsourcesin oneof thesolutions,e.g.,are
evenlydistributedto theerrorestimatesof all solutionsif onemeanratio is computed.

Theabove mentionedpointsillustratesomeof thedifficultieswhich limit our ability to reliably assess
the3-D orbitalerrorsof theindividual submissionsto theCHAMP orbit comparisoncampaign.êâë�� ÎÐÏÐÑ�ÒÔÓ ô�õWö�ïñðø÷�ù ð ùPõ�úûïNî¤òÉð ï�üiî! Åïñð#" í2úñð¤õ�üèòÙù ó%$ Ó'&)( õ�ò+*-,sïNîTØ
This sectionpresentsCHAMP orbit determinationresultsobtainedwith GPSdatacollectedafter the
receiver firmwareupdateon DOY 064,2002. On that day theGPSBlackJackreceiver wasenabledto
simultaneouslytrackup to ten GPSsatellites(seeSect.2.3.2). In orderto studypossibleimplications
on thesettingsandresultsof pseudo-stochasticorbit modeling,a time periodof 201daysbeginningon
March1, 2002(DOY 060to 260)hasbeenselectedfor processing.Thefirst five daysat thebeginning
wereintendedto visualizedifferentorbit qualitiesbeforeandafterDOY 064,if they shouldexist. The
gravity field modelEIGEN-2wasusedfor theprocessingasit representedthestate-of-the-artCHAMP-
only gravity field modelat thattime.
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7.8 CHAMP Orbit Determinationwith ImprovedGPSTracking

6

8

10

12

14

0 5 10 15 20

F
or

m
al

 p
os

it
io

n 
er

ro
r 

(m
m

)

ä

Time (hours)

(a)
(b)
(c)

2

4

6

8

10

12

14

0 5 10 15 20

N
o.

 o
f 

sa
te

lli
te

s.

Time (hours)

Figure7.10:Formalerrorsof postfitorbit positionsonDOY 198,2002asa functionof timefor different
solutions(a),(b),and(c) (left). Variationsof thenumberof usedGPSsatellitesandoverlaid
variationsof theformalpositionerrorsof thesolution(b) (right).
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It hasbeendiscussedin the context of the CHAMP orbit comparisoncampaignin Sect.7.7 how the
“best” processingoptionswerefound for the CHAMP 2001dataset,andthat they shouldbe checked
eachtime whena new setof spaceborneGPSdatais analyzed.Thefollowing paragraphsreview these
optionsfor oneselectedweekof GPSdata(DOY 195–201,2002)within the newly analyzeddataset.
They illustrate that changesin the subinterval lengthsandthe a priori standarddeviationsof pseudo-
stochasticparametersmay have, within certainlimits, almostthe sameimpacton the orbit positions.
Thesamestatementis alsotruefor thedifferenttypesof pseudo-stochasticparameters,providedthatthe
lengthof thesubintervals is shortenough.

;<;=; ��ù w�pq�vw�pkiZl�j|{°±Åj­w�± ï n?>­pqj­l pq�~{|u
Figure7.10(left) showstheformalaccuracies(3-D) of theorbit positionsachievedonDOY 198,2002as
a functionof time for threeout of thefour 6-minuteacceleration-basedsolutionsdefinedin Sect.7.7.1.
Thescaleof Fig. 7.10(left) indicatesthattheaccuraciesaregenerallybetterthanthoseshown in Fig. 7.9
(right) for DOY 141,2001. Insteadof 12.2mm we now observe a meanlevel of 8.3mm. The reason
for this improvementmayprobablybeattributedto theimprovedtrackingperformanceof theCHAMP
BlackJackreceiver, causedby the firmwareupdate. Anotherpieceof evidencefor this conclusionis
givenby thesolution(a)whichnow hasformalaccuraciescomparableto theothersolutions(whichwas
not thecaseonDOY 141,2001,seeFig. 7.9(right)). Becausesolution(a) is the“most” kinematicsolu-
tion, it benefitsmostfrom thebetterreceiver performanceasit is nicely reflectedby theformalposition
accuracies.

Figure7.10(right) shows thecorrelationbetweenthenumberof simultaneouslyobservedGPSsatellites
andtheformalpositionaccuracy. Thepositionerrorsoftentendto belargerwhenonly afew GPSobser-
vationsareavailable,andvice-versa,see,e.g.,around09:30:00and13:00:00.Keepin mind, however,
that thereis no one-to-onecorrelation,becauseother factorssuchas the viewing geometryinfluence
formalpositionerrorsaswell.

Figure7.10(left) shows that it is no longersolution(c) having thelowestlevel in theformal accuracies
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Figure7.11:Along-trackdifferenceson DOY 198,2002betweenanorbit basedon piecewise constant
accelerationsandorbitsbasedonpulsesandpiecewiselinearaccelerations,respectively.

of theorbit positions(asit wasfound for the time periodof theCHAMP orbit comparisoncampaign).
Solution(b) now shows thebestperformance,which is alsothecasefor theentireGPSweek1175.As
theconstraintswere

æé¥¨æ Ðvç~è m/sÊ for solution(b) and å ¥^æ Ðvç~ê m/sÊ for solution(c), our resultfavorsthe
“more” kinematicsolutions,possiblydueto the improvedGPStracking.An orbit comparisonbetween
thesolutions(b) and(c) onDOY 198shows,however, thatthedifferencesbetweenthetwo solutionsare
notdramatic(with a3-D RMSerrorof 7.9mm).
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Figure7.11zoomsonaspecifictimeinterval includingthefirst threehoursof DOY 198,2002,andshows
thealong-trackdifferencesbetweena 6-minutepulse-basedorbit with respectto solution(b), which is
basedon 6-minutepiecewiseconstantaccelerations.In addition,thedifferencesbetweenanorbit based
on 6-minutepiecewise linearaccelerationsandsolution(b) aredisplayed.Thescaleof Fig. 7.11indi-
catesthatthedifferencesinducedby thedifferentkindsof pseudo-stochasticorbit modelsaremarginal,
provided that thesubinterval lengthof theunderlyingparametersarenot too long andthat thea priori
standarddeviationsarechosen“most” appropriately. Thelatterissueis of particularimportanceasshown
in thepreviousparagraph.Figure7.11illustratesthatfrom thepointof view of orbit (position)modeling
thereis no significantgain to beexpectedwhenusingmorerefinedpseudo-stochasticparameters,e.g.,
piecewiselinearaccelerationsinsteadof piecewiseconstantaccelerations.Eventhedifferencesbetween
thepulseandtheaccelerationsolutionarevery small,althoughtheeffect of the instantaneousvelocity
changescanbe well observed assharppeaksat the pulseepochsevery 6min. Figure7.11givesone
importantreasonfor selectingpiecewiseconstantaccelerationsfor mostof theapplicationsdiscussedin
this work: they avoid “unphysical”phenomenain theorbits,but areeasierto usethanpiecewise linear
accelerations.

Figure7.12 shows the formal accuracies(3-D) of the orbit positions(left) andorbit velocities(right)
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Figure7.12:Formalerrorsof postfitorbit positions(left) andorbit velocities(right) on DOY 198,2002
asa functionof timefor pulses,piecewiseconstant,andpiecewiselinearaccelerations.The
bottomrow shows detailsfor a two-hourinterval of thetoprow.

obtainedfor the almostidenticalorbit solutionsdisplayedin Fig. 7.11. The formal positionerrorsin
Fig. 7.12(left) underlinethealmostidenticalqualitiesof theestimatedpositions.Only thezoomreveals
the sharppeaksfrom Fig. 7.11 for the pulse-basedsolution. It is interestingthat piecewise constant
accelerationsshow anoppositebehavior with aslightly lower qualityaroundthemiddleof thesubinter-
vals,whereastheformalaccuraciesfor piecewiselinearaccelerationsarealmostfreefrom intra-interval
excursions.

As expected,the differencesbetweenthe pseudo-stochasticorbit modelsbecomemorepronouncedat
the velocity level. Figure7.12 (right) shows a high-frequency patternwith sizeableamplitude,which
however, cannotbeseparatedfrom theothercurvesin thefigurefor theentireday, but thedetailedview
nicely resolves the differentpatternsandassignsthemto the threepseudo-stochasticorbit models. It
canbeseenthat theorbital velocitiesderived from thepulsesolutionareformally determinedwith the
lowestaccuracy, followedby thevelocitiesderivedfrom piecewiseconstantandpiecewise linearaccel-
erations.Apart from the (expected)discontinuitiesat the interval boundaries,the formal accuraciesof
thepulse-basedvelocitiesdo not show very largevariations.A similarly smallvariationis observedas
well for the solutionbasedon piecewise linearaccelerations.In contrast,thesolutionbasedon piece-
wiseconstantaccelerationsshows very pronouncedintra-interval oscillationsbetweenthequality level
of orbitalvelocitiesderivedwith pulsesandorbitalvelocitiesderivedwith piecewiselinearaccelerations.
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Figure7.13:Daily SLRRMSerrorsfor GPSweek1175for reduced-dynamicorbitsbasedondifferently
constrainedpulses(left) or piecewiseconstantaccelerations(right). SolutionIDs with and
withoutprimesindicatesubinterval lengthsof 15and6 minutes,respectively.

ComparingFig. 7.12(right) and(left) shows thatpiecewiseconstantaccelerationsactlike pulseson the
velocity level.
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For any givensubinterval lengthof pseudo-stochasticparameters,it is ratherstraightforward to find the
“optimal” a priori standarddeviationsusingthecriteriaoutlinedin theprevioussections.Theselection
of thesubinterval lengthitself, however, is arbitraryto acertainextent.Throughoutthiswork, anominal
subinterval lengthof six minuteshasbeenadopted,which is a compromisebetweenthecomputational
effort andthecapabilityto resolve short-termperturbations.Figure7.11showed,moreover, thatalmost
identicalorbits canbe obtainedwith differentpseudo-stochasticparametrizationsbasedon six minute
time intervals. This is onemorereasonto selectthe rathershorttime intervals, althoughmorerefined
parametrizationssuchaspiecewiselinearaccelerationscouldcopeaswell with muchlongersubinterval
lengths.

Figure7.13shows thedaily SLR RMS errors(DOY 195–201,2002)for CHAMP orbit solutionsbased
onpulses(left) andpiecewiseconstantaccelerations(right), whenusingdifferentapriori standarddevi-
ationsandsubinterval lengths.Thea priori standarddeviationsfor thepiecewiseconstantaccelerations
are å ¥mæ Ðvç~è m/sÊ for solution(a),

æ�¥mæ Ðvç~è m/sÊ for solution(b), and å ¥mæ Ðvç~ê m/sÊ for solution(c). The
apriori standarddeviationsfor thepulsesreadas

æ¦¥�æ Ð ç�O m/sfor solution(A), å ¥�æ Ð ç�P m/sfor solution
(B), and

æû¥|æ Ð ç�P m/sfor solution(C). Thefirst threebars(from left) on eachdayrepresentorbit solu-
tionsbasedon 6min subintervals, thelastthreesolutionsarebasedon 15min subintervals. A screening
thresholdof 0.3m wasusedfor computingtheSLRresiduals.

Thebestperformancewith respectto theSLR residualsis obtainedfor the6-minutesolutions(B) and
(b), respectively, whichwerefoundto beoptimal,aswell, from theanalysisof theformalpositionaccu-
racies.This justifiesourselectioncriteria.Over thesevendays,thesolutions(B) and(b) show analmost
identicaloverall SLR RMS of 3.4cm. In view of the almostidenticalorbits in Fig. 7.11, it hasto be
expectedthattheSLRvalidationis almostthesameaswell.

Whencomparingthefirst threebarswith thelastthreebarsoneachdaywegetthe(correct)impression
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7.8 CHAMP Orbit Determinationwith ImprovedGPSTracking

thatit is sometimesdifficult to decidewhichsubinterval lengthis actuallymoreappropriate.Thisreflects
thedifficulty whenvalidatingmicrowave-basedorbitswith sparseSLR observations.Strictly speaking,
firm conclusionscanbeobtainedonlybyanalyzingmuchlongerresidualseries–whichindeedsupported
ourdecision.

©«ª�/«ªO` ³�
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SatelliteLaserRanging(SLR) is theonly spacegeodetictechniquewhich canprovide an independent
validationof theCHAMPsatelliteorbitsin anabsolutesense.Unfortunately, SLRmeasurementsto LEO
satellitesareusuallysparse,mainly dueto theshortandraretrackingpassesabove the individual SLR
stations.In orderto bestmeetthemostimmediatedataneeds,the ILRS assignspriorities for tracking
specificsatellites.In April 2001,e.g.,CHAMP wasgiventhehighesttrackingpriority amongall target
satellites[Pearlmanet al., 2002], which significantlycontributed to the successfulconductionof the
CHAMP orbit comparisoncampaignonemonthlater. Despiteall theseefforts, CHAMP SLR observa-
tionsusuallyremainsparse.

For theSLRvalidationof ourCHAMP reduced-dynamicorbits,weusedall availableSLRobservations
of CHAMP for theperiodbetweenDOY 060and260,2002,whichresultedin atotalof 21SLRobserva-
toriesinvolved. In orderto obtainareliablestatistics,werejectedSLRresidualslargerthan0.3m which
reducedthe amountof availabledataby about3%. Suchan outlier eliminationis necessary, because
unrealisticlylargeandobviouslyerroneousnormalpointsmaystill bepresentin theSLRdata.However,
it is clearthatsucha proceduremayalsorejectresidualswhich arenot bad,but large dueto problems
with the orbit determination.In orderto derive a reliableestimateof theorbit quality under“normal”
conditions,we completelyeliminateddaysfrom thecomparisonwhich showedany indicationof anex-
ceptionalbehavior. This conservative approachremovedasmany as20 daysfrom thecomparisondue
to a largevarietyof reasons,includinglarge gapsin theGPSdata,large amountsof GPSobservations
markedasunusableby thescreeningprocedure,orbit maneuvers,missingattitudeinformation,etc.

Figure7.14(left) shows thedaily SLR RMS errorsfor theCHAMP reduced-dynamicorbitsof the“op-
timal” solution(b). Thedaily valuesshow aconsiderablescatterbetween0.63cmand8.45cmfor DOY
76and178,respectively. Bothdaysareextremeinsofar asonly thesmallnumberof 38and67residuals
contributeto thementionedRMSerrors.Thenumberof acceptedSLRresidualsperdayvariesbetween
6 and334. The majority of the errorsis between2 and4cm with a meanvalueof 3.2cm, which is
closeto the3.0cmfoundfor themuchshortertimeperiodof theCHAMP orbit comparisoncampaignin
Sect.7.7.3.

It is interestingthat no significantdifferenceexists betweenthe SLR validation of reduced-dynamic
CHAMPorbitsbeforeandafterDOY 064,2002,whichcanbeseenby lookingattheleft partof Fig.7.14
(left). Unlike to kinematicorbits,whichareverysensitive to thenumberof availableGPSobservations,
thechangedtrackingconditionsdo not significantlyinfluencethequality of thereduced-dynamicorbit
solutions,at leastnot on a level seenby the SLR validation if the solutionsareproperlytuned. This
confirmstherobustnessof thereduced-dynamicsolutions,althoughtheneedto adaptthesettingsof the
pseudo-stochasticorbit parametersreflectsthat thereis, of course,a certainsensitivity to the tracking
conditions.

Figure7.14(right) showsthedailymeanvaluesof theSLRresidualsusedto obtainFig.7.14(left). A few
of thelargeerrorscanbecorrelatedto largeoffsets,e.g.,onDOY 178.Apartfrom theselargevalues,one
fortunatelydoesnot recognize(large)meanvaluesover the201dayperiod,but onegetstheimpression
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Figure7.14:Daily SLR RMS errors (left) and offsets (right) for DOY 060–260,2002 for CHAMP
reduced-dynamicorbitsbasedonpiecewiseconstantaccelerationssetupeverysix minutes.

thatsomesystematicpatternsareoccasionallyvisible in Fig. 7.14(right). Thismightbea reasonfor the
somewhatlargerSLRoffsetfoundin thecontext of theCHAMP orbit comparisoncampaignwhereonly
a limited timespanof elevendayswereanalyzed(seeSect.7.7.3).No attempthasbeenmade,however,
to furtherinvestigatethis issue.
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TheSTAR accelerometeraboardCHAMP directlymeasuresthetotalnon-gravitationalaccelerationact-
ing on thespacecraft(seeSect.7.6.2). Becausethevery precisemeasurementsareband-limitedto the
high-frequency partbetween

æ Ðvç�V to
æ Ðvç È Hz of themeasuredsignal[GrunwaldtandMeehan, 2003],

they needto be calibratedfor the low-frequency part beforebeinguseful for further applications. In
the following, this is achieved by applyingthe calibrationparametersprovided aspart of the Level 2
CHAMP datadistributedby theGFZ.

It is clearthata comparisonof accelerometerdatawith estimatedaccelerationsfrom GPSobservations
is not a strict validation,e.g.,[vandenIJsselandVisser, 2005],becausepseudo-stochasticorbit param-
etersmaycompensatefor any deficienciesin thedynamicmodels,but notonly for thenon-gravitational
partof themodels.Evenif a CHAMP state-of-the-artgravity field modellike EIGEN-2is usedwithout
modelsfor thenon-gravitationalaccelerationsfor thereduced-dynamicorbit determination,onemaynot
hopeto strictly validate“GPSaccelerometry”with accelerometerdata.Nevertheless,accelerometerdata
arethe only independentmeasurementsfor CHAMP, which have the potentialto provide a roughbut
continuousverificationof theestimatedaccelerationsfrom GPS.Obviously, thisalsovalidatestheorbits
to a certainextent.

Figure7.15illustrates,for a specifictime interval of aboutthreeorbital revolutionson DOY 198,2002,
how thealong-track6-minutepiecewiseconstantaccelerations(solution(b)) andthe6-minutepiecewise
linearaccelerationsagreewith themeasuredaccelerationsfromtheSTAR accelerometer. Theaccelerom-
eterbiasandscalewereremovedby applyingthevaluesprovided by theGFZ, which are-3555nm/sÊ
and0.833for the along-trackbiasandscale,respectively. The generallygoodagreementin Fig. 7.15
underlinesthequality of theEIGEN-2gravity field modelfor theCHAMP orbit on this day, which was
not part of thedataperiodusedfor thegenerationof the EIGEN-2model. Apart from the well repro-

108



7.8 CHAMP Orbit Determinationwith ImprovedGPSTracking

-550

-500

-450

-400

-350

-300

-250

-200

-150

-100

-50

0 50 100 150 200 250

A
lo

ng
-t

ra
ck

 p
er

tu
rb

at
io

n 
(n

m
/s

^
2)

W

Time (minutes)

measured
constant

linear

Figure7.15:Along-trackcomparisonon DOY 198,2002(1–5.5h) betweenSTAR accelerometermea-
surements(bias and scaleremoved) and estimatedaccelerationsusing the gravity field
modelEIGEN-2.

ducedonce-per-revolution signaturecausedby air drag,additionalstructuresareoccasionallytracked
by the estimatedaccelerationsaswell, e.g., the striking peakat 230min during a North pole passage.
Someobviousdisagreementsmayberecognizedaswell, e.g.,around60min. Bothfeaturesareprobably
realasthey couldbereproducedaswell with accelerationsderivedfrom theair-densitymodelMSIS-86
[Hedin, 1987].

Figure7.15shows thatsingleaccelerationestimatesfrom GPSdataarenot very sensitive to many fluc-
tuationstracked by accelerometerdata. It is clearthat GPSaccelerometryhasa time resolutionof the
subinterval lengthsof the piecewise constantor piecewise linear accelerations.However, even if the
subinterval lengthis reduced,thesingleaccelerationestimatesdo not containmuchinformationabout
thehigh-frequency contentof theperturbingacceleration.Also in thecaseof therelatively long6-minute
intervalsusedfor Fig. 7.15,agoodpartof theagreementis causedby theinformationintroducedby the
a priori standarddeviationsof thepseudo-stochasticparameters.This is alsothe reasonfor the devia-
tionsobservedaround60min in Fig. 7.15.As soonastheconstraintsgetmorerelaxed,theacceleration
estimatesstartfollowing the featurearound60min, but otheraccelerationsstartdeviating from theac-
celerometercurve, aswell. This behavior illustratesthat the singleaccelerationestimatesarehighly
dependenton the settingsof the pseudo-stochasticparameters.A discussionof the contribution of a
priori informationto GPSaccelerometrymaybefoundin [vandenIJsselandVisser, 2007].

We correlatedtheaccelerationsestimatedfrom theGPSobservationswith theaccelerometerdata.The
correlationcoefficient Æ���� of two (daily) timeseries� and 	 maybeempiricallyderivedby

Æ ��� Î XZY��[ È ¿��~�RÃ]\�kÁZ¿<	��RÃ^\	°Á_ X`Y��[ È ¿��¾�RÃ^\�ZÁ Ê X`Y��[ È ¿<	��RÃ]\	ÅÁ Ê � (7.12)

where

�~� � 	�� arethevaluesof thetwo timeseriesreferringto thesameepochnumber� ,
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Figure7.16:Daily correlationcoefficientsfor DOY 060–260,2002betweenSTAR accelerometerdata
andestimatedalong-track(top,left) andcross-track(top,right)accelerationsusingthegrav-
ity field modelEIGEN-2. Daily along-trackbiascorrections(bottom,left) andcorrelation
coefficientsbetweencross-trackaccelerometerdatawith andwithouttheLorentzcorrection
(bottom,right).

\� � \	 arethearithmeticmeanvaluesof thetwo timeseries,andb is thenumberof commonepochs.

Figure7.16 (top row) shows the daily correlationcoefficients betweenthe estimated6-minutepiece-
wise constantor piecewise linear accelerationsandthe measuredaccelerationsfor the considered201
day period. The daily valuesof (7.12)arebasedon all available10s normalpointsfrom the Level 2
accelerometerdatafiles andaregiven for the samedaysasshown in Fig. 7.14. Accordingto (7.12),
they donotdependon theaccelerometerscaleandoffset,which makesthemappropriateto measurethe
(dis)agreementbetweenSTAR andGPSaccelerometry. Notethat theradialcomparisonis not given in
Fig. 7.16(top row) dueto thewell known failurein oneof theaccelerometerelectrodes[Perosanzetal.,
2003]. The correctedradial accelerometermeasurementsstill suffer from residualinstrumentaldrifts
[Perosanzetal., 2004].

Figure7.16 (top, left) indicatesthat the along-trackaccelerationsare,almostwithout exception,well
representedby pseudo-stochasticparameterswith a time resolutionof 6min. The scaleof Fig. 7.15
showedthatthemainalong-tracksignalis verypronouncedwith anamplitudeof upto 200nm/sÊ , which
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7.8 CHAMP Orbit Determinationwith ImprovedGPSTracking

facilitatesa goodrecovery asit is reflectedby Fig. 7.16(top, left). Nevertheless,noticeablevariations
over timemaybeobservedaswell, e.g.,a reducedqualityandstabilityof thecomparisonresultsaround
DOYs 100and200.In particularfor thesecondperiodof instability, wenoticeanevenmorepronounced
impacton thecross-trackcomparisonshown in Fig. 7.16(top, right). Thecorrelationcoefficientssud-
denlydropfrom anormallevel of about82%to only 39%.

TheSLR validationin Fig. 7.14did not indicatean inferior orbit quality aroundDOY 200. Therefore,
we attribute this effect to the accelerometerdataratherthan to the orbit. Anotherpieceof evidence
for this suspicionmaybe found in Fig. 7.16(bottom,right), which shows the daily correlationcoeffi-
cientsbetweencross-trackaccelerometerdatawith andwithout theapplicationof theLorentzcorrection
provided with the Level 2 accelerometerdata[Försteand Choi, 2004]. Obviously, bothseriesshow a
strikingdiscrepancy from DOY 163onwards,which resultsin completelydifferentaccelerationsfor the
cross-trackdirection. It is interestingto notethat thestartof this patterncoincideswith thetermination
of an orbit maneuver sequencecarriedout on DOYs 161 and162 to raisethe perigeeby about20km
[Reigber, 2002a].

Becausetheapplicationof theLorentzcorrectionwasfoundto significantlydegradethecross-trackcom-
parisonduringthis timeperiod,wedecidednot to applythiscorrectionto theaccelerometerdata,which
alsoholdsfor theresultspresentedin Fig. 7.16.Accordingto [FörsteandChoi, 2004] it shouldbefur-
therstudiedwhetherit is necessaryor not to applytheLorentzcorrection.

Figure7.16(top, left) shows thatthedifferencesin thealong-trackcorrelationcoefficientsbetweenboth
pseudo-stochasticaccelerationmodelsareverystableat almostthesamelevel of about1.6%.A similar
level, althoughslightly lessstable,canbe observed aswell in Fig. 7.16(top, right) for the cross-track
direction.Morepronouncedeffectsfor bothdirectionscouldbeexpectedfor longersubintervalslengths.
For 15min, e.g.,thedifferencesin thecorrelationcoefficientsincreaseto about8%,which is somewhat
largerthantheeffect foundfor apureonce-per-revolution signal,4.2%,in simulationstudies.

In principle,pseudo-stochasticaccelerationparameterscouldbeusedaspseudo-observations to derive
approximateestimatesof theaccelerometerbiasandscaleparametersof theobservationequation(7.7)
in a least-squaresadjustment.Suchan“off-line” derivation,however, cannotbecompetitive with other
availablecalibrationtechniques,e.g.,[Perosanzet al., 2004]or [Gerlach et al., 2003c],dueto the lim-
ited precisionof theunderlyingsingleaccelerationestimates.Nevertheless,aneasymonitoringof the
accelerometercalibrationcanbefacilitatedin thisway. For afixedalong-trackscaleparameterof 0.833,
Fig. 7.16 (bottom, left) shows daily correctionvaluesto the meanalong-trackaccelerometerbias ofÃc��å�å�å nm/sÊ providedby theGFZ. It canbewell recognizedthat therearedifferentregimeswith dif-
ferentstabilities. The observed patternsarecomparablewith thosegiven in [Bruinsmaet al., 2004],
andarea resultof theaccelerometeranddatahandlingelectronicsaboardCHAMP. Accelerometerbias
parametersmaychange,e.g.,if switchesoccurbetweenthemainandtheredundantelectronics.

Figure7.16(bottom,left) alsorevealsthat thedaily correctionshave a small offset with respectto the
meanalong-trackaccelerometerbiasprovidedby GFZ,whichmightbedueto differentdynamicmodels
usedat GFZandAIUB. Strictly speaking,accelerometercalibrationparametersareonly valid if exactly
thesamebackgroundmodelsareappliedfor PODasusedfor thederivationof thecalibrationparameters.
Notethatthemagnitudeis toosmallto beobviousin Fig. 7.15.
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If accelerometercalibrationparametersareknown at leastat the few percentlevel, dynamicorbit de-
terminationcanbemuchimprovedby replacingthenon-gravitationalaccelerationsfrom dynamicforce
modelswith themeasuredaccelerationsfrom theSTAR accelerometer[Bruinsmaetal., 2003],e.g.,with
a best-fittingor smoothedfunction obtainedfrom the Level 2 data. Of course,the sameprocedureis
alsoapplicableto reduced-dynamicPOD,but theusuallylargenumberof pseudo-stochasticparameters
heavily reducesthe impactof the accelerometerdata,which questionssucha procedure.The follow-
ing simulationstudyestimatesthelevel of improvementfor reduced-dynamicPODbasedon piecewise
constantaccelerationsby taking accelerometerdataasadditionalobservationsinto account. Thereby,
we assumethat the gravitational accelerationsareperfectlyknown from a state-of-the-artgravity field
model.

In orderto facilitatea statisticallycorrectincorporationof accelerometerdatain reduced-dynamicLEO
POD basedon pseudo-stochasticaccelerations,useis madeof the GPSobservation equations(4.3) or
(4.5),andtheaccelerometerobservationequation(7.7) for eachaccelerometercomponentthatshallbe
taken into account.The inherentsingularityof theaccelerometerobservation equationsis removedby
the pseudo-stochasticaccelerations,which arecommonto the accelerometerandthe GPSobservation
equations.For the piecewise constantaccelerationmodel,

§�¢
may be simply identifiedwith

¡ ��� ¢ for��� çkj6l �ë����� in (7.7). A drawbackof this combinationis, however, thattheaccelerometerobservation
equation(7.7)is no longerlinearin theunknown parametersdueto productsof thetype ¤ ¢c¥�¡ ��� ¢ . There-
fore,aniterative procedureis required.

Theimpactof theGPSandaccelerometerdataon theresultingparametersdependson theweightratiom betweenaccelerometerandGPSmeasurements.For m!n Ð , accelerometermeasurementshave no
impacton the commonpseudo-stochasticparameters,andthusno impacton orbit determination.As
a consequence,the estimatedaccelerometercalibrationparametersarethe sameasfrom an “off-line”
derivationusingGPS-basedaccelerationsaspseudo-observations, providedthat theaccelerometerdata
arerepresentedby thesamemodelasusedto represent

§�¢
in (7.7),e.g.,thepiecewise constantmodel.

For monqp , theestimatedpseudo-stochasticaccelerationsreproducethepatternintroducedby theac-
celerometerdata. As a consequence,the estimatedaccelerometercalibrationparametersarethe same
asthosefrom a dynamicorbit determinationfrom GPSdatawherethe non-gravitational accelerations
arereplacedby the accelerometerdata,provided that they arerepresentedby the samemodelasused
to represent

§�¢
in (7.7). Weightingaccelerometermeasurementsis thus,to someextent,equivalent to

constrainingpseudo-stochasticaccelerationsto theaccelerometermeasurements.

In order to study the impactof accelerometerdataon reduced-dynamicorbit determination,real ac-
celerometerdatawereusedtogetherwith thephysicalandmathematicalmodelsof therealdataprocess-
ing to simulateundifferencedGPSphaseandaccelerometerobservationsfor the CHAMP satellitefor
two differentaccelerometerscenarios.CHAMP orbitsnot affectedby theaccelerometersignalsserved
asa priori orbitsfor PODwith thesimulatedGPSphaseandaccelerometerobservations.

à � D j � lî�GF �ë�h� nmornmw��~�Yn�l�nmw ï j­l�j
In afirst scenario,theGPSfinalorbitsandaCHAMPorbit basedontruepiecewiseconstantaccelerations
over15min,subsequentlydenotedasthetrueCHAMPorbit,werethebasisto simulatetheGPSdatawith
awhitenoiserandomerrorof 1mmRMS.Consistentpiecewiseconstantaccelerometerdataaffectedby
anarbitraryscaleandoffsetweresimulatedwith a white noiserandomerrorof 1nm/sÊ RMS. Finally,
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Figure7.17:Along-trackdeviationsw.r.t. thetrueaccelerations(left) andradialdeviationsw.r.t. thetrue
orbit (right) in a combinedprocessingof GPSandaccelerometerobservationswhenusing
smallor largeaccelerometerweights(simulateddata,nomodelingdeficiencies).

orbit determinationwasperformedwith thesimulatedGPSphaseandaccelerometerobservationsusing
different weights. Note that only along-trackaccelerometerobservationswere taken into accountto
performPODwith 15min piecewiseconstantaccelerations.Therefore,along-trackaccelerometerscale
andbiasparametershadto besolvedfor simultaneouslywith theorbit parameters.

Figure7.17 (left) shows the deviationsof the estimatedalong-trackaccelerationswith respectto the
true piecewise constantalong-trackaccelerationsfor the two extremecasesof weighting. As to be
expected,the inclusionof very precisealong-trackaccelerometerobservationsconsiderablyimproves
thequalityof thealong-trackaccelerationestimates,providedthatlargeaccelerometerweightsareused.
No comparableeffect canbe observed for the radial and the cross-trackaccelerationestimatesasno
accelerometerobservationsaretaken into accountfor thesecomponentsin this simulation.Despitethe
considerableimprovementwith respectto theGPS-onlyalong-trackestimates(smallweight),theorbit
quality doesnot changedramatically. Fig. 7.17(right) shows that the potentialfor an improvementis
confinedto a few millimetersfor theradialcomponent,providedagainthatlargeaccelerometerweights
areused. The sameorderof magnitudeis alsoobserved for the along-trackandthe cross-trackorbit
components.

à � D j � lî�GF �ë�h� nmornmw��~�Yn�l�nmw í �R±Ånmoqp]{v}
In the first scenariothe true accelerationswere piecewise constantin order to avoid any errorsdue
to an inaccurateaccelerometermodeling. In a secondscenario,realistictrue accelerationsin all three
directions,stemmingfromrealaccelerometerdata,wereusedtosimulatetheGPSandaccelerometerdata
in analogyto thefirst scenario.Only along-trackaccelerometerobservationsweretakeninto accountto
performPODwith 15min piecewiseconstantaccelerations.

Figure7.18showstheresultsof thealong-trackaccelerationrecoveryandtheradialorbit recovery, which
shouldbe comparedto Fig. 7.17 from the first scenario. Obviously, a significantdegradationresults
due to the insufficient modelingof the accelerations(comparethe different scales). We noticedthat
evenfor thecaseof a slowly varyingonce-per-revolution acceleration,piecewiseconstantaccelerations
mayberelatedto thepointwiseaccelerationvaluesonly at thefew percentlevel (seeSect.9.1.2). Due
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Figure7.18:Along-trackdeviationsw.r.t. thetrueaccelerations(zoom)(left) andradialdeviationsw.r.t.
thetrueorbit (right) in acombinedprocessingof GPSandaccelerometerobservationswhen
usingsmallor largeaccelerometerweights(simulateddata,with modelingdeficiencies).

to morepronouncedtime variationsin the usedaccelerometerdata,even larger errorsare introduced
by the piecewise constantaccelerationmodel,which primarily mapinto the accelerometercalibration
parameters,but alsointo theorbit parametersto a certainextent. Nevertheless,thepiecewise constant
accelerationsarebetterdeterminedfor the large accelerometerweightsthanfor the small ones,which
might bedifficult to recognize,however, in Fig. 7.18(left) dueto themuchlargermodelerrors.On the
otherhand,Fig.7.18(right) clearlyshowsthealarmingresultthattheorbit parametersaremoredegraded
for largeaccelerometerweightsthanfor smallones.A similardeteriorationmayalsobeobservedfor the
along-trackandcross-trackcomponents,becausethepiecewiseconstantaccelerationsareconstrainedto
incompatiblevalues.Obviously, accelerometermodelingerrorsmayeasilydestroy the(small)benefits
which could be expectedfrom a combinedprocessingof GPSandaccelerometerobservationsin the
absenceof modelingerrors.

In orderto avoid this kind of errors,abetterparametrizationof theaccelerationsis required.Thealong-
trackaccelerationdeviationsfrom Fig. 7.18(left) seemto indicatethatthepiecewiselinearmodelcould
alreadybesufficientto removethelargestpartof theobserveddiscrepancies.Thisis furthersupportedby
thefact thatpiecewise linearaccelerationsmaybedirectly relatedat the level of 0.1%to thepointwise
accelerationvaluesof a slowly varying once-per-revolution acceleration(seeSect.9.1.2). We did not
perform sucha study becausethe potentialbenefitsseemedto be too small, even when using large
accelerometerweights,which have to be put in relation with the very stringentrequirementsfor the
accelerometermodeling. Oneshouldnot forget either that the pseudo-stochasticaccelerationsdo not
only compensatefor non-gravitational errors,which makesit evenmoredifficult to meetthemodeling
requirements.

©«ª�/«ª­¬ X ·RQ[W]\ ·º¹^W[_ÕÁSR W ¹�T]sñWÃÁ ¿Zþ ·¾¹^W��ÐSÞ½ÜURW ¹ ß
Kinematic orbit determinationis not the primary scopeof this work, but a comparisonof reduced-
dynamicwith kinematicsolutionsshowstheconsistency betweenpositionsrelyingonapseudo-stochastic
orbit modelingandpositionsderivedby purelygeometricmeans.For thescientificuseof kinematicorbit
positions,we refer to the work performedat IAPG, e.g.,[Švehlaand Rothacher, 2003c]and[Gerlach
etal., 2003c].
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Figure7.19:Daily RMS errors(1-D) of differencesbetweenkinematicCHAMP positionsderived at
AIUB (black)andreduced-dynamicCHAMP orbits.Thecomparabledifferencesemerging
from kinematicCHAMP orbitsderivedat IAPG (grey) aredisplayedaswell.

Figure7.19shows daily 1-D RMS errorsof orbit differencesbetweenCHAMP kinematicandreduced-
dynamicorbit positionsfrom the“optimal” solution(b). As a reference,we includetheverysimilardif-
ferencesemerging from kinematicCHAMP orbitsderivedat IAPG [ŠvehlaandRothacher, 2003c].We
donotcomparethetwo kinematicsolutions,anddonotgiveaninterpretationfrom wherethedifferences
betweenreduced-dynamicandkinematicorbits originate,but refer to [Švehlaand Rothacher, 2003b]
for moreinformation. We like to emphasize,however, that theoutcomeof sucha comparisonstrongly
dependsonGPSdatascreening(askinematicorbitsareverysensitive to badmeasurementsanddataout-
ages)andevenmoreon thesubinterval lengthanda priori standarddeviationsof thepseudo-stochastic
parameters.A “more” kinematicorbit like the reduced-dynamicsolution(a) would show significantly
smallerdifferencesthanthesolution(b) displayedhere.Therefore,werathershow Fig. 7.19to beaware
of timeperiodswith problematicdatathanto deriveanestimateonorbitalconsistency. Becausethesame
GPSdataareusedfor both typesof orbits,we assumethat the reduced-dynamicsolutionsareaswell
partlyaffectedby adegradedorbit quality if thecomparisonrevealsseriousproblems.

Apart from a few dayswith badquality, which aremainly causedby poorobservation scenariosor by
largeamountsof rejectedobservationsby thedatascreening,Fig.7.19showssignificantvariationsin the
consistency betweenbothorbitsover time. It canberecognizedthat thekinematicorbitsfit well to the
reduced-dynamicorbits,e.g.,aroundDOYs 200and350,which, however, is not representative for the
entireinterval. A detailedcomparisonwith theSLRvalidationresults(Fig. 7.14(left)) seemsto indicate
asimilarvariationwhich,however, is muchmoredifficult to recognizedueto themuchlargerday-to-day
variationsin theSLR RMS errors.This underlinestheneedfor auxiliary validationprocedures,evenif
they arenot basedon independentdatalike thecomparisonpresentedherewith lessprecisekinematic
orbits.Precisionestimatesfor kinematicorbits(GRACE)maybefound,e.g.,in Sects.7.9.2and7.9.3.

êâë�t $UuYÑÄÎwv�ô�õWö(ïñðû÷�ù ð ùPõ�úûïNî¤òÉð ï�ü£î
This sectionpresentsorbit determinationresultsfor the2003datasetof thefirst GRACE datarelease
coveringDOY 031–365.If not explicitly stated,thegravity field modelEIGEN-CG03Chasbeenused
for GRACE orbit determinationup to degreeandorder120,becauseit was(oneof) thestate-of-the-art
CHAMP/GRACE gravity field model(s)at that time. Of course,the CSRgravity field models,e.g.,
GGM02C,would have beenalso well suitedto perform state-of-the-artGRACE orbit determination
[Kanget al., 2006]. High-quality resultsof GRACE orbit determinationmayalsobe found in [Švehla
andRothacher, 2004b]and[Kroes, 2006].
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Figure7.20: e -bandrangeresidualson DOY 200,2003for reduced-dynamicorbitsbasedon 6-minute
piecewiseconstantaccelerationswith differentapriori standarddeviations.
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GRACEorbit solutionsmaybetunedin thesamewayasdescribedfor CHAMP in Sect.7.8.1,wherethe
formal accuraciesof the estimatedpositionsareconsideredthe primary indicatorfor the orbit quality.
For GRACE,however, anadditionalindicatoris availablethanksto theultra-precisee -bandrangeand
range-rateobservations,seeSect.7.6.2. Becausetheseobservationsareprovided at 5s intervals, the
solutionscanbe(soto speak)continuouslyvalidatedby the e -bandresidualsobtainedfrom therelative
positionsandvelocities,whichmaybeconstructedfrom theindividual orbit solutions.

Figure 7.20 shows the e -bandrangeresidualsfor several identically parametrizedreduced-dynamic
GRACEtrajectoriesbasedon6-minutepiecewiseconstantaccelerations.Thevariouscurvescorrespond
to differentapriori standarddeviationswhich wereequallyappliedto theradial,along-track,andcross-
track piecewise constantaccelerationsdefiningthe two GRACE satelliteorbits. All solutionsshow a
commonpatternwhichdoesnotchangemuchif thesettingsof thepseudo-stochasticmodelarechanged.
The e -bandrangeRMSerrorsvarybetween10.5mmfor anapriori standarddeviationof å ¥¨æ Ðvç~ê m/sÊ
and15.2mmfor å ¥ æ Ð ç~è m/sÊ .
Interestingly, it is againsolution(c) with constraintsof å ¥°æ Ð ç~ê m/sÊ thatyields thebestresults.This
solutionwasalreadyfoundto beoptimalfor the2001CHAMP datasetof theorbit comparisoncampaign
(seeSect.7.7.1),but it wasonly sub-optimalfor themorerecentCHAMP dataprocessedin Sect.7.8.1.
Although the GRACE receiverswereable to track up to ten GPSsatellitesaswell, seeSect.2.6.2,a
“less” kinematicmodelingis favored.Theformalaccuraciesof theestimatedorbit positionsconfirmthis
finding.

Theperiodicvariationsof the e -bandrangeresidualsin Fig.7.20aretypicalfor zerodifferencereduced-
dynamicGRACEorbit solutions.Spectralanalysisrevealsapronouncedline at theorbitalperiod.These
once-per-revolution signaturesmaybeseenevenmoreclearly in Fig. 7.21(left), wherethreeweeksofe -bandrangeresidualsof the solution(c) areshown asa function of the argumentof latitude { (see
Fig. 5.1).A periodicdependency on thepositionin theorbitalplaneis obvious.
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Figure7.21: e -bandrangeresidualsof the solution(c) asa functionof the argumentof latitude(left)
andof thedeviation from themeangeocentricdistance(GPSweeks1234–1236).

What is the reasonfor the observed variationsin the e -bandresiduals? On one hand,a once-per-
revolution signatureis often an indication that the relative positioningsolutionsheavily dependon
spacecraftdynamics. On the otherhand,similar patternsmay be observed for kinematicrelative po-
sitionsolutionsaswell, evenfor simulatedsolutionswith whitenoiseGPSdata.Theperiodicsignalmay
beexplainedby thefloatambiguityparameterswhoseoccurrenceis relatedto orbitalmotion,see[Švehla
and Rothacher, 2005a]. In anattemptto furtherconstrainthe mainerror sourceobserved in Fig. 7.21
(left), we show thesameresidualsasa functionof the deviation from themeangeocentricdistancein
Fig. 7.21(right). A clearpatternis expecteddueto the one-to-onerelationshipbetweenthe argument
of latitudeandthe geocentricdistance,but it is interestingto seethat the mostnegative residualstend
to occurat thelowestgeocentricdistancesandvice-versa.This couldbeanindicationthatatmospheric
dragis oneof themostimportantsourcesof errors,asit is expected,andthatthesignalis not absorbed
entirelyby thepseudo-stochasticparameters.Theslightasymmetryin Fig. 7.21(right) seemsto support
this hypothesis,becauseresidualsof largersizetendto occurat the lowestgeocentricdistances,where
strongerperturbationsareexpected.

©«ª�y«ªO` X ·RQ[W]\ ·º¹^W[_ÕÁSR W ¹�TU}�~?�Ï· ÁR\ µ¸·¾¹»·
e -banddataprovide a preciseandindependentvalidationof the relative GRACE orbit positionsand
velocities,becausethe e -bandnoiseis negligible comparedto theorbit errors,seeSect.7.6.2.Because
thealong-trackcomponentof asatelliteorbit is difficult to validateby othermeasurements,e.g.,by SLR,
this is auniqueadvantagefor validatingGRACEorbit solutions.Any errorsin commonto bothGRACE
satelliteorbitscannotberevealedby the e -bandmeasurements,however.

Weusedall e -bandrangeobservations,availableat5sintervals,in theperiodbetweenDOY 031and365
to computedaily e -bandrangeRMS errorsfrom theresidualsobtainedusingtheindividualGRACEA
andB reduced-dynamicorbit solutions(c). In orderto obtainrepresentative statistics,wehadto rejected
seven daysfor which no high-quality orbit solutionscould be obtaineddue to a poor GPStracking
performance,e.g.,on DOYs 68/69and302/303which alreadyshowed a strangebehavior in Fig. 7.7.
Apart from theseoutlying days,Fig. 7.22providesa representative estimationof the line-of-sight e -
bandvalidationfor GRACE zerodifferenceorbit solutions. The overall e -bandrangeRMS error is
12.5mm, if we take into accountthatthenumberof e -bandobservationsperdaymayfluctuateaswell
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Figure7.22:Daily e -bandrangeRMS errorsfor GRACE zerodifferencesolutionsbasedon 30s sam-
pling and24h arclength.

dueto datagapsin theLevel 1B datafiles.

The overall e -bandrangeRMS error of 12.5mm doesnot representa generalline-of-sightprecision.
Figure7.22shows that theday-to-dayscatteris generallysmall,but thereclearlyareperiodsgoverned
by differentprecisions.TheperiodbetweenDOY 200and300,e.g.,shows avery goodperformance,in
particulartheperiodbetweenDOY 243and298which yieldsanexcellentoverall e -bandrangeRMS
errorof only 11.4mmwithout any outliers.Figure7.7confirmsthattheGPStrackingperformancewas
excellentfor these56days,aswell.

The largespikesoccasionallyoccurringin Fig. 7.22areusuallydueto extendedgapsin theGPSdata,
eithercausedbygapsin theoriginalGPSdataor causedby largeamountsof GPSobservationsmarkedas
unusableby thescreeningprocedure.For suchascenario,e.g.,onDOY 351for GRACEB (seeFig.7.7),
theorbit qualitydegradesconsiderablybecausenopseudo-stochasticparameterscanbeestimatedwithin
datagaps. Becauseno modelswereusedfor the non-gravitational accelerations,centimeteraccuracy
canthenno longerbeachieved. As a consequence,e -bandresidualsin thedecimeterrangemayresult
duringdatagaps,e.g.,on DOY 351wherea RMS errorof 32.2mm hasto benoticed(seethe lastand
largestspike in Fig. 7.22). Oneshouldalsobe aware that even more of suchproblematicsituations
without GPSdataarepresentthanthosereflectedin Fig. 7.22,becausegapsin the e -banddataoften
coincidewith gapsin theGPSdata,e.g.,onDOY 222whereabout5.5hoursof missingGRACEA GPS
dataremainunnoticedin the e -bandvalidation. This might be dueto the fact that e -bandandGPS
observationsarecollectedby thesameInstrumentProcessingUnit, seeSect.2.6.2.

ï£ò��
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Dueto thegoodperformancein the e -bandvalidation,theGRACE GPSdatafor DOY 243–298(GPS
weeks1234–1241)have beenselectedfor performingadditionaltestsolutions. Resultsbasedon zero
differencesarepresentedin thefollowing paragraphs,doubledifferenceresultsfollow in Chapter8.

In thecourseof thepreparationfor theupcomingGOCEmission,seeSect.2.9,zerodifferenceGRACE
POD hasbeenperformedwith settingssimilar to the plannedoperationalprecisescienceorbit deter-
minationfor GOCE[Bock et al., 2007]. This includeschangeswith respectto the arc lengthandthe
GPSsamplingrate.Insteadof 24h arcs,“daily” batchesof 30h lengthsshallbeprocessedfor GOCEto
deliver24h orbitalarcswithoutadegradedorbit qualityat thedayboundaries(see,e.g.,Fig.7.10for the
degradationof 24h CHAMP arcsat thedayboundaries).As a consequence,all input datarequiredfor
POD,seeSects.7.5and7.6,have to beconcatenatedto 30h. In particular, the(re)-integrationexplained
in Sect.7.1hasto beappliedto theGPSephemerides.TheGPSsamplingratewill be1Hz for theGOCE
mission.As theGRACEmissionis restrictedto 10sGPSdata,only 10sGPShigh-rateclockcorrections
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Figure7.23:Daily e -bandrange(top) andrange-rate(bottom)RMS errorsfor GRACEzerodifference
solutionsbasedon30h arcs.Thesolutionsarebasedon10s(grey) or 30s(black)GPSdata
samplingusingthegravity field modelEIGEN-2(circles)or EIGEN-CG03C(nocircles).

hadto begeneratedfor theseexperiments(seeSect.7.2).

Figure7.23shows thedaily e -bandrange(top) andrange-rate(bottom)RMS errorsfor four different
testsolutions,all basedondataspansof 30h. Thevalidationcovers,however, only thecentral24h, and
is basedonall available e -bandobservationsat5s intervals.Thegrey curvesdenotesolutionsbasedon
10s GPSdatasampling,whereastheblackcurvesrefer to solutionsbasedon 30s GPSdatasampling.
As mentionedat thebeginningof Sect.7.9,thegravity field modelEIGEN-CG03Cis thenominalmodel
usedfor GRACE PODin this work. Solutionsmarkedwith circles,however, denotethat theCHAMP-
only gravity field modelEIGEN-2wasusedfor POD.Table7.7summarizesthesolutions,andgivesthe
overall e -bandrangeandrange-rateRMSerrorsfor theanalyzedeightweeksof data.

The e -bandrangeRMSerrorsareall similarasopposedto the e -bandrange-rateresidualswhichshow
acleardistinctionbetweenthesolutionsbasedonthegravity field modelEIGEN-CG03CandEIGEN-2.
Thisis simplydueto thefactthat e -bandrange-ratedatacontributedto thegenerationof themorerecent
EIGEN-CG03Cgravity field model,but not to thegenerationof theCHAMP-onlymodelEIGEN-2.De-
spiteof thesuperiorqualityof theEIGEN-CG03Cmodeldueto theincorporationof additionalGRACE
data,no improvementcanbeobserved in thefit to the e -bandrangeobservations(Table7.7evenindi-
catesasmalldegradation).Thisillustratesthatimprovementscomingfromstate-of-the-artGRACEgrav-
ity field modelsareno longervery importantfor the determinationof high-quality(reduced-dynamic)

Table7.7:Overall e -bandrangeand range-rateRMS errorsusing different GPSsamplingratesand
gravity field modelsfor DOY 243–298,2003.

10s 30s Gravity FieldModel

10.7mm 11.4mm
14.0² m/s 14.6² m/s

EIGEN-CG03C

10.5mm 11.2mm
21.5² m/s 21.9² m/s

EIGEN-2
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Figure7.24: e -bandrangeresidualsof a 30h kinematicsolutionat midnight. Thesetup of new ambi-
guitiesto all GPSsatellitesatmidnightcausesa jump in theresiduals.

relative orbit positions,becausethey arenot very sensitive to the improved high-frequency contentof
therecentgravity field models.A similar remarkis valid for DOYs 263,264,and265whereunrealis-
ticly large e -bandrange-rateresidualsarecausedby spuriousantennacorrectionvaluesprovidedin the
Level 1B KBR datafiles, but almostno effect is observed in the e -bandrangeresidualsthanksto the
smoothingeffectof integration.

Table7.7lists a e -bandrangeRMSof 11.4mmfor thesolutionbasedon30sGPSdatasampling.This
is identicalwith thevaluefoundfor the24h arclengthin thelastparagraph,andindicatesthatnodegra-
dationcanbedetectedtowardsthearcboundariesin the24h solutionby the e -bandrangevalidation.
Thiscertainlyindicatesagoodqualityof the24h solutions,but it is notaverystrongindication,because
acommondeviationat thearcboundariescannotberevealedby the e -bandobservations.A smallindi-
cationfor thepresenceof aboundaryeffectmaybefoundin the e -bandrange-rateresidualsonly: Table
7.7 lists a e -bandrange-rateRMS errorof 14.6² m/s,which is marginally smallerthantheRMS error
of 14.8 ² m/sobtainedfrom the24h solution.

Thecomparisonbetweenthesolutionsbasedon 10s and30s GPSsamplingin Table7.7shows thatthe
10s solutionsareslightly superior. This hasto be expected,becausethe additionalGPSobservations
constrainthe reduced-dynamictrajectoriescloserto the true trajectoriesin-betweenthe 30s intervals.
Becauseboth reduced-dynamicsolutionsarevalidatedby the e -bandobservationsat 5s intervals, the
improvementmainly comesfrom the 10s epochsbetweenthe 30s epochs. It shouldbe mentioned,
however, that thehighersamplingraterequireda new tuningof thea priori standarddeviationsof the
piecewise constantaccelerations.If the samesettingswould have beenusedasfor the 30s solution,e -bandRMSerrorsof 11.3mm(range)and14.7² m/s(range-rate)wouldhave resulted.

Becausethe GPSproductsfrom CODE are generatedin a fixed 24h processingscheme,this leads,
strictly speaking,to small inconsistenciesbetweentheGPSorbitsandclocksat thedayboundariesfor
the30h LEO processingscheme,see[Bock et al., 2007].However, this doesnotmatterfor theGRACE
results,becausetheLevel 1B GPScarrierphasedataareaffectedby cycle slipsat themidnightepochs,
which is, e.g.,not thecasefor theLevel 1 GPScarrierphasedatafrom CHAMP. As a consequence,the
30h solutionsdonot fully exploit thepotentialof thelongerarcsat thedayboundary. Thiscouldbean-
otherreasonfor thealmostidentical e -bandvalidationresultsobtainedfor the24h and30h processing.
Figure7.24illustratesthata 30h kinematicsolutionis affectedby a jump of several centimetersin thee -bandvalidation,becausenew ambiguitieshave to besetup for all GPSsatellitestrackedby GRACE
A andB. It is clearthatthis alsoweakensreduced-dynamicorbit solutions.We do not know thereason
for these(unnecessary)cycle-slipsin theGRACEdata.

Finally, it shouldbementionedthatkinematicorbits(basedon24h arcsand30sGPSsampling)maybe
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Figure7.25:Station-specificcomparisonof thenumber(top)andtheRMSerror(bottom)of SLRresid-
ualsfor GRACEA (left bars)andGRACEB (right bars).

validatedat anoverall e -bandrangeRMS errorof 20.5mm for theconsideredtime period.Dueto the
high sensitivity of kinematicorbits to theGPSobservations,this goodresultis only possiblethanksto
theexcellentdataqualityof thisperiod.KinematicPODfor theotherperiodsof theyear2003mightbe
moredifficult.
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For theSLRvalidationof ourGRACEreduced-dynamicorbits,weperformedapre-analysisof theSLR
observationsfor theperiodbetweenDOY 243and365,2003to assessthedataqualityfromtheindividual
trackingstationsof the ILRS network [Pearlmanet al., 2002]. In analogyto theSLR validationof the
CHAMP orbits (seeSect.7.8.2),we rejectedresidualslarger than0.3m, andcomputedstation-specific
RMS errorsfrom all remainingresiduals.Figure7.25(bottom)shows theoverall SLR RMS errorsfor
the total of 24 SLR observatoriesfor GRACE A (left bars)andGRACE B (right bars). The top part
of Fig. 7.25shows that the stationsareorderedaccordingto the increasingnumberof availableSLR
observationsfrom GRACEA (left bars).Thenumberof observationsfrom GRACEB is providedby the
right bars,aswell.

Figure7.25(top)tellsthatthereis nopreferenceof theSLRtrackingnetwork to trackpreferablyGRACE
A or B. It wasreportedby [Dunnet al., 2003] thatGRACE A, beingthe leadingsatelliteat that time,
wasfavored in the early daysof the mission. This seemsto be no longerthe caseasGRACE B was
evenobservedmoreoftenduring thetime periodanalyzedhere.ConcerningtheSLR fits to theorbits,
it canbe seenin Fig. 7.25 (bottom)that the majority of the stationsscorean overall SLR RMS error
between1.5 and3.5cm for bothGRACE satellites.For five stations,larger resultsareregistered.One
may suspectthat this is ratherrelatedto stationproblemsthanto problemsin the orbit determination.
This assumptionholdswith utmostcertaintyfor stationsno. 3 and4, which bothcontributedwith very
few andratherbadmeasurementsonly, but possiblyalsofor stationsno. 12,13,and14. Therefore,the
stationsno. 3 (1824:Golosiiv, Ukraine),4 (7249:Beijing, China),12 (7355:Urumqi,China),13 (7830:
Chania,Greece),and14 (7806:Metsahovi, Finland)have beenexcludedfrom thefurtherSLRanalysis.
Theexclusionof Metsahovi wasaborderlinecase.
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Figure7.26:SLRresidualsfor GRACEA (top)andGRACEB (bottom)zerodifferencesolutionsbased
on30ssamplingand24h arclength.

For theremaining19stations,Fig. 7.26showstheSLRresidualsfor DOY 031–365to bothGRACE24h
reduced-dynamicorbits of the “optimal” solution(c) basedon 30s GPSdata. The overall SLR RMS
is 2.44cm for GRACE A (top) and2.47cm for GRACE B (bottom),which is in goodagreementwith
[Kang et al., 2006] who analyzedGRACE A andB dataseparatelyfor DOY 182–304in the double
differencemode.It is importantto notethatnooffsetcanbedetectedfor GRACEA in theresiduals,and
only averysmallmeanoffsetof 3.8mm for GRACEB.

Figure7.26 exhibits the sametime periodswith betterand worseorbit qualitiesthan thosefound in
Fig. 7.22.Again,DOY 200–300show generallysmallresiduals,in particularfor theoutstandingperiod
betweenDOY 243and298whereSLRRMSerrorsof 2.25cmand1.95cmareobservedfor GRACEA
andB, respectively. We have thusdemonstratedthat it is possibleto meeta 1-D accuracy requirement
of 2cm undergoodGPStrackingconditionsfor GRACE B by pseudo-stochasticorbit modeling. The
worseresultsobtainedfor GRACEA andfor theothertimeperiodsunderline,however, thatit will bea
challengeto actuallymeetthis requirementin thenearfuturefor theGOCEsatelliteflying muchlower
(seeSect.2.9). The larger residualsoccasionallyoccurringin Fig. 7.26arecritical for high-precision
orbit determination,but mayeasilyoccurif extendedgapsin theGPSdataarepresent.

Let usalsomentionthatthetemporalcoveragewith SLR datais not really optimal. Thereexist several
daysafterDOY 300wheretheGRACEsatelliteswerenotobservedat all.

ï£ò��
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Theadditional30h testsolutionsdiscussedin thecontext of the e -bandvalidation,seeTable7.7,have
alsobeenvalidatedby SLR. Table7.8 summarizestheoverall SLR RMS errorsfor the analyzedeight
weeksof datafor thesolutions.

Slightly betteroverall SLR RMS errorsareobserved for thesolutionsbasedon themorerecentgravity
field modelEIGEN-CG03C.ThedistinctionbetweentheEIGEN-CG03CandtheEIGEN-2gravity field
modelis morepronouncedthanindicatedby Table7.7for the e -bandrangevalidation.This is probably
dueto the fact that SLR actuallyvalidatesthe orbits in an “absolutesense”,andnot only relatively ase -banddoes.Nevertheless,thesuperiorqualityof theEIGEN-CG03Cmodeldoesnotleadto adramatic
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Table7.8:OverallSLRRMSerrorsfor DOY 243–298,2003.

GRACE 10s 30s Gravity FieldModel

A 2.28cm 2.24cm
B 1.96cm 1.95cm

EIGEN-CG03C

A 2.48cm 2.46cm
B 2.25cm 2.24cm

EIGEN-2

improvementof the reduced-dynamicorbits. This is becauseof the considerablenumberof estimated
piecewiseconstantaccelerations,which illustratesthesuccessof pseudo-stochasticorbit modeling,but
alsothechallengeto validatestate-of-the-artgravity field modelsby orbital fits of very low Earthsatel-
lites.

Table7.8 lists SLR RMS errorsof 2.24and1.95cm for the GRACE A andB solutionsbasedon 30s
GPSdatasampling.This is almostidenticalwith thevaluesof 2.25and1.95cmfoundfor the24h arcs,
andindicatesthatalmostno degradationcanbedetectedtowardsthearcboundariesin the24h solution
by theSLRvalidation.Only a studyof theorbit overlapsat thearcboundariesis ableto revealtheorbit
deficiencies(seeSect.7.9.4).

Thecomparisonbetweenthesolutionsbasedon 10s and30s GPSsamplingin Table7.8shows thatthe
10ssolutionsareslightly inferior. Althoughtheeffect is small,this resultwasnotexpected.Mostprob-
ably, it is relatedto smalldeficienciesin the10sGPSclockcorrections.Thiswouldalsoexplain thatno
comparableeffect couldbefoundin the e -bandvalidation,seeTable7.7,becausesmalldeficienciesin
theGPSsatelliteclocksarecommonto theorbit determinationof GRACEA andB, andthuscancelout
in the e -bandvalidation. This resultunderlinestheneedfor several independentvalidationtechniques
which aresensitive to differentkindsof errors. Theanalysisof SLR observationsis mostvaluablefor
this purposedueto their unbiasednature.This statementdoesnot hold only for LEO satellitesbut also
for GNSSsatellites,e.g.,[Urschl et al., 2005].

Finally, it shouldbementionedthatkinematicorbits (basedon 24h arcsand30s GPSsampling)have
beenvalidatedshowing an overall SLR RMS error of 3.08cm and2.88cm for GRACE A andB, re-
spectively. NotethattheSLRvalidationof kinematicorbitsrequiresareduced-dynamicorbit solutionto
interpolatethediscretekinematicephemeridesto theepochsof theSLRobservations.

©«ª�y«ª�� S Úº¿Â½�Q ·ÙÿS3²Á ·ZQ�h°ß¨W[ß
Theanalysisof orbit overlapsprovidesaninternalvalidationof theorbit quality, andmayserve several
purposes.In thecaseof the30h reduced-dynamicorbit solutionscenteredat noon,a full 6-hourorbital
overlapmay be computedat eachday boundaryfor the radial, along-track,andcross-trackdirection.
Theanalysisof theseindividualpiecesof orbitaldifferencesmayhelpto estimatetheorderof magnitude
for orbit deviationsat the day boundaries.If only the centralpart of the 6-houroverlapsis analyzed,
e.g.,the central4-hours,an estimateof the orbit consistency is obtainedwhich is free from the “edge
effects” which dominatethe first andthe last hour of eachoverlappingperiod. In the caseof the 24h
reduced-dynamicorbit solutionscenteredatnoon,thedeviationsof theorbit positionsfrom two adjacent
arcsmaybecomputedateachdayboundaryfor theradial,along-track,andcross-trackdirection.These
midnightoverlaps(onevalueperdayanddirection)provide a pessimisticestimateof theorbit errors.It
is importantto mentionthat this is theonly overlaptestwhich comparesorbits that areobtainedfrom
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Figure7.27:Histogramsof theRMSerrorsperdayof thefull 6-hourorbitaloverlapsof the30h arcsfor
GRACEA (top)andGRACEB (bottom).

completelydifferentsetsof GPSdata.

Figure7.27shows histogramsof the RMS errorsper day of the full 6-hourorbit overlapsof the 30h
solutionbasedon30sGPSdatafor GRACEA (top)andGRACEB (bottom).Thetimeperiodanalyzed
coversDOY 243–365,2003. Themedianvaluesof thedaily RMS errorsaremostlydominatedby the
degradationat the arc boundaries,which may grow to several centimeters.As mentionedearlier, see
Fig. 6.5, theorbit is not very well constrainedby the trackingdataat theendpointsof theorbital arcs.
Therefore,thelengthof thedaily dataarcis oftenextendedto avoid degradedorbit positionswhenusing
only themiddle24-hours.Themedianvaluesin Fig. 7.27aresimilar for GRACE A andB, andtendto
be largestfor thealong-trackdirection. As mentionedin thecontext of the formal positionaccuracies,
thereduced-dynamicorbit solutionsareaffectedwith thelargestuncertaintyin thealong-trackdirection.
Finally, it shouldbementionedthatnosignificantsystematicoffsetscouldbefoundin the6-houroverlap
analysis.

If thesametimeperiodis usedto analyzeonly thecentral4-hoursof thedailyoverlaps,themedianvalues
decreaseto 1.7mm,3.3mm,and3.8mmfor GRACEA, and1.4mm,2.9mm,and3.4mmfor GRACEB
in theradial,along-track,andcross-trackdirection.Thesevaluesmainly reflecttheconsistency between
two subsequentGRACEorbit solutionsaroundmidnight. It is interestingto notethatthemedianvalues
aresystematicallysmallerfor GRACE B, which couldbedueto thelower noisein theGRACE B GPS
carrierphaseobservations[Kroes, 2006]. Moreover, it canberecognizedthat themedianvaluesof the
RMSerrorsin theradialandalong-trackdirectionaresmall,but thatthemedianvaluesof thecross-track
RMSerrorsarehigher, whichcouldindicatesmallinconsistencies.Thecross-trackoverlapisparticularly
sensitive for inconsistencies,which mayshow up asa smallsystematicoffsetwith differentsizefor the
individualdays.

Figure7.28showshistogramsof thedeviationsperdaybetweentheorbit connectingpointsof subsequent
24h orbit solutionsbasedon 30s GPSdatafor GRACE A (top) andGRACE B (bottom).Observe that
Fig. 7.28is basedonly on databetweenDOY 243and298(thereforethe incompleteimpression).For
normallydistributedGPSdatawith zeromean,this observableshouldbenormallydistributedwith zero
meanaswell, which canbe(moreor less)confirmedfor mostdirections,althoughclearlya longertime
seriesneedsto beanalyzedin orderto draw firm conclusions.Wedonotcomparethestandarddeviations
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Figure7.28:Histogramsof theorbital overlapsat thedayboundaryepochsof the24h arcsfor GRACE
A (top)andGRACEB (bottom).

with eachother, but emphasizetheratherlargevaluesof orbit differencesthatmaybereachedat thearc
boundaries.It is difficult to decidewhetherthedifferencesbetweentheGRACEB arcconnectingpoints
reallyshow asystematicdeviation from zeroin thecross-trackdirectionor not.
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Postfitionosphere-freecarrierphaseresidualsdo not directly discloseinformationon theorbit quality.
They aregenerallysmalland,at first sight,similar for differentorbit solutions.Therefore,they arenot
usedasanindicatorfor theorbit quality in this work. However, they areusefulto revealthepresenceof
systematicerrors,which maybeeithercausedby systematicerrorsin theoriginal GPSobservationsor
by adeficientmodelingof theobservations.

Typical sourcesfor systematicerrorsin GPSobservationsaremultipath, i.e., the superpositionof the
directsignalwith interferingsignalsfollowing a differentpath,andelectronicsignalinterference.Both
typesof systematicerrorsmainly affect pseudo-rangeobservations,but they maybepresentaswell in
carrierphaseobservations,wheremultipathis fortunatelyconfinedto aquarterof thewavelength.In an
effort to minimizemultipathreflectionscausedby thesatellite’s surfaces,choke-ringantennasareoften
usedfor thecollectionof spaceborneGPSdata.For thevisualizationof systematicerrorsin thedifferent
codeobservablesfrom CHAMP andGRACE, we refer to [Kroes, 2006]. Unfortunately, carrierphase
systematicerrorsaremoredifficult to visualizeasthey cannotbeeasilyseparatedfrom othersystematic
errors.

Sourcesfor a deficientmodelingof the GPScarrierphaseobservationsmaybe eitherattributedto the
transmittingsideof GPSsatellites,or to thereceiving sideof theLEO satellite.Typicalsourcesfrom the
transmittersideareerroneousGPSsatelliteclock correctionsor orbit positions.Neglectedphasecenter
variationsor polarizationinducedphasewind-up may be mentionedastypical sourcesfrom both the
transmittingandthereceiving side.

Figures7.29and7.30show meanpostfitcarrierphaseionosphere-freeresidualsfrom thefinal orbit de-
terminationfor GRACE A (top) andB (bottom)asa function of the elevation andthe azimuthin the
satellite-fixed coordinatesystem(seeSect.7.3.2). For a goodvisualizationa dataspanof nine weeks
anda denseazimuthandelevationgrid of 1.5é and1é waschosen.In orderto excludethatthereis any
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Figure7.29:Meanpostfitcarrierphaseionosphere-freeresiduals(millimeters)per1.5é azimuthand1é
elevationbinsfor GRACEA (GPSweeks1233–1241).
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Figure7.30:Meanpostfitcarrierphaseionosphere-freeresiduals(millimeters)per1.5é azimuthand1é
elevationbinsfor GRACEB (GPSweeks1233–1241).

significantpatternchangeover time, the resultingfigureswerecomparedwith figuresof other, shorter
timespans.They werefoundto beconstant.

Figures7.29and7.30show that the ionosphere-freephaseresidualsaregenerallysmall andappearto
havemaximumvaluesof around1cm. Largerresidualsareencounteredaswell, but they arelikely to be
averagedoutby thebinning.Apart from adifferentlocationof theelevationthresholdof approximately
10é for raisingsatellitesandadifferentcoveragewith low elevationdatafor settingsatellites,thesystem-
aticpatternsareverysimilar for theGRACEA andB satellites,whichareidenticalby construction,and
whichbothusethesametypeof PODantennas.Becausethepatternswerefoundto beconstantin time,
wesuspectthattheirsourceis ratherrelatedto thereceiversideandnot to thetransmitterside.Thiscon-
clusionis alsosupportedby [Haineset al., 2005],who foundpatternsof carrierphaseionosphere-free
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7.9 GRACEOrbit Determination

residualsto resemblethe resultsfrom multipathsimulations.Electronicsignalinterferencecanbe ex-
cluded,becausetheGRACEGPSoccultationantennaswerenot active duringthetimeperiodanalyzed.
Therefore,multipathis stronglyfavoredasa plausiblesourcefor theobserved pattern.A furtherpiece
of evidenceis givenby the fact that the largestresiduals,e.g.,thenegative bluepatches,tendto occur
towardsthe azimuths0é and180é , which point towardsthe front andrearsideof the satellite,where
multipathreflectionsaremorelikely to becausedby thelargersurfaces.Theobservedpatternsseemto
besymmetricwith respectto a rotationof 180é aroundtheantennaboresightvector, which alsoholds
for the entiresatellite. Both argumentsfavor a sourcefor the patternswhich is relatedto the satellite
body, suchasmultipath.Nevertheless,thepatternsshouldbeinterpretedcarefully, becausecontributions
from othereffects,e.g., from neglectedantennaphasecentervariations,cannotbe excluded. Further
investigationsin thenearfuturewill benecessaryto betterconfinetheorigin of theobservedsystematic
errors,andto assesstheir impactonorbit determination.
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DoublydifferencedGPSdatafrom theglobalIGStrackingnetwork areroutinelyprocessedattheCODE
AC, e.g., for stationcoordinatedetermination,ionospheremonitoring, and GPSorbit determination
[Hugentobleret al., 2004b]. It is well known that doubly differencedGPSobservationsare the key
to preciserelative positioningdueto the reductionof commonerrors,e.g.,inducedby erroneousGPS
satelliteclockoffsets,and,lastbut not least,dueto thepossibilityto exploit theintegernatureof thedou-
bly differencedGPScarrierphaseambiguities.Oncecorrectlyresolvedto integervalues,they transform
thecorrespondingcarrierphaseobservationsinto highly preciserangeswith a noiselevel of only a few
mm. Theadvantagesof thedoubledifferenceapproachareachieved,however, at theexpenseof a more
complex datahandling.

Therelative positioningof spaceborneGPSreceivershasmany similaritieswith therelative positioning
of terrestrialreceivers.It is, e.g.,identicalto thecaseof a moving GPSgroundreceiver (rover)which is
positionedkinematicallywith respectto oneor moreGPSreferencestations;it only differsif thereceiver
motionis actuallymodeledandthedeformationof theEarth’scrustis replacedby thespacecraftdynam-
ics. Both, terrestrialand spaceborneapplicationssharethe needfor appropriatereferencereceivers,
which may beeitherground-or space-basedfor spaceborneapplications.In view of the presentLEO
constellationssuchasGRACEandCOSMIC,abig varietyof candidatereferencereceiversareavailable
to examinedifferentprocessingstrategies.

In the BerneseGPSSoftware [Dach et al., 2007], singledifferencesareexplicitly formedandsaved
in baseline-specificfiles. Doubledifferencesarethenformedimplicitly for thepre-processingandthe
subsequentparameterestimation,wheresophisticatedalgorithmsareavailableto resolve thedoublydif-
ferencedcarrierphaseambiguitiesto their integervalues[Mervart, 1995]. Comparedto theprocessing
of undifferenceddata,changesonly concerna morecomplex handlingof the GPSobservations. The
fundamentalsof LEO orbit determination,however, donotchangeatall.

In thischapter, aselectionof differentstrategiesfor processingdoublydifferenceddatafrom spaceborne
GPSreceivers areanalyzed. The first part dealswith separateandcombinedorbit determinationfor
GRACE A andB by processingthe spaceborneGPSdatatogetherwith datafrom the IGS groundre-
ceiver network. Thesecondpart focuseson processingthebaselinein spacebetweenGRACE A andB
alone.This restrictedtestconfigurationturnsout to beperfectlysuitedto meetthechallengefor relative
spacecraftpositioningwith the ultimately achievableprecision. Validationswith the ultra-preciseÂ -
bandmicrowave link betweenGRACE A andB andthecomparisonwith anextensive studyperformed
by [Kroes, 2006]confirmthepotentialof relative positioningusingGPS.A summaryof thepresented
resultsmaybefoundin [Jäggi et al., 2007].
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Figure8.1:Separatebaselineformationbetweenthetwo GRACEsatellitesandseveralGPSgroundsta-
tions (left) and combinedbaselineformation betweenone GRACE satelliteand the GPS
groundnetwork andtheotherGRACEsatellite(right).
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Doubly differenced(DD) GPSobservationsareby definitionrelatedto a pair of GPSsatellitesandre-
ceivers(seeSect.4.3.3).By convention,wegroupthemby thepairsof receiverswhichareusedto form
themontheassociatedbaselines(straightline betweentwo receivers),andnotby thepairsof GPSsatel-
lites. The “active” receiversof a terrestrialor spaceborneGPScampaigndefineall possiblebaselines
on which DD observationscould be formedfrom the originally undifferencedGPSdata,but it is not
necessaryto actuallyform all possibleDD observationssinceasubsetof linearly independentbaselines
with asubsetof linearly independentDD observationsaresufficient for dataprocessing.

In essence,we distinguishbetweentwo scenariosof orbit determinationin the following: (a) theorbit
determinationfor singleLEOs carryingGPSreceiverssuchasCHAMP, (b) the combineddetermina-
tion of orbits for formationflying spacecraftscarryingonboardGPSreceiverssuchasthetwo GRACE
satellites.Dependingon thenumberof LEOsflying in formation,several spacebaselinesbetweenthe
individual spacecraftsmaybeformedin additionto thespace-groundbaselinesbetweentheLEOsand
theGPSstationsof a terrestrialgroundnetwork.

Figure8.1illustratesthebaselineformationfrom thepuristspointof view for bothscenariosof GRACE
orbit determination.In Fig. 8.1 (left) only space-groundbaselinesareformedbetweeneachspaceborne
GPSreceiver and several GPSgroundstationreceivers. This scenariois closely relatedto the pro-
cessingof GPSdatafrom a singleLEO suchasCHAMP whereno otherthanspace-groundbaselines
canbe formed. It is actuallyequivalentto theseparateprocessingof theGPSdatafrom bothGRACE
satellites,if only LEO-specificparametersandno commonparametershave to be estimated,e.g.,no
station-specifictroposphereparameters.Notethatthenumberof selectedspace-groundbaselinesneeds
to bemuchlargerthansketchedin Fig.8.1to ensureagoodglobalcoveragewith DD observationsalong
theLEO orbits.

Figure8.1(right) illustratesthecombinedprocessingof theGPSdatafrom bothGRACEsatelliteswhere
thespace-groundbaselinesbetweenGRACEB andtheGPSgroundreceiversareall replacedby thesin-
gle spacebaselinebetweenthetwo GRACE satellites.Theinclusionof this spacebaselineis attractive
due to its very short andratherconstantbaselinelength. Typical variationsper revolution are aboutÕ×Ö

km from themeanseparationwhich is keptwithin the limits of 170to 270km by thesatelliteoper-
ators.The lengthof thespace-groundbaselines,in contrast,mayvary considerablyfrom about500up
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8.1 BaselineFormation

to 10000km dueto the orbital motion. ResolvingDD ambiguitiesandexploiting the full potentialof
relativeprecisepositioningis thusmucheasieronthespacebaselinethanonthespace-groundbaselines.
Note that the replacedspace-groundbaselinesbetweenGRACE B andtheGPSgroundstationswould
belinearlydependenton thespace-groundbaselinesbetweenGRACEA andthesameGPSgroundsta-
tionsdueto thespacebaseline.Therefore,no lossof informationoccursif thespace-groundbaselines
to GRACEB arenot takeninto accountin acombinedprocessing.However, baselinesbetweenGRACE
B andadditionalGPSgroundstationscould be includedin a combinedprocessingaslong asthey are
linearly independentfrom all otherbaselines.This deviating strategy from thepuristspoint of view of
a combinedprocessingcouldbebeneficialto compensatefor theasymmetrybetweenthe two GRACE
satellitesasshown in Fig. 8.1(right).

Subsequentlywe addressthe processingof DD GPSdatawhich eithermatchthe separateprocessing
from Fig. 8.1 (left), or the combinedprocessingfrom Fig. 8.1 (right), or, alternatively, we processthe
spacebaselinewithout any space-groundbaselinesby fixing oneof the two GRACE orbits to a known
referencetrajectory, e.g.,previously establishedby a zerodifferencesolution.Rememberthata correct
processingof DD ionosphere-freeobservationsrequiresto take thecorrelationsbetweenthe individual
baselinesinto account,evenif theobservationscenariosarebasicasgivenby Fig. 8.1.

ØÚÙ�ÛkÙ�Û Ü4ÝßÞ�àká�â�ã�ä�å�äçæèÞ�áéãÚê#ë�ê#ìEäçæèÞ�á
GPSdatafrom atmaximum150globallydistributedGPSgroundstationsareprocessedattheCODEAC
to derive thefinal productsfor theIGS.For thepurposeof LEO orbit determination,wemayprofit from
theresultsof theCODEfinal analysisandintroducethestationcoordinatesandtropospherezenithpath
delaysasknown into the LEO orbit analysis,aswell asthe GPSsatelliteorbitsandthe Earthorienta-
tion parameters.Thisguaranteesthatboththespace-andthegroundsegmentsaremodeledconsistently
with state-of-the-artproducts,andit removestheneedto estimateotherthanLEO-specificparameters.
Therefore,LEO orbitsdeterminedfrom DD GPSdataautomaticallyreferto thesamereferenceframeas
theCODEfinal orbitsandstationcoordinates,which is theIGSrealizationof ITRF2000(IGS00).

Fromthepoolof GPSgroundstationdataprocessedat CODE,a reasonablylargesubsetof stationshas
to beselectedfor DD LEO POD.BecausedifferencedGPSobservationsmaybeformedonly if a GPS
satelliteis observedquasi-simultaneously by theLEO andagroundstationreceiver, thepresenceof com-
monly observedGPSsatellitesis theonly reasonablebasisto decidewhich groundstationsto selectin
orderto obtainagoodcoverageof GPSDD observationsalongtheLEO orbit. Oneshouldkeepin mind,
however, thatavarietyof differentcriteriamaybeusedto selecttheGPSgroundstationsonsuchabasis,
andthatit couldmakesenseto takeadditionalinformationinto accountlike thegeographicaldistribution
of the GPSgroundstations,or the receiver type in view of a possibleresolutionof the ambiguitiesto
their integervalues(seeSect.8.2.4). Nevertheless,we will usea simpleapproachbelow, which solely
optimizesthenumberof simultaneouslyobservedGPSsatellites.

First, the commonlyobserved GPSsatellitesfrom the LEO andfrom eachgroundstationarecounted
for eachobservationepoch.Fromthis recordthosestationsareextractedepoch-wisethatobserved the
maximumnumberof GPSsatellitessimultaneouslywith theLEO receiver. This numbermayvary due
to thechangingviewing geometryfor the LEO andthe GPSgroundstationsaroundthe differentsub-
satellitepoints(it variesusuallybetweensix andtenfor CHAMP or GRACEdata).Thenumberof GPS
groundreceiverswhich simultaneouslyobserved the maximumnumberof GPSsatellites,however, is
subjectto muchlargervariationsdueto thesubstantiallydifferentgeographicaldistributionsof theGPS
groundstationsaroundthe sub-satellitepoints. Therefore,it may be assmall asonefor sub-satellite
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8 GRACEOrbit DeterminationUsingDoublyDifferencedGPSData

Figure8.2:Globally distributedIGS stationsusedfor GRACE orbit determinationon DOY 250,2003.
Thediameterof thecirclesis proportionalto theincidenceof a maximumnumberof simul-
taneouslyobservedGPSsatelliteswith theGRACEA BlackJackreceiver.

pointslocatedin “isolated”regionssuchaslargeoceansandpolarregions,andthirty to forty, if theLEO
is flying over regionswith ahighdensityof permanentGPSsites,e.g.,over Europeor NorthAmerica.

It is importantto includeisolatedGPSgroundstationsinto theLEO analysisto ensurethat theorbit is
coveredglobally with (moreor less)homogeneouslydistributedGPSDD observations. Therefore,the
rankingof all receiversites,whichobservedat leastatoneepochthemaximumnumberof GPSsatellites
simultaneouslywith theLEO receiver, is basedon thenumberof suchincidencesoveranentirearc,and
notontheactualnumberof simultaneouslyobservedsatellites.Thisenhancestheprobabilityfor isolated
sitesto getmorecountersasit is very likely thatthey observe themaximumnumberof GPSsatellitesif
thesub-satellitepoint is in theirvicinity – evenif thenumberof simultaneouslyobservedGPSsatellites
is small.

Figure8.2 shows theglobaldistribution of fifty IGS stationswhich met theabove definedcriteriabest
for GPSdatafrom the GRACE A BlackJackreceiver on DOY 250,2003. The diameterof thecircles
indicatesthe frequency at which a groundreceiver simultaneouslyobserved the maximumnumberof
GPSsatelliteswith the spacebornereceiver. Onecanseethat a setof (moreor less)homogeneously
distributedgroundstationshasbeenselected,includinga few sitesat isolatedislandswhichsuccessfully
fill regionalgaps,e.g.,AscensionIslandin theAtlantic Oceanor Tahiti in thePacific Ocean.It is also
obvious,however, thatsitesin thepolarregionstendto dominatethisranking(indicatedby thegenerally
largerdiametersof thecorrespondingcircles).This behavior is dueto therathersparsecoverageof the
polar regionswith IGS permanentstationsandthenearpolarorbitsof theGRACE satellites,implying
a crossingof bothpolar regionsat eachrevolution. ThestationMcMurdo in Antarctica,e.g.,leadsthe
rankingby morethana factor1.5with respectto thesecondbeststation.Notethata differentsituation
maybeexpectedfor otherLEOssuchasJASON-1,wherethepolarsitesplay only a minor role dueto
themuchlowerorbital inclination[Hugentobleret al., 2005a].
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Figure8.3:Daily 1-D RMS of thedifferencesbetweenGRACE A DD ambiguity-floatorbits basedon
70groundstationsandorbitsbasedon40,50,and60stations(from theleft to theright bars),
respectively.

Thereis still room for further reducingregional gaps. The ratherlarge gapover CentralAfrica, e.g.,
mightbereducedto someextentby includinganadditionalstationin theSouthof Europe.Furthermore,
it couldmake senseto suppresstheselectionof morethanoneGPSreceiver within regionsof a prede-
finedminimal area.This measurewould alsoexcludeco-locatedreceiversat onesite,asit is thecase
for the stationHartebeesthoek,SouthAfrica, which is actuallypresentwith two GPSreceivers in the
LEO analysison DOY 250,2003.Theimpactof refinedsolutionstrategieson theLEO orbit quality is
probablynotdramatic.Thisstatementis supportedby thefollowing discussionconcerningthemaximum
numberof stations.

íZîEïEð�ñeò�ñôóÔò�ñeõ#öI÷�øGù�ú�û£îEû®ð�ø�üGý
The total numberof selectedGPSgroundstationsis a userspecifiedinput variable. In principle, it is
desirableto includeasmany groundstationsaspossibleinto the LEO processingto make full useof
theentireavailableinformation. Fromcomputationaleconomy’s point of view, however, only a subset
of theavailablegroundstationsshouldbe includeddueto thestrongdependency of theCPUtimeson
thenumberof processedobservations(seeSect.6.6.3).Thisfinding is furthersupportedby theanalyst’s
point of view, who only expectsmarginal benefitsfrom increasingthe numberof space-groundbase-
linesdueto thestrongclusteringof theGPSgroundstationsover denselypopulatedareaslike Europe.
Consequently, additionalbaselineswouldbeformedpredominantlywith stationslocatedin regionsfrom
which the LEO orbit is alreadywell observed, andthusprovide only little additionalandindependent
information.

Figure8.3 shows the daily 1-D RMS of the total differencesbetweenGRACE A DD ambiguity-float
orbitsbasedon70GPSgroundstationsandorbitsbasedon40,50,and60GPSgroundstations,respec-
tively. Thedifferencesarenegligible betweenthesolutionsbasedon 60 and70 stations(0.9mm mean
1-D RMS)andstill they areverysmallbetweenthesolutionsbasedon50and70stations(1.3mmmean
1-D RMS),wherethelargestdifferencesoccurin thealong-trackdirectionwith ameanRMSof 1.8mm.
As expected,thedifferencesstartto becomeslightly morepronouncedfor thesolutionsbasedon only
40stations,whereamean1-D RMSof 2.0mmis observedwith ameanalong-trackRMSof 2.7mm. In
general,theresultsfor GRACE B aremarginally worsethanfor GRACE A dueto theinferior tracking
performanceof theGRACEB BlackJackreceiver (seeFig. 7.7),e.g.,1.4mmmean1-D RMSfor the50
stationsolution. Nevertheless,they completelyfit into thepictureshown in Fig. 8.3. It is thussave to
statethatobservationsfrom a moderatenumberof GPSgroundreceivers,e.g.,fifty stations,provide a
sufficiently densedatabaseto derive LEO orbitsof goodquality in theDD mode.Theorbit differences
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8 GRACEOrbit DeterminationUsingDoublyDifferencedGPSData

betweensolutionsrelyingongroundnetworkswith a largenumberof receiversareat the(few) millime-
ter level only, whichmaybepartlyexplainedby thedenseclusteringof stationsover a few regionssuch
asEuropeandNorthAmerica.

ÃÅÄ�þ ÿ¡Ñ���Í=Ó��6Ë Ê���Ì�Ó�Ê���Ê�Í�Î��
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A timespanof fiveweeks(DOY 243–277,2003)hasbeenselectedto computereduced-dynamicGRACE
orbit solutionsbasedonseveralstrategiesusingdoublydifferencedGPSdata.For thispurposefifty IGS
siteshave beenselectedfor eachday accordingto Sect.8.1.1 for the baselineformationbetweenthe
GRACEBlackJackreceiversandthegroundnetwork. Wedistinguishbetweenthefollowing solutions:

(1) aseparateprocessingof theGPSdatafrom GRACEA andB (seeFig. 8.1(left)), with ambiguities
treatedasfloatvalues,

(2) acombinedprocessingof theGPSdatafrom GRACEA andB (seeFig. 8.1(right)), with ambigu-
ities treatedasfloatvalues,and

(3) a combinedprocessingof the GPSdatafrom GRACE A andB, with ambiguitieson the space-
groundbaselinestreatedasfloat valuesandambiguitieson thespacebaselineresolved to integer
valueswherepossible.

TheinformationabouttheGPSsatelliteorbits,theEarthorientationparameters,theGPSgroundstation
coordinates,and the zenith tropospherepath delaysfor the IGS sitesare introducedas known from
the CODE final analysis.Note that the samesetof GPSgroundstationdatawasusedwhenthe GPS
observationsfrom bothGRACE satelliteswereprocessedseparately, but that thestationselectionmay
bedifferentfrom dayto daydueto ourselectionstrategy.

In thefollowing, wediscusstheestimatedGRACEorbitsfor all threedataprocessingstrategiesapplied
to the”optimal” reduced-dynamicsolution(c)with piecewiseconstantaccelerationsestimatedover6min
andequallyappliedapriori standarddeviationsof ���! #"%$'& m/s( in theradial,along-track,andcross-track
direction(seeSect.7.9). Ambiguity resolutionfor solution(3) is basedon the wide-lane/narrow-lane
approachasdescribedin Sect.4.3.4.

ØÚÙ*)ÚÙ�Û + Ý-,�æ�ä/. æ10�êiÝßê�á�ìdê32
Figure8.4 gives a first impressionof the orbit differencesbetweenthe referencesolution (combined
DD ambiguity-floatsolution(2)) andthe separateDD ambiguity-floatsolution(1), the combinedDD
ambiguity-fixedsolution(3), anda zerodifferencesolution(ZD), respectively. Theorbit differencesare
shown for DOY 251,2003in the radial (top), along-track(middle),andcross-track(bottom)direction
for bothGRACEsatellites.It canbewell observedthattheradialandalong-trackorbit differencesareof
periodicnaturewith differentamplitudesfor differentsolutions.A muchlesspronouncedperiodicitycan
alsobe recognizedfor thecross-trackdirection,especiallyfor thesolution(ZD) which is substantially
differentfrom theDD solutions.It couldnot beexpected,however, that largerdifferencesarenot only
observedfor thesolution(ZD), but alsofor thecombinedDD ambiguity-fixedsolution.Onerecognizes,
e.g.,a stronglyperiodicpatternin theradialandalong-trackdirections,which is strictly anti-correlated
for theGRACE A andB orbit solutions,andananti-correlatedoffset of considerableamplitudein the
cross-trackdirection. This finding is importantandmakesit necessaryto quantify the variability and
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Figure8.4:Orbit differencesfor both GRACE satellitesin the radial (top), along-track(middle), and
cross-track(bottom) direction betweenthe DD ambiguity-floatsolution (2) and the DD
ambiguity-floatsolution (1), the DD ambiguity-fixed solution (3), and the zerodifference
solution(ZD), respectively.

offsetbetweenthedifferentorbit solutionsfor longertime intervalsthanjustoneday.

Figure8.5shows thedaily standarddeviations(STD) of thepositiondifferencesbetweenthediscussed
solutions.For a bettervisibility, theresultsareonly givenfor DOY 243–260,2003,becausenosubstan-
tial differenceswerefoundfor theotherdaysof theanalyzedtime period(DOY 261–277).First, it can
berecognizedthat the individual orbit solutionsfor GRACE A show generallya betteragreementwith
respectto thesolutions(2) thanthecorrespondingsolutionsfor GRACE B. This couldbeexpectedfor
thecomparisonswith thesolutions(1), wherethesameGRACE A data(apartfrom thespacebaseline)
wereprocessedin thesamewayasfor thereferencesolutions(2) (seeFig. 8.1). This alsoexplainswhy
thedifferencesbetweentheGRACEA andB comparisonsarelargerthanfor theothercomparisons.

Thebetteragreementwith thesolutions(3) and(ZD) for GRACE A might be lessobvious. Theoccur-
rencein thecomparisonswith thesolutions(3), which only differ in thehandlingof thespacebaseline
ambiguitiesfrom the referencesolutions(2) but not in the usedobservations,indicatesthat this effect
maybemostlyattributedto amorerobustdeterminationof theGRACEA orbitsdueto theattachmentof
thespace-groundbaselinesto this satelliteasshown in Fig. 8.1(right). Thebettertrackingperformance
of theGRACEA BlackJackreceiver (seeFig. 7.7)doesnotplay thedominatingrole in this issue,which
couldnotbeconcludedby only consideringthecomparisonswith thesolutions(ZD). In orderto support
thisstatement,onecanexchangetherolesof GRACEA andB in thebaselineformationandconfirmthat
in this casetheindividual orbit solutionsfor GRACE B show a generallybetteragreementwith respect
to thesolutions(2) thanthecorrespondingsolutionsfor GRACE A. Moreover, it wasnoticedin theex-
changedsituation(notshown) thatthesolutions(1) and(ZD) for theattachedGRACEA satelliteshow a
clearlymoredegradedagreementthanfor theattachedGRACE B satellitein thereversesituation.This
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Figure8.5:Daily standarddeviation of orbit differencesfor GRACE A (filled bars)in the radial (top),
along-track(middle), andcross-track(bottom)directionsbetweenthe DD ambiguity-float
solution(2) andtheDD ambiguity-floatsolution(1) (left bars),theDD ambiguity-fixedsolu-
tion (3) (middlebars),andthezerodifferencesolution(ZD) (right bars),respectively. Empty
barsshow thecorrespondingresultsfor GRACEB.

additionaleffect hasto beattributedto theperformancedifferencesof the two GRACE GPSreceivers,
becauseno comparableeffect waspresentin the comparisonswith the solutions(3) whenexchanging
the rolesof GRACE A andB. It is thereforepreferableto usethe betterperformingLEO receiver for
establishinga well stabilizedconnectionwith the GPSgroundstations,especiallyfor an asymmetric
scenarioasit is shown in Fig. 8.1(right).

Figure8.5shows thatthelevel of thecomparisonsis similar for theradialandthecross-trackdirection,
but worsefor thealong-trackdirectionasit is to beexpectedfor conventionalreduced-dynamicorbits
(seeSect.8.3.3). The largestoverall standarddeviations(5.1 and5.8mm mean1-D STD for GRACE
A andB over the entireanalyzedtime period)resultfor the comparisonswith the solutions(ZD), but
non-negligible standarddeviationsarepresentin thecomparisonswith thesolutions(3) aswell (2.9and
4.3mm mean1-D STD). The somewhat ”larger” differencesbetweenthe solutions(2) and(ZD) have
to beexpecteddueto thedifferentobservationscenariosusedfor doubledifferenceandzerodifference
LEO POD.Differencesbetweenthedoubledifferencefloatsolutions(2) andthefixedsolutions(3) have
to beexpectedaswell, but thepatternsfrom Fig. 8.4 indicatethatone(or both)of thesolutionsmight
possiblybeaffectedby systematicerrors.

In anattemptto quantifysucherrors,wefirst analyzetheoffsetsbetweenthediscussedsolutionsfor both
GRACEsatellites.Figure8.4alreadyindicatedthatonly thecross-trackdirectionis subjectto suchoff-
sets,afindingwhichis confirmedfor theremainingdaysof theanalyzedtimeperiod,aswell. Figure8.6
thusfocusesonthedaily cross-trackoffsetsbetweenthedifferentsolutions.Whereastheoffsetsbetween
thesolutions(1) and(2), and(ZD) and(2) donotexceed5mm anddonotshow any obvioussystematic
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Figure8.6:Daily cross-trackoffsetsfor GRACE A (solid lines) andB (dottedlines) betweenthe DD
ambiguity-floatsolution(2) andtheDD ambiguity-floatsolution(1), theDD ambiguity-fixed
solution(3), andthezerodifferencesolution(ZD), respectively.

patternsover this rathershorttime interval, Fig. 8.6clearlyconfirmsthesystematicoffsetsbetweenthe
solutions(3) and(2). Theoffsetsfor GRACEA andB arestronglyanti-correlated,i.e.,a largerpositive
valuefor GRACEB inducesa largernegative valuefor GRACEA. Furthermore,theabsolutevaluesfor
GRACE B tendto be larger thanfor GRACE A. It is interestingto notethat this observed asymmetry
seemsto belesspronounced,if theroleof GRACEA andB areexchangedin thebaselineformation.

Thereasonfor theobserveddiscrepancy betweentheambiguity-floatandtheambiguity-fixed orbit so-
lutionsremainsunresolved,but will bepartlyexplainedin Sect.8.3.4.Nevertheless,a few possibleerror
sourcesmaybealreadyexcludedhere.Theobservedoffsetsaremostlikely notcausedby amismodeling
in the spacecraftdynamics,becausetheonly differencebetweenthe two solutionsresidesin the treat-
mentof thespacebaselineambiguities.Therefore,theobservedsystematiceffectmaybeattributedwith
utmostcertaintyto amismodelingin theGPSobservations.Whetherthesystematicsmaybeattributedto
themultipatherrorsshown in Figs.7.29and7.30,or to theasymmetricformationof theDD observations
accordingto Fig. 8.1 (right), or to any othermismodelingis not furtheranalyzedin this section.As a
consequence,it is not possibleto decidewhethertheambiguity-fixedsolutiononly, theambiguity-float
solutiononly, or bothsolutionsareaffected.

ØÚÙ*)ÚÙ*) 4�5�6cåiá�â87×å�ëèæ�âkå�äçæèÞ�á
Â -bandmeasurementsprovide the uniqueopportunityto directly measurethe precisionof the along-
track orbit positionsof the discussedsolutions. Oneshouldkeepin mind, however, that Â -bandob-
servationsarebiasedrangeobservationswhich areonly sensitive to variationsin thedistancebetween
the two GRACE spacecrafts.Any commonmodealong-trackerrorsremainundetectedin the Â -band
validation.

Figure8.7 shows the daily Â -bandrangeRMS errorsfor the discussedsolutionsfor the entire time
periodanalyzed(DOY 243–277).It is obviousthatresolvingspacebaselineambiguitiesto integerval-
ueshasanimpressive impacton theperformanceof theline-of-sightvalidationof theGRACE baseline
vector. Theoverall Â -bandrangeRMS error is 3.1mm, which is significantlybetterthanthe Â -band
validationof the two ambiguity-floatsolutionsor theorbit solutionbasedon zerodifferences.The re-
sult is comparablewith [ŠvehlaandRothacher, 2004b],who demonstratedambiguityresolutionon the
GRACEbaselinefor thefirst timewith preliminaryGRACEdata.

The combinedDD ambiguity-floatsolution(2), the separateDD ambiguity-floatsolution(1), andthe
zerodifferencesolution(ZD) show all asimilarperformancein the Â -bandvalidationwith overallRMS
errorsof 10.2mm,10.8mm,and11.3mm,respectively. Despiteof theirsimilarqualities,it is interesting
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Figure8.7:Daily Â -bandrangeRMS errorsfor theseparateGRACE DD ambiguity-floatsolution(1),
thecombinedDD ambiguity-floatsolution(2), theDD ambiguity-fixedsolution(3), andthe
zerodifferencesolution(ZD), respectively.

to notethatthethreesolutionsshow a clearrankingasit canbeseenin Fig. 8.7,aswell. We recognize
thattheprocessingof DD GPSobservationsis beneficialto thequalityof thespacebaseline.

Theambiguity-fixedsolutionin Fig.8.7,however, doesnotyetreflecttheultimatelyachievableprecision
for thespacebaselinewhentheDD ambiguitiesareresolved. This is indicated,e.g.,by a few outlyingÂ -bandrangeRMS valuesin the series,mostnotablythe oneon DOY 272, 2003,which is identical
with the combinedDD ambiguity-floatsolution,becausethe fixing of the spacebaselineambiguities
completelyfailed on this particularday. Thereasonfor this failurewasa “too generous”screeningof
thecodeobservations,whichdid notallow it to resolve thewide-laneambiguitiesto their integervalues
with theMelbourne-ẄubbenaLC. Sect.8.3will examinetheoptimaldeterminationof thespacebaseline
morecloselyandwill show thatbetterresultsmaybeobtainedfor thisdayaswell.

It is importantto mentionthat the level of the Â -bandvalidation in Fig. 8.7 doesnot yet reflect the
ultimateprecisionevenif a few outlying daysareexcluded,which would lower theRMS errorto about
2.5mm. Wereferto Sect.8.3,whereit will beshown, that(sub)-mmprecisionin the Â -bandvalidation
is feasiblefor thisperiod(DOY 243–277,2003).

ØÚÙ*)ÚÙ*9 ã;:=<�7×å�ëèæ�âkå�äçæèÞ�á
SatelliteLaserRangingis theonly spacegeodetictechniquewhich mayprovide anindependentvalida-
tion of thediscussedsolutionsin anabsolutesense.Oneshouldnot forget,however, thatthevalidation
only takesplaceover theshorttimespansof thetrackingpassesabove theSLRobservatories.

Figure8.8showsthedaily SLRRMSerrorsfor thediscussedsolutionsfor GRACEA (top)andGRACE
B (bottom)for theentiretimeperiodanalyzed.It canberecognizedthattheSLRanalysisshowsfor both
satellitesalmostthesameresultsfor theindividualorbit solutions.Thishasto beexpectedbecauseSLR
residualsreflectto alargeextenttheradialorbit errors,whichareverysimilar for theindividualsolutions
accordingto Fig. 8.5(top). Thecurvesthusratherreflecttheerrorsin-commonto all orbit solutionsthan
thesolution-specificdifferences.Nevertheless,differencesoccurandmaybeseenin Fig. 8.8 assubtle
differencesbetweentheindividual curves.ThecombinedDD ambiguity-floatsolutions(2), theseparate
DD ambiguity-floatsolutions(1), andthezerodifferencesolutions(ZD) exhibit almostidenticaloverall
SLRRMSerrorsof 2.20cm,2.20cm,and2.21cmfor GRACEA, and1.87cm,1.83cm,and1.88cmfor
GRACE B. Theambiguity-fixedsolutions(3) show a slightly betteroverall SLR RMS,namely2.03cm
for GRACE A and1.81cm for GRACE B. Therankingof the resultsfrom theSLR analysisthuscon-
firmsthe Â -bandvalidationfrom Sect.8.2.2,wherethesolutions(3) and(ZD) werefoundto bethebest
andworst ones,aswell, respectively. Resolvingthe spacebaselineambiguitiesseemsthusto have a
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Figure8.8:Daily SLR RMS errors for GRACE A (top) and GRACE B (bottom) for the separate
DD ambiguity-floatsolution (1), the combinedDD ambiguity-floatsolution (2), the DD
ambiguity-fixedsolution(3), andthezerodifferencesolution(ZD), respectively.

verysmallbut positive impacton theabsoluteorbit quality. Morepronouncedeffectscouldbeexpected
(at best)if a significantnumberof space-groundbaselineambiguitieswerecorrectlyresolvedto integer
values,which is addressedin thefollowing paragraph.

ØÚÙ*)ÚÙ?> ãA@kê�ìGæèå�ë+ãÚÞLë à�äçæèÞ�áB2
It is commonlybelieved that the resolutionof the space-groundbaselineambiguitiesshouldhave a
significant(positive) impacton theorbit qualityof aLEO trajectory. However, thisstatementhasnotyet
beenconfirmed,at leastnot asfar aswe know. [ŠvehlaandRothacher, 2002]usedGPSdatafrom the
CHAMP satelliteto quantifytheorbit differencesbetweenusingfloator resolvedspace-groundbaseline
ambiguities,andfoundorbital changesin theorderof 1–2cm. It is, however, difficult to decidewhether
theambiguity-fixedCHAMPorbit solutionsareactuallysuperiorornotif onlysparseSLRmeasurements
areavailablefor anindependentvalidation.Thismightbeonereasonthatnofurtherstudiesareavailable
aboutthis issue,anotheronemight beattributedto theheavy demandson CPUtimesneededto resolve
thespace-groundbaselineambiguities.Concerningthefirst reason,theGPSdatafrom thetwo GRACE
satellitesoffer nowadaysamuchbetterbasisfor suchaninvestigation,becausethe Â -bandobservations
maybeusedin additionto theSLRmeasurementsto validatetheresultingorbits.

One week of GPSdata(DOY 243–249,2003) from the two GRACE satelliteshasbeenselectedto
computeGRACE doubledifferenceorbit solutionswith resolved space-groundbaselineambiguities.
In essence,we comparetheseparateprocessingof theGPSdatafrom GRACE A andB with all space-
groundbaselineambiguitiestreatedasfloatvalues(solution(1))with thesameseparateprocessingwhere
asmany space-groundbaselineambiguitiesaspossibleareresolvedto their integervalues.Thissituation
is compatiblewith theprocessingof DD GPSobservationsfrom a singleLEO suchasCHAMP where
nospacebaselinecanbeformed,andis thuswell suitedto checkwhetherthereis a (hopefullypositive)
impacton therelative GRACE orbit positionsby theindependentÂ -bandobservationswhenresolving
thespace-groundbaselineambiguities.
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Figure8.9:Percentageof resolved wide-lane DD ambiguities for space-groundbaselinesbetween
GRACEA andfifty GPSgroundstations.
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Figure8.10:Meanpercentageof resolvedwide-laneDD ambiguitiesfor differenttypesof receivers:
1: ASHTECHZ-XII3, 2: ASHTECHUZ-12,3: JPSLEGACY, 4: TRIMBLE 4000SSI,
5: AOA ICS-4000ZACT, 6: ASHTECHZ18,7: AOA BENCHMARK ACT,
8: AOA SNR-12ACT, 9: AOA SNR-8000ACT

úLòDC�C�ö ý£ýFEÚîIû ö øGùHGcñeõ�ðJI#ò�ðBûLKMEÚö ý£ø'Nèòdû£ð�ø�ü
The task to resolve the DD ambiguitiesto integer valuesis considerablymoredifficult for the space-
groundbaselinesthanfor the spacebaseline.The difficulties may be eitherattributed to the different
quality of the codeobservationsof the GPSgroundreceivers,which directly affects the resolutionof
thewide-laneambiguitieswith theMelbourne-ẄubbenaLC, or they maybeattributedto thebaselines
which aremuchlongerthanthe spacebaselineconsideredso far, which complicatesthe fixing of the
narrow-lane ambiguities. The superpositionof both effects may have a severe impacton the overall
successratesof resolvingDD ambiguitiesto integervaluesonspace-groundbaselines.

Figure8.9shows for eachdayanalyzedthepercentageof theresolvedwide-laneDD ambiguitiesfor the
fifty baselinesbetweenGRACE A andtheGPSgroundstationsselectedaccordingto Sect8.1.1. It can
beimmediatelyrecognizedthatthesuccessratesfrom thewide-laneambiguityfixing differ significantly
from the ratesachieved with the spacebaseline. Insteadof ratesof about95.6%(seeSect.8.3.3),a
maximumvalueof only 81.3%is encounteredon DOY 248 for the bestperformingstationNorilsk,
Russia,andonly poor 1.5% on DOY 249 for the worst performingstationN’Koltang,Gabon. These
extremevaluesandthescatterin thepatternsfrom Fig. 8.9 illustratethatalmosttheentirespectrumof
successrateshasto beexpectedwhenresolvingthewide-laneambiguities.As nosignificantdifferences
may be observed when the statisticsfor the fifty baselinesbetweenGRACE B and the sameground
stationsareanalyzed,andbecausethenoiseof theMelbourne-ẄubbenaLC is dominatedby thequality
of thecodeobservations,it hasto beconcludedthatquality differencesin thecodeobservationsof the
GPSgroundreceiversplayacrucialrolewhenfixing thewide-laneambiguitiesto their integervalues.

In order to confirm that the observed scatterin Fig. 8.9 may be attributed to different typesof GPS
groundstationreceivers,Fig. 8.10displaysthe averagesuccessrates(andstandarddeviations)of the
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Figure8.11:Daily Â -bandrangeRMSerrorsfor theseparateGRACEDD ambiguity-floatsolutions(1)
(left bars)andfor theseparateGRACE DD solutionswith resolvedspace-groundbaseline
ambiguities(right bars).

wide-laneambiguity fixing for a few typesof GPSgroundstationreceivers for all OF�3��" processed
baselinesof DOY 243–249,2003. The receiver typesareorderedaccordingto the frequency of their
occurrencein thebaselineformationfor this particularweek,e.g.,receiver type1 (ASHTECHZ-XII3)
wasmostfrequentlyusedwith 93occurrences,whereasreceiver type9 (AOA SNR-8000ACT) wasleast
frequentlyusedwith only 14occurrences.Unfortunately, it canberecognizedthatthebestsuccessrates
of about61% areobtainedfor the receiver types7, 8, and9 which arenot well representedin the set
of selectedGPSgroundstations.Fortunately, thereceiver encounteredmostfrequently(type1) shows
anacceptablesuccessrateof 51%,aswell. It canbefurtherrecognizedthatreceiver type4 (TRIMBLE
4000SSI) shows the worst performanceof all displayedreceiver typesand,even worse,it shows up
ratheroften in the baselineformation. This might be an argumentfor the incorporationof additional
(receiver-specific)criteriain theGPSgroundstationselectionif ambiguityresolutionis aimedat.

Thereasonfor thedifferentperformancein Fig. 8.10is dueto thefact thatnot all of thereceiver types
provide P -codemeasurementson boththe Q;R andthe Q ( carrier. In essence,therearethreeclassesof
GPSgroundstationreceivers,namelycross-correlatorsobservingSUTWV and P�X(
Y SUTWV[Z�\]P (_^ P`Rba ,
e.g.,types4 and5, c -codelessobservingP`R and P ( , e.g.,types1, 7, 8, 9, and c -codelesswhichshould
observe P R and P ( , but report SdTWV (insteadof P R ) and P ( (noneof the listed receivers). Differential
codebiases\]PeR ^ SUTWV�a have thereforeto betakeninto accountfor receiversthatdonotprovide P -code
observationsonbothcarriers[Schaeret al., 2002].

Âgfih îGükjgl�îkN�ðJj�îEû®ðBø�ü
IndependentÂ -bandmeasurementsarevery usefulto clarify two issuesconcerningthe impactof re-
solved space-groundbaselineambiguitieson theorbit quality, namelywhetherthey arecapableto im-
prove therelative GRACEorbit positions“alone” without theassistanceof resolvedspacebaselineam-
biguities, or in the presenceof resolved spacebaselineambiguities. For both experiments,only 42
baselines(insteadof 50)wereincludedthatallowedat leastto fix 20%of thewide-laneambiguities.

Figure8.11shows thedaily Â -bandrangeRMSerrorsfor theseparateprocessingof theGPSdatafrom
GRACE A andB with all space-groundbaselineambiguitiestreatedasfloat values(solution(1)), and
for thesameseparateprocessing,whereasmany space-groundbaselineambiguitiesaspossiblearere-
solved to integervalues.It is importantto mentionthat thenarrow-laneambiguityresolutionhasbeen
performedsimultaneouslywith the pseudo-stochasticorbit modeling,andthat all baselineshave been
processedtogetherin one(large)adjustmentto generatethebestpossiblesolution.Notethatabaseline-
wiseresolutionof thenarrow-laneambiguitieswith thefloat orbit solution(1) would becritical dueto
thesmallnarrow-lanewavelengthof only 10.7cm(seeSect.4.3.4).

141



8 GRACEOrbit DeterminationUsingDoublyDifferencedGPSData

It canbe easilyseenthat resolvingspace-groundbaselineambiguitiesto integer valuesimproves the
overall Â -bandrangeRMS from 10.3mm for the float solutionsto 3.4mm, if the space-groundam-
biguitiesareresolved to integer valuesto the extent possible.This clearlydemonstratesthat correctly
resolvedspace-groundbaselineambiguitiesstrengthentheindividualGRACEorbit solutions,whichim-
provestheorbit differencebetweenGRACEA andB, which in turn improvesthe Â -bandvalidation.If
onekeepsin mind thatonly 47.1%of all (narrow-lane)ambiguitiescouldbefixed to integervalues,it
becomesclearthattheoverallRMSerrorof the Â -bandvalidationis notassmallasobservedin Fig. 8.7
(2.2mm),whereonly spacebaselineambiguitieswerefixedto integervalues(solution(3)). Besidesthe
difficulty to resolve morespace-groundbaselineambiguities,it cannotbecompletelyruledout thatalso
afew of theresolvedspace-groundbaselineambiguitieswerefixedto incorrectintegervalues,dueto the
strongcorrelationsthatexist betweenthenarrow-laneambiguities.

Facingbothdifficulties, it is not a surprisethatambiguityresolutionon all baselines(solution(3) with
resolvedspace-groundbaselineambiguities)doesnot yetprovide theaimed-forresults.Wenoticedthat
theoverall Â -bandrangeRMSerrorimprovedfrom 3.4mmto 2.9mmif thespacebaselineis included.
Unfortunately, this is worsethanthe2.2mmresultingfrom fixing spacebaselineambiguitiesonly (solu-
tion (3)). Therefore,weconcludethatwehave to beableto fix significantlymorespace-groundbaseline
ambiguitiesto their correctinteger valuesin order to avoid a degradationof the spacebaselinein a
combinedsolution.

únm�E8l�îkNBð1j�îIû£ð�ø�ü
SLRresidualsmayindicatewhetherresolvedspace-groundbaselineambiguitiesarenotonly capableto
improve thequalityof therelative GRACEorbit positions,but alsoof theabsolutepositions.Therefore,
wecomparedtheseparateGRACEDD ambiguity-floatsolutions(1) andtheseparateGRACEDD solu-
tionswith resolvedspace-groundbaselineambiguitieswith SLRobservationsfor DOY 243–249,2003.

For GRACE A, we noticeda considerableimprovementof the overall SLR RMS error from 2.21cm
(float) to 1.72cm (fixed). Unfortunately, we noticedan oppositebehavior for GRACE B, namelya
degradationfrom 1.84cm (float) to 1.98cm (fixed). Therefore,it is impossibleto formulatea firm con-
clusionbasedon this limited setof data. It is only clearthat thereis a rathersignificantimpacton the
orbit whenfixing space-groundbaselineambiguitiesto integervalues.However, theultimateindication
for animprovementof theorbit quality in anabsolutesensecouldnotbegiven.

ÃÅÄpo �UÎ�É�Ìrq Ê�Í�Ê¡Ð;s Ó�t�Ëu�wv�ÉAx�ËÁÈeÉ�Ê�Ë�Ì<Í�Î�Ë
55daysof GPSdata(DOY 243–297,2003)fromthetwo GRACEsatelliteshavebeenselectedtoevaluate
severalnominalandexperimentaldoubledifferencesolutionswhenprocessingthespacebaselineonly.
BecauseDD GPSobservationsfrom the spacebaselinealonedo not containenoughinformation to
reliablyestimatebothGRACEsatelliteorbitsin anabsolute(andrelative)sense,it is amustto introduce
an accuratereferenceorbit as known for one of the two satellites. For this purpose,the GRACE A
zerodifferenceorbits (solution(c)) describedin Sect.7.9 have beenselected,becausethey fully meet
the accuracy requirementformulatedin Sect.8.3.1. Sucha procedureis very attractive with respect
to the requiredCPU times,becauseonly the space-baselineandno space-groundbaselineshave to be
introducedinto theprocessing.Thesameconfigurationwasalreadysuccessfullyusedby [Kroes, 2006]
to demonstrate(sub)-mmprecisionof reduced-dynamicGRACEbaselineestimatesfor thefirst time. In
ouranalysis,wedistinguishbetweenthefollowing solutions:
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8.3 Analysisof theSpaceBaseliney reduced-dynamicdeterminationof the GRACE B orbits, ambiguitieson the spacebaselineare
resolvedto integervalueswhenever possible,or remainfloat,andy kinematicdeterminationof the GRACE B orbit positions,ambiguitieson the spacebaselineare
resolvedto integervalueswhenever possible.

In analogyto thepreviousSect.8.2, the informationabouttheGPSsatelliteorbitsandtheEarthorien-
tationparametersareintroducedasknown from theCODEfinal analysis.Thesettingsof the“optimal”
solution(c) have beenusedfor reduced-dynamicorbit determination.It turnedout,however, thatthis is
notoptimalfor thebaselineprocessing,seeSect.8.3.2.

ØÚÙ*9ÚÙ�Û z à#å�ëèæ�äW{�Þ}|×ä�~�ê�<�êk| ê�Ýßêiá�ìdê���Ýßå��£ê�ìIä�ÞiÝ!{
In orderto get insightinto thebaselineestimationfrom doublydifferencedGPSGRACE dataonly, we
shouldconsiderthegeometricpartof theobservationequations(4.9). However, to keeptheexpression
simple,wemayanalyzetheobservationgeometryonthesingledifferencelevel withoutlossof generality.

In analogyto (7.1), thedifference����}� betweentheslantranges�%�� and ���� from GRACE A andB to
GPSsatellite� readsas� ��}���Y � �� ^ � � � Y � ��}��� ^�� ������ � Z � � ����� � Z�� � �� ^�� ��`�M��� �U� (8.1)

where� ��}��� is thea priori differenceof theslantrangebetweenthephasecenterlocationson GPSsatellite �
andGRACEA andB, respectively,� �� , � � � aretheunit line-of-sightvectorspointingfrom theGRACE A andB phasecentersto theGPS
phasecenterlocation,��� � , ��� � arethephasecenterpositionincrementsfor GRACEA andB, and��� � is thephasecenterpositionincrementfor GPSsatellite� .

The linearization(8.1) would be usedin this form at eachepochif one would simultaneouslytry to
estimatetheGRACEA, theGRACEB, andtheGPSpositionincrementskinematicallyfrom singledif-
ferenceGPSGRACEdataonly. For shortbaselines,theGRACEA andB positionincrementsarealmost
one-to-onecorrelated,becausethe line-of-sightvectors� �� and � � � arenearlyidentical. Therefore,it is
not possibleto accuratelyestimateboth GRACE satelliteorbits simultaneouslyfrom differencedGPS
GRACE dataonly. It canbeverifiedthatpositionerrorsat themeter-level have to beexpected,which
alsoaffectsthequalityof therelative positions,especiallytowardsthearcboundaries.

In orderto highlight thesensitivity of (8.1) to thebaselinevector, andto estimatetheaccuracy require-
mentsfor thereferencetrajectory, we rearrangethisequationas� ���� Y � ��}��� ^�� ������ ��� ^�� �������� � Z � ��}����� �_� (8.2)

where��� �}� �Y ��� � ^ ��� � and� ��}� �Y � �� ^�� �� , which is notaunit vector.
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Figure8.12: Â -bandrange(left) andrange-rate(right) residualsfor the first hour of DOY 258, 2003
for reduced-dynamicambiguity-fixedGRACEorbit solutionsbasedondifferentsubinterval
lengthsof thenumericalintegration.

Sinceno incrementsfor GRACE A andGPSpositionsareestimatedin this work, ��� � and ��� � are
bothsetto zeroin (8.2). However, it canbelearnedfrom (8.2) thatpositionerrors � � � in thereference
trajectory(GRACEA) anderrors� � � in theGPSsatellitepositionsbothaffectthecomputationof ����}� in
thesameway. Theimpactof theuncertaintyin theGPSsatellitepositionerrorsonthebaselineestimates
is, however, muchsmallerthan for zerodifferencepositioning(seeSect.7.1), because� � ��}�����_�� 
for shortbaselines.Concerningthepropagationof referenceorbit errors � � � into �%���� , [Teunissenand
Kleusberg, 1998b]give theupperlimit� � ��}� � � � �%� � � � ^ � � �� � � ^ � � � ��� � � � � � (8.3)

whereit is assumedthat � � � ^ � � �3�Y � � � ^ � � � . Assuminga quality of � � � �Y  #" cm in thereference
positions,the propagationinto ����}� is below the millimeter level for the GRACE constellation,where� � � ^ � � ���Y Ö "�" km and � � � ^ � � ���Y Ö "n"�"�" km.

ØÚÙ*9ÚÙ*) ��àká�æ=á'��ãA@#å#ìdê 6�åB2çê#ëèæ=á�ê ãÚÞLë à#äçæèÞ�áB2
In Sect.8.2.2thelevel of the Â -bandvalidationwasfoundin Fig. 8.7 to beabout2.5mm, if thespace
baselineambiguitieswereresolved to integer values,and if a few outlying dayswereexcludedfrom
thestatistics.Althoughthis is not bad,it doesnot yet representtheultimatelyachievablelimit. In this
paragraphwe discussa few issuessuchasthesettingsof thenumericalintegrationandtheconstraints
of thepseudo-stochasticparameters,which werefound to berelevant in orderto obtainhigh-precision
baselineestimatesfrom reduced-dynamicGRACEorbits.

ó ò�ñ6öI÷ßðJC�îkN=¡ üdû ö�I#÷NîIû£ð�ø�ü
In Sect.8.3.1we mentionedthat the referenceorbit hasto be known to approximately10cm in order
to avoid an error propagationinto the baselinesolution. If this is the case,and if the baselineshall
be estimatedkinematically, the epoch-wiseestimatesof the baselinevectormay be attachedwithout
difficultiesto thepositionsof thereferenceorbit, evenif they wereaffectedby (small)systematicerrors.

144



8.3 Analysisof theSpaceBaseline

243 244 245 246 247 248 249 250 251 252 253 254 255 256
0

1

2

R
M

S 
(m

m
)

Day of year 2003

Figure8.13:Daily Â -bandrangeRMS errorsfor reduced-dynamicambiguity-fixed GRACE orbit so-
lutionsbasedon 6-minuteaccelerations(left bars),60-minuteaccelerations(middlebars),
and6-minuteaccelerationswith relative constraintsbetweenGRACEA andB (right bars).

In otherwords,kinematicbaselineestimatessimply take over (small)systematicerrorsinducedby the
referenceorbit. Theseerrorscannotbedetectedin the Â -bandvalidation,becausethey arecommonto
bothorbitsandcancelout in therelative position.

Unlike kinematicbaselineestimates,reduced-dynamicbaselinesolutionshave to solve theequationof
motion(5.12).Onemaythereforeexpectthatthereduced-dynamicbaselineestimatesmaynot take over
(all) systematicerrorsinducedby the referenceorbit, even if the referenceorbit hasa quality of better
than10cm. Figure8.12supportsthishypothesisandrevealsremainingsystematicerrorsin thebaseline
solution,whenselectingtoolongsubintervalsfor thenumericalintegration.Figure8.12showsazoomon
thefirst hourof the Â -bandrange(left) andrange-rate(right) residualsonDOY 258,2003for reduced-
dynamicambiguity-fixed GRACE orbit solutionsbasedon 6-minutepiecewise constantaccelerations,
which werenumericallyintegratedwith a constantsubinterval lengthof 1min and3min, respectively.
Thedifferencesbetweenthetwo referenceorbitsareon thefew mm-level. Figure8.12(left) shows that
thedifferencesin the Â -bandrangeresidualsareon themm-level, aswell, which doesnot seemto be
dramaticat first sight. Oneshouldbeaware,however, thatevery (small)effect is potentiallyimportant
whenstriving for the “last millimeter”. Figure8.12(right) shows that the systematicerrorsin the Â -
bandrange-rateresidualsare indeedstriking. Pronouncedchanges,not jumps, in the Â -bandrange-
rateresidualsmay be observed every 3-minutesat the boundariesof the subintervals of the numerical
integration.Thanksto thepiecewise-constantaccelerationsonly a comparablysmallpartfinally affects
the orbit positions.On the onehand,this underlinesthecapabilityof pseudo-stochasticparametersto
absorbalmostany orbit modelingdeficiencies,but it alsoreflects,on the otherhand,the difficulty to
separate“true” orbit signalsfrom “artificial” signalsin asubsequentanalysis.

Figure8.13shows for a testperiodof 14days(DOY 243–256,2003)thatthelevel of the Â -bandrange
validationimprovedfrom about2.5mm(seeFig. 8.7)to anoverallRMSerrorof 1.39mm(left bars),by
simply changingthesubinterval lengthof thenumericalintegrationfrom 3 to 1min. This demonstrates
theusefulnessof Â -bandmeasurementsfor aprecisevalidationof orbit solutions.Currently, thereis no
otherindependentvalidationtechniqueavailableto detectthis kind of subtletiesin orbit modeling.We
haveto keepin mind,however, thatothersystematiceffectsof similarnaturemightstill bepresentin our
GRACEorbit solutions– but remainundetectedasthey arecommonto bothGRACEtrajectories.¢ ø�üGý û®÷�îdð�ü�ð�ü%I�£�ý£öIòDj�ø f ú�û£øBC�¤Gîdý û£ð1Cg£LîE÷Nî�ñ6ö?û£öI÷�ý
Appropriatesubinterval lengthsandconstraintsareessentialto obtainvery precisebaselineestimates
from reduced-dynamicambiguity-fixedorbits.Figure8.13comparesthelevel of the Â -bandrangevali-
dationobtainedfor thestandardsolution(basedonpiecewiseconstantaccelerationsoversixminutes(left
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8 GRACEOrbit DeterminationUsingDoublyDifferencedGPSData

bars)),andfor anexperimentalsolution(basedon tentimeslongersubintervals of sixty minuteslength
(middlebars)).It maybedisturbing,at thefirst sight,thatthe Â -bandrangevalidationis systematically
betterfor theexperimentalsolutionfor themajority of theconsidereddays(with anoverall RMS error
of 1.03mm),despitethevery longaccelerationsubintervals. As amatterof fact,thetwo GRACEorbits
(thereferenceorbit is basedon sixty minutesintervalsaswell) aremuchworsein the“absolute”sense
andshow deviationsof up to 10cm w.r.t. “state-of-the-art”GRACE orbits,but they agreemuchbetter
“relatively” – asit is confirmedby the Â -bandvalidation. This “paradox”situationis, of course,not
satisfying,but demonstratesthatrequirementsdiffer for “absolute”and“relative” orbit determination.

Inspectingthe individual accelerationparametersfor both solutionsrevealsthat the long subintervals
naturallyconstraintheestimatesfor GRACEA andB muchcloserto eachotherthanshortsubintervals.
Becausethetwo GRACE satellitesareonly separatedby about30s on thesameorbital trajectory, they
experiencealmostthe sameperturbingforces. This specialconfigurationis useful,e.g., for a relative
calibrationof the GRACE A andB accelerometerdata[Perosanzet al., 2006]. For the estimationof
piecewiseconstantaccelerations,onemaythereforeexpectestimateswhich areverycloseto eachother
for long subintervals,e.g.,60min, dueto thealmostnegligible time shiftsof only 30s at thebeginning
andat theendof eachsubinterval.

It is clear that orbit solutionsbasedon too long accelerationsubintervals are not ideal for modeling
the spacebaselinedueto unacceptableorbit qualitiesin an “absolute”sense.We know from experi-
encewhenprocessingundifferencedGRACE GPSdata,thatsubinterval lengthsof about6min arewell
suitedto achieve a referencetrajectoryof goodquality. Therefore,we have to combinethis knowledge
with the lessonlearnedfrom the previously discussedexperimentalsolution. Figure8.13 (right bars)
showsthatthelevel of the Â -bandrangevalidationcanindeedbefurtherdecreasedto anoverall level of
0.80mm by estimatingpiecewiseconstantaccelerationsover 6min with additionalconstraintsbetween
theGRACEA andB accelerations.Theshortsubinterval lengthensuresa high-qualityreferencetrajec-
tory in an“absolute”sense,whereastherelative constraintsbetweentheGRACEA andB accelerations
take thespecialorbit configurationinto account.Thea priori variancesof theaccelerationdifferences
couldtherebybeloweredto 1nm/s( for thealong-trackandcross-trackdirection.Theradialacceleration
differenceswereconstrainedto “zero” dueto a strongin-planecouplingbetweenradialandalong-track
accelerations.

In thefollowing, weinvestigatethiskind of reduced-dynamicambiguity-fixedbaselinesolutionwith rel-
atively constrainedpiecewiseconstantaccelerationsin moredetail.Thefollowing illustrationsaredrawn
in closestanalogyto thefiguresprovidedby [Kroes, 2006],in orderto facilitatea comparisonbetween
bothsetsof results.

ØÚÙ*9ÚÙ*9 ¥³á#å�ë1{k2 æ¦26Þ}|§��àká�ê�â©ãA@�å#ìdê¨6cå'2�ê#ëèæ=á#êSãÚÞLë à�äçæèÞ�áB2
Figure8.14shows the Â -bandrange(top) andrange-rate(bottom)residualson DOY 243, 2003asa
function of time for the ambiguity-fixed reduced-dynamicbaseline. As expected,the resolved space
baselineambiguitiesandthe relative constrainingof the piecewise constantaccelerationsdramatically
strengthentheorbit solution,which hasa striking impacton the Â -bandvalidation. Discrepanciesbe-
tweenthedynamicmodelsandtheGPStrackingdatanow tendto beremovedfrom thepositionsolution,
becausetheambiguityparameters,oncecorrectlyresolvedto integervalues,canno longerabsorbthem.

The very low Â -bandrangeRMS error of 0.6mm shows that the Â -bandrangeresidualsaremostly
below the1mm level on this particularday. This indicatesthatsub-mmprecisionis feasiblefor therel-
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Figure8.14: Â -bandrange(top) andrange-rate(bottom)residualson DOY 243,2003for thereduced-
dynamicambiguity-fixedGRACEorbit solution.
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Figure8.15: Â -bandrangeresidualsonDOY 243,2003for thekinematicambiguity-fixedGRACEorbit
solutionbasedonthe“normal” ionosphere-freeobservable(top)andontheionosphere-free
observableconstructedfrom Q � and Q ( (bottom).

ative positioningof thetwo GRACEspacecraftsin a reduced-dynamicbatchleast-squaresenvironment.
Onemightsuspectthattheprecisionin Fig. 8.14couldreflectatoooptimisticqualitybecausefour KBR
biaseshadto be adjusteddueto KBR phasebreaksat 03:15:40,16:45:10,and23:50:40. It is nice to
see,however, thatnoobviousdiscontinuitiesoccurat thementionedepochs,indicatingthattheprecision
claimedin Fig. 8.14(top) is real.

WhencomparingFig. 8.14 (top) with 8.14 (bottom)we get the (correct)impressionthat the Â -band
range-rateresidualsaremuchnoisierthanthe Â -bandrangeresiduals.Although the same“periodic”
patternsmay be recognizedin both figures,pronouncedshort-termfluctuationsclearly influencethe
residualsaswell. The Â -bandrange-rateRMS errorof 1.2 © m/sis, however, largely dominatedby the
“periodic” variationswhicharein commonto boththerangeandrange-rateresiduals.Thenatureof the
short-termfluctuationswill bediscussedat theendof thissection.

147



8 GRACEOrbit DeterminationUsingDoublyDifferencedGPSData

Fromthemodelingpointof view, thefollowing aspecthasto behighlighted.TheK-bandrangeresiduals
in Fig. 8.14(top)arestrictly continuousby construction,if no multiple Â -bandbiasparametershave to
beadjustedin thevalidationprocess.This is a differenceto theresultspresentedby [Kroes, 2006],who
usedaKalmanfilter approach.Smalldiscontinuitiesareunavoidable.

Figure8.15(top)showsthe Â -bandrangeresidualsonDOY 243,2003asafunctionof timefor thekine-
maticambiguity-fixedbaseline.Apart from thefactthatthesolutionshows amuchlarger Â -bandRMS
errorof 4.5mm, a few correlationswith Fig. 8.14(top) maybe recognized.More insight,however, is
gainedfrom Fig.8.15(bottom)wherekinematicPODis performedwith an“alternative” ionosphere-free
GPSobservableconstructedfrom the Q � andthe Q ( carrierphaseobservationsinsteadof thenormally
usedQ;R and Q ( carrierphaseobservations. Due to themuchlower noiseon the Q � observations,sys-
tematiceffectssuchasthe“periodicpatterns”maynow berecognizedremarkablywell in thekinematicÂ -bandvalidation,whichexhibitsa Â -bandRMSerrorof 2.7mmonly. Thecomparisonwith Fig. 8.14
(top)showsthatthereduced-dynamicsolutionofferssomeprotectionagainstrandomerrorsandsystem-
atic outliers,e.g.suchasthatat 17:00,but it is not immuneto systematicerrorswhich canbeidentified
in bothkinematicandreduced-dynamicsolutions.

What is the reasonfor the “periodic” patternsin Figs.8.14and8.15? Comparedto the (muchlarger)Â -bandresidualsof a zero-differencesolution(seeFig. 7.20),no pronouncedonce-per-revolution peri-
odicity maybeobserved,indicatingthatthedeviationscannotbeattributedexclusively to amismodeling
of thesatellitedynamics.This conclusionis in accordancewith thekinematicbaselinesolutionsshown
in Fig. 8.15,which areaffectedby the“periodic” patterns.Spectralanalysisof Â -bandresidualsfrom
reduced-dynamicambiguity-fixedsolutionsrevealsthatperiodsbetween15and20min, andbetween30
and40min dominatethespectrum.Accordingto Sect.7.4, a time between30 to 40min is the typical
time thata GPSsatellitecanbe tracked from theGRACE receivers. The observed “periodic” patterns
thereforemostlikely reflectsystematiceffectsin theGPSobservations,e.g.,carrierphasemultipathor
unmodeledphasecentervariations.

Âgfih îGükj�EÚî�ü%I�öªl�îDN�ð1j�îIû£ð�ø�ü
Figure8.16shows thestatisticsof thepercentageof resolvedwide-lane(top) andnarrow-lane(bottom)
spacebaselineambiguitiesfor DOY 243–297,2003.It is obviousthatthewide-laneambiguityresolution
with theMelbourne-ẄubbenaLC is mucheasieronthespacebaselinethanonspace-groundbaselinesas
discussedin Sect.8.2.4. Thegood P -codequality of thetwo GRACE BlackJackreceivers(see[Kroes,
2006])allows usto resolve 95.6%of all wide-laneambiguitiesto integer values.Only for DOY 272a
reducedperformancemaybeobserved dueto problematiccodemeasurements.This comfortablesitu-
ation providesan excellentbasisfor resolvinga significantnumberof the narrow-laneambiguities,as
well, which is simultaneouslyperformedwith the pseudo-stochasticorbit modeling. Figure8.16(bot-
tom)shows thatonaverage89.8%of thenarrow-laneambiguitiesareresolvedto integervalues.

Figure8.17(top) shows thedaily Â -bandrangeRMS errorsfor DOY 243–297,2003. It is interesting
to noticeanalmostinvariantlevel of the Â -bandfit, which is at anoverall RMSerrorof 0.88mm when
properlyaccountingfor thenumberof all underlyingresiduals.Thedaily valuesvary between0.64mm
for the(alreadypresented)solutionon DOY 243,and1.64mm for the“outlying” solutionon DOY 272
dueto the smallernumberof resolved ambiguities.The overall Â -bandrangeRMS errorof 0.88mm
confirmsthe0.91mm foundby [Kroes, 2006],wherethe longertime spanbetweenDOY 190and290,
2003wasanalyzed.
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Figure8.16:Daily percentageof resolved wide-lane(top) and narrow-lane (bottom) ambiguitiesfor
reduced-dynamicambiguity-fixedorbit determinationof theGRACEbaseline.
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Figure8.17:Daily Â -bandrangeRMSerrorsfor reduced-dynamicambiguity-fixedGRACEorbit solu-
tions(top)andkinematicambiguity-fixedorbit solutions(bottom).Notethedifferentscale
for bothfigures.

Figure8.17(bottom)shows thedaily Â -bandrangeRMS errorsfor thecorrespondingkinematicambi-
guity fixedsolutions.Wenoticea largeroverallRMSerrorof 4.41mmandaslightly worserepeatability
from dayto day. Obviously, thesolutionof DOY 272showsagaintheworstperformance.An inspection
of bothresidualtimeseriesshowedthata few largeroscillationslocally increasedthe Â -bandfit, which
offersabasisfor furtherinvestigationsto avoid suchasituation.It is interestingto note,however, thatthe
secondworstkinematicsolutiononDOY 255doesnothaveacounterpartin Fig. 8.17(top),whichagain
illustratesthat thereduced-dynamicsolutiongenerallyoffersa betterprotectionagainstdataproblems.
A similar robustnesswasobserved,e.g.,on DOY 222(not shown) wherethereduced-dynamicsolution
couldbepropagatedover anextendedgapwith about5.5hoursof missingGPSandKBR data,andstill
showeda Â -bandrangeRMSof only 1.0mm.

Let us finally inspectthe Â -bandrangevalidationfor reduced-dynamicambiguity-floatGRACE orbit
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Figure8.18:Daily Â -bandrangeRMS errorsfor reduced-dynamicambiguity-floatGRACE orbit so-
lutions (top) and zero differenceGRACE orbit solutions(bottom). Relative constraints
betweenGRACEA andB accelerationsareonly appliedto theambiguity-floatsolutions.

solutions.Figure8.18shows thedaily Â -bandrangeRMS errorsfor theDD (top) andtheZD (bottom)
solutions.First,wenotice(again)thesignificantlydegradedline-of-sightprecisionof theambiguity-float
solutionscomparedto theambiguity-fixedsolutionsin Fig. 8.17(top). WhencomparingFig. 8.18(top)
with Fig. 8.17(top),we observe anoverallRMS errorof 6.38mm insteadof 0.88mm. Becausethetwo
solution-typesdiffer only in the treatmentof theambiguityparameters,this differencedirectly reflects
theimpactof theresolvedspacebaselineambiguitieson theline-of-sightbaselineprecision.

Figure8.18(bottom)showsthattheZD solutionexhibitsanoverall Â -bandrangeRMSerrorof 10.90mm
(betterthanin Table7.7dueto theimprovedsettingfor thenumericalintegration),which is worsethan
the6.38mmobservedfor theDD solution(top). Two reasonsareresponsiblefor thisdegradation.First,
relative constraintshave beenappliedto thepiecewiseconstantaccelerationsbetweenGRACEA andB
for all DD solutionsasexplainedin Sect.8.3.2,which strengthensthesolutionsconsiderably. Second,
theprocessingof doublydifferencedGPSdataitself is preferablefor relative positioning,becausecom-
monerrorsourcesarereducedor eliminatedby formingdifferencesasalreadymentionedin Sect.4.3.3.
Oneshouldbeawareof thefact,however, that theapplicationof relative constraintsis themainreason
for theobserved Â -bandrangeRMSerrorof 6.38mm. A valuebetween9 and10mmcouldbeexpected
withoutapplyingrelative constraints.

It maybementionedthattheresultsin Fig. 8.18seemto bebetterthanthoseprovidedby [Kroes, 2006],
if ambiguitiesaretreatedasfloatvalues.ThetherebyreportedoverallRMSerrorsof 7.85and16.01mm
may indicateanadvantagefor our processingbasedon the BerneseGPSSoftware,whereoneandthe
sametypeof batchleast-squareadjustmentis usedfor all of thepresentedsolutions.

Âgfih îGükj�EÚî�ü%I�ö f EÚîEû£öFl�îkN�ðJj�îEû®ðBø�ü
Â -bandrange-rateresidualsarewell suitedto detectquality differencesbetweenthepseudo-stochastic
orbit modelsdiscussedin Chapter5. A zoomon onehour of Â -bandrange-rateresidualscanbe in-
spectedin Fig. 8.19for the“standard”reduced-dynamicambiguity-fixedGRACE orbit solutionsbased
onpiecewiseconstantaccelerationsoversix minutes,andfor ananaloguesolutionbasedonpulsessetup
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Figure8.19:Zoom on one hour of Â -bandrange-rateresidualson DOY 243, 2003 for the reduced-
dynamicambiguity-fixedGRACEorbit solutionsbasedonpiecewiseconstantaccelerations
(grey) andpulses(black),respectively.

every six minutes.Thezoomdirectly revealsthesubtledifferencesin the Â -bandrange-ratevalidation
for thetwo typesof orbit parameters.As expected,theorbitsbasedon piecewiseconstantaccelerations
show continuousÂ -bandrange-rateresiduals,whereassmall discontinuitiesoccurfor thepulse-based
orbitsat every 0.1h. Someof the jumpsmaybe recognized,e.g.,at 7.2h, 7.6h, 7.7h, and7.8h. One
shouldnot forget,however, thatFig. 8.19validatestheline-of-sightdifferenceof theorbitalvelocitiesof
GRACEA andB. Consequently, thesizesof theindividualvelocitychangesareconsiderablylargerthan
thosereflectedby the Â -bandrange-ratevalidations.

In Fig. 8.19 we notice in generallarger valuesof the “long-term” variation for the solutionbasedon
pseudo-stochasticpulses.Possiblecausesfor this observation areeithernot optimally chosena priori
standarddeviations,or thelessfavorableorbit modelingby instantaneousvelocitychanges.No attempt
wasmadeto furthertunepulse-basedbaselinesolutions.

Let us finally commenton the pronouncedshort-termfluctuationsalreadynoticedin Fig. 8.14 (bot-
tom). A closeinspectionof Fig. 8.19 shows that the samepatternsoccur for both the pulse-andthe
acceleration-basedorbit solutions.Spectralanalysisconfirmstheshort-termnatureof thesefluctuations
with periodsof 11.5and23s. It is thusvery unlikely to attribute thefluctuationsto the(different)orbit
solutionssinceasubinterval lengthof 1min wasusedfor thenumericalintegration.

In order to roughly estimatethe magnitudeof the short-termfluctuations,we first performeda daily
smoothingof the Â -bandrange-rateresidualsby computingmoving averagesusinga Gaussiankernel
asweightingfunction:«��\­¬La �Y¯®/°±*² R�³ \­¬ ± aD��\­¬ ± a®´°±*² R ³ \­¬ ± a with ³ \­¬ ± a �Y µi¶%· ¸ ^ \­¬ ± ^ ¬�a (Ö � ¬ (º¹ � (8.4)

where«��\­¬�a is thesmoothedÂ -bandrange-rateresidualat time ¬ ,��\­¬ ± a is theoriginal Â -bandrange-rateresidualat time ¬ ± ,³ \­¬ ± a is theGaussiankernel,and� ¬ is thecharacteristicwidth of theGaussiankernel.� ¬ wassetto 23sto computesmoothedÂ -bandrange-rateresidualsfor atestperiodof 20days.Aiming
ata roughestimateof thescatterof theshort-termfluctuations,wecomputethedaily RMSerror » with
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Figure8.20:Daily Â -bandrange-rateRMS errorsfor reduced-dynamicambiguity-fixed GRACE orbit
solutions.Totaleffect (top)andshort-termfluctuations(bottom).

respectto thesmoothedresidualsaccordingto» Y�¼ ®´°±*² R \½��\­¬ ± a ^ «��\­¬ ± aLa (¾ ^  � (8.5)

where¬ ± arethemeasurementepochsand¾ is thenumberof measurementsconsidered.

Theuseof therelationis basedontheassumptionthatmostof thelong-termvariationsmaybeattributed
to theorbit (mis)modeling.

Figure8.20comparesthedaily Â -bandrange-rateRMSerrors(overallvalueof 1.4 © m/s)obtainedfrom
theoriginal residuals(top)andfrom (8.5)(bottom).Notethatthethreedaysat theendof thetestperiod
(DOY 243–262)wereleft out in Fig. 8.20(top) dueto unrealisticlylarge Â -bandrange-rateresiduals,
causedby spuriousantennacorrectionvaluesprovidedin theLevel 1B KBR datafiles.

It canbeseenthatthescatterof theshort-termfluctuationsisalmostconstantatalevelof about0.21© m/s.
This constantlevel is a further indicationthatthefluctuationsmaybeactuallyattributedto the Â -band
range-ratedataandnot to orbit (mis)modeling.Anotherpieceof evidencefor this is theobservedorder
of magnitudeof the fluctuations,which agreeswith the expectationsconcerningthe RMS of Â -band
range-ratedata.[Biancaleetal., 2005]report,e.g.,aRMSlevel of about0.24© m/sfor theofficial Level
1B KBR range-ratedataon DOY 227,2003,anda RMS level of about0.19© m/s for KBR range-rate
dataderived at CNES-GRGSfor the sameday. Our valueof 0.21© m/s might thusbe too optimistic
dueto a too weaksmoothingof the range-rateresiduals.Our estimateis only intendedfor illustrating
purposes.

ØÚÙ*9ÚÙ?> ¿#ÞiÝ-ÀZå�ë;Á-Ý ÝßÞiÝÂ2 åiá�âÃ+6Ýb,�æ�äÄ.4æ10�ê�Ý ê�á�ìdê32
It hasbeenshown in theprevioussectionby the Â -bandvalidationthat thetrueprecisionof thealong-
trackcomponentof therelative positionbetweenGRACE A andB is 0.88mm for theambiguity-fixed
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Figure8.21:Daily meanvaluesof formal errorsof orbit positionsfor GRACE B in the radial (top),
along-track(middle), andcross-track(bottom)direction for the ambiguity-fixed baseline
solution.

solution,and6.38mm for the ambiguity-floatsolution. In order to gain someinsight aboutthe other
components,formalorbit accuraciesarecomputedfor thefixedsolution,andorbit comparisonsareana-
lyzedbetweenthefixedandfloat solutions.

Figure 8.21 shows the daily meanvaluesof the formal errors for the GRACE B reduced-dynamic
ambiguity-fixed solution in the radial (top), along-track(middle), andcross-track(bottom)direction.
As GRACE A was fixed to the zero differencesolution, no correspondingvaluesmay be given for
GRACEA. Therefore,thedisplayedvaluesmaybeinterpretedasthemeanformalerrorsof thebaseline
components.Excludingthe outlying solutionon DOY 272,seealsoFig. 8.17,overall valuesof 0.28,
0.49,and0.38mm result.Keepingin mind thatthetruealong-trackprecisionwasfoundto be0.88mm
by the Â -bandvalidation,theformal accuraciesarea little bit too optimistic. It canalsoberecognized
that they do not reflectall the variationsthat arerevealedby the Â -bandvalidationin Fig. 8.17(top).
Nevertheless,they seemto indicatethatnot only thealong-trackcomponentis determinedwith a high
precision,but alsotheradialandthecross-trackcomponents.

Figure 8.22 shows the daily standarddeviations of the orbit differencesfor GRACE B betweenthe
reduced-dynamicambiguity-floatand-fixedsolutionin theradial(top),along-track(middle),andcross-
track (bottom)direction. As GRACE A wasfixed to thezerodifferencesolution,no differencesoccur
in thereferenceorbits. Therefore,thedisplayedstandarddeviationsmaybeinterpretedasthestandard
deviationsof the differencesin the baselinecomponents.The largestvaluesmay be observed in the
along-trackdirectionwith anoverall standarddeviation of 6.41mm. Similar asfor zerodifferenceor-
bit determination,seeSect.7, thealong-trackcomponentis worstdeterminedfor our reduced-dynamic
orbits. Assumingthatonly small correlationsarepresentbetweenthealong-trackcomponentsof both
solutions,we may usethe true precisionsfrom the Â -bandvalidation to compute Å Æ �ÈÇ�É ( ZÊ" �ÈÉ�É ( =
6.44mm, which is in goodagreementwith theobservedstandarddeviation of 6.41mm. Therefore,the
differencesin the along-trackcomponentmay almostbe uniquelyattributed to the degradationof the
floatsolution.

The observed overall standarddeviations for the radial and cross-trackcomponentsare3.00mm and
1.14mm, respectively. Assumingsimilar small correlationsas for the along-trackcomponentand a
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Figure8.22:Daily standarddeviation of orbit differencesfor GRACE B in theradial (top), along-track
(middle), andcross-track(bottom)directionbetweenthe ambiguity-floatand ambiguity-
fixedbaselinesolution.

morepreciseambiguity-fixedsolution,thevaluesprovide a certainindicationabouttheprecisionof the
ambiguity-floatsolutionfor thesecomponents.It mustbenoticed,however, thatthedifferencesbetween
bothsolutionsaremuchsmallerthanfor thealong-trackcomponent,which shows that resolved space
baselineambiguitiespredominantlyimprove theprecisionof thealong-trackcomponent.

Similarcomparisonsmaybeperformedbetweentheambiguity-fixedreduced-dynamicandkinematicso-
lutionsto confirm,e.g.,thattheradialcomponentis worstdeterminedfor thekinematiccase.A detailed
discussionmay be found in [Kroes, 2006], which alsoshows that the overall quality of the kinematic
ambiguity-fixedsolutionis inferior to thereduced-dynamicfloat solution,althoughthe Ë -bandvalida-
tion favors the kinematicsolutionin the along-trackdirection,compareFigs.8.17(bottom)with 8.18
(top).

Figure8.22shows standarddeviationsof orbit differencesinsteadof RMS valuesto excludesystematic
offsetsbetweentheambiguity-fixedand-floatsolutions.Sincethepresentationof Fig. 8.6 in Sect.8.2.1
we know, however, that a systematicoffset in thecross-trackdirectionbetweenthe two solutiontypes
wasdetectedin theanalysisof DD solutionswith groundnetwork data.Here,thesameeffect hasto be
noticedagainwhenanalyzingthecross-trackorbit differencesbetweenthe GRACE B ambiguity-float
andfixedbaselinesolutions.For DOY 243–297,2003anoverallmeanvalueof -0.9cmresults,whereas
theeffect is suppressedfor GRACEA dueto thefixing to thezerodifferencesolution.Becausethesame
patternhasto be observed for kinematicandreduced-dynamicsolutions,we tendto attributed this to
a mismodelingin the GPSobservations,asalreadyspeculatedin Sect.8.2.1. Becauseno comparable
effect is reportedby [Kroes, 2006],we canneitherexcludea msimodelingin theGPSobservations,nor
asoftwareor processingbug from ourside.Ì_ÍÏÎ ÐÒÑ�ÓÔÓ�ÕeÖØ×ºÕ�ÎÚÙ
ÛMÜUÓÔÓ�Ý�ÎeÞkß
The resultspresentedin this chaptershowed that pseudo-stochasticorbit modelingtechniquesmay be
appliedwithout substantialchangesto doublydifferencedGPSobservations,aswell. The prospectto
reduceor eliminateerrorsourcesalreadyby forming differencedGPSobservablesis a clearadvantage

154



8.4 SummaryandComments

of thedoubledifferencewith respectto thezerodifferenceapproach,aswell asthechanceto resolve the
carrierphaseambiguitiesto their integervalues.CPUtimesfor ambiguity-floatsolutionsareno longer
anissuethanksto thedevelopmentsfrom Chapter6.

Sections8.1and8.2showedthatabout50receiversfrom globallydistributedGPSgroundsitesaresuffi-
cientto computehigh-qualityGRACEreduced-dynamicorbits.Theorbit differencesdueto thebaseline
selectionrevealedthat a well-balancednumberof space-groundbaselinesbetweenthe two GRACE
satellitesandthegroundsiteswould probablyoffer thebestalignmentof the two orbits in anabsolute
sense.Thequality of therelative orbit positionsis improvedby includingthevery shortspacebaseline
( àÃá�á�â km) into theprocessing,especiallyif thecarrierphaseambiguitiesareresolvedto integervalues.
Resolvedspacebaselineambiguitieswerefoundto significantlyimprove therelativeGRACEorbit posi-
tions.A similarstatementholdsaswell for resolvedspace-groundbaselineambiguities,whicharemore
difficult to correctlyfix to integervaluesdueto their lengthof upto 10000km andthe(different)quality
of thecodemeasurementsfrom theGPSgroundreceivers. Dueto averagesuccess-ratesbelow 50%,a
clearimprovementof theorbit quality in anabsolutesensecould,unfortunately, not bedemonstratedso
far. Moreover, CPUtimesarenot yet optimizedfor anoperationalresolutionof thevery largenumbers
of space-groundbaselineambiguities.

Section8.3 focusedon thespacebaselineanddemonstratedthat (sub-)mmprecisionis feasiblefor the
reduced-dynamicapproachwith fixed ambiguitiesand with relative constraintsbetweenthe pseudo-
stochasticorbit parametersof GRACE A andB. Thesolutionstrategy is tailoredto thespecialGRACE
orbit configurationwherebothsatellitesarefollowing eachotheron thesametrajectory. A mostprecise
knowledgeof the3-D inter-satellitevectorwill beof interestfor futuresatelliteformations,aswell, e.g.,
for theplannedSyntheticApertureRadar(SAR)interferometryformationconsistingof theTerraSAR-X
andTanDEM-Xsatelliteswhich shallgeneratehighly accuratedigital elevationmodelsin a bistaticop-
erationmode[Moreira et al., 2004].

Sections8.1 and8.2 reportedthatsystematicdifferencesbetweenorbit solutionsbasedon float andre-
solvedambiguitieswerefoundin thecross-trackcomponent.Becausethesamedifferenceswerefound
for reduced-dynamicandkinematicsolutions,we speculatedthat they might beattributedto a system-
atic mismodelingof theGPSobservations,which remindsusof theGPSphaseresidualpatternsshown
in Sect.7.9.5. Although the displayedresidualsweresmall anddifficult to interpret,they revealeda
highly systematicpatternwhich did not seemto changein time. As it is a commonpractice,e.g.,for
theorbit determinationof theJASON-1satellite[Luthcke et al., 2003],to simply introducesuchempir-
ically determinedantennapatternsfor POD,we starteda very first experimentanddetermineda very
roughcorrectionmapout of only two weeksof GRACE data,andrepeatedour baselineanalysiswith
thecorrectionmaptakeninto account.Obviously, sucha “trick” hasto formally improve theresults,but
it wasnot a priori obviouswherethis would beseen.It wasthuspromisingto seethat theunexplained
cross-trackoffsetcouldbereducedby this measureby abouthalf a centimeter, andthat is wasonly the
ambiguity-floatsolutionthatchangedby takingthecorrectionmapinto account.

It is too early to draw any hardconclusionsfrom the sketchedexperimentaboutthe true origin of the
discrepancy, but it offersabasisfor furtherinvestigationsbasedonmorereliablecorrectionmaps.

155



8 GRACEOrbit DeterminationUsingDoublyDifferencedGPSData

156



ãåäçæ è�é êWë´ì´í�èïî ðuñ�ò�ó ôÃõ�öU÷�ø§õåù�ú�é�ñ_ø�íØù ðûé�ü=éÃý ò�ø§ò�üþñ
Chapters7 and8 showedthatthedifferenttypesof pseudo-stochasticorbit parametersarewell suitedfor
preciseLEO POD.Properlytuned,thereduced-dynamicLEO orbitsbasedon continuousGPStracking
dataprobablyoffer the mostprecisereconstructionof the actualLEO trajectoriesin an only partially
known forcefield. Thecontinuousavailability of thestrongGPStrackingdatawastherebyfoundto be
essential,not only for kinematicPOD,which would bemoredifficult underaggravatedtrackingcondi-
tionswith only few observationsperepoch,but alsofor thereduced-dynamicapproachto ensurea safe
estimationof theusuallylargenumberof pseudo-stochasticparameters.

The focusof this chapteris no longeron thegenerationof “the mostprecise”orbits,but on a possible
interpretationof theestimatesof thepseudo-stochasticparametersandtherelatedreduced-dynamicor-
bits. It seemsobviousthattheseestimateshave to reflect,at leastto a certainextent,thedeficienciesof
theforcefield,but thecomparisonswith accelerometerdatain Chapter7 alsoindicatedlimitationsabout
thecontentof informationof pseudo-stochasticparameters,whichhave to becarefullyassessed.

Extensive simulationstudieswere performedto get insight into the estimationof pseudo-stochastic
parametersand the resultingreduced-dynamicorbits. First, we determinethe level of the direct in-
terpretabilityof single accelerationestimates,then we addressdiscretizationeffects associatedwith
pseudo-stochasticparameters,andfinally we analyzereduced-dynamicLEO trajectorieswith respect
to their capabilityfor recoveringanentireandunbiasedsetof gravity field coefficients. Summariesof
thesimulationsmaybefoundin [Jäggi etal., 2006a],[Jäggi et al., 2006b],and[Jäggi etal., 2006d].ÿ_Í�� � ÎeÞkÝÚÖ��ÚÖØÝþÞkÕ���Í��<ÍrÞ�×ûÜ
	�Ð¨Í�Î��
�rÝ������=Ý��rÝÚÖØÕeÞ�Í]ÜÔÎ��Uß%Þ�ÍpÓ�Õ`ÞkÝ`ß
It is convenientto comparepseudo-stochasticparameterswith accelerometermeasurements,e.g.,[van
denIJsseland Visser, 2005]. A direct comparison,however, hasto be interpretedwith careasan ac-
celerometermeasurementis eithera normalpoint of the raw (pointwise)accelerometermeasurements
(CHAMP), or a raw accelerometermeasurement(GRACE). Piecewiseconstantor piecewise linearac-
celerationsestimatedfrom GPSdata,however, areusuallyvalid for a certaintime interval anddo rather
reflectan“integrated”accelerationthana pointwiseacceleration.Dependingon the resolutionandthe
type of the solved for accelerations,the estimatesrepresentthe pointwiseaccelerationsonly approxi-
matelyat acertainlevel.��������� ��� �"!$#&%(')�+*�,-��.0/$,1%123�+*
We usedthesamephysicalandmathematicalmodelsasusedanddescribedfor therealdataprocessing
in Chapter7 to simulateundifferencedGPSphaseobservationsfor the CHAMP satellite. The GPS
final orbits and a CHAMP orbit, subsequentlydenotedas the true CHAMP orbit, were the basisto
simulatethe error-free GPSdata. Thereby, the true CHAMP trajectorywasnot a particularsolution
of the equationof motion usedin the dataprocessing,but wasaffectedby an additionalandartificial
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Figure9.1:Piecewiseconstantaccelerationsover 15min compensatefor anunmodeledalong-trackac-
celeration(solid line). Thedottedcurve denotesdeviationsw.r.t. thetrueorbit.

once-per-revolution along-trackacceleration57698;:(< , where < denotesthe argumentof latitudeand 5
an amplitudeof 100nm/s= . An orbit with identical initial conditions,but not affectedby the artificial
acceleration,servedastheapriori CHAMP orbit for PODwith thesimulatedGPSphaseobservations.

�������?> @A2�BC�&'D%E,CFHGI.0.0/1#&/E2J%(')�+*�,LKM/N.0*$O(/$23P
Pseudo-stochasticparameterswereprimarily introducedasadditionalparametersinto the equationof
motion(5.12)to copewith unmodeledsystematiceffects,e.g.,causedby deficienciesin theforcemodels
suchastheunmodeledalong-trackacceleration57698;:N< in thissimulation.Figure9.1shows,for aspecific
time interval of abouttwo orbital revolutions,how unconstrainedpiecewiseconstantaccelerationsover
15min compensatefor thedeficientforcemodelandapproximatetheonce-per-revolution characteristics
of the disturbingacceleration.The ratherlarge subinterval length of 15min was chosento provoke
noticeablediscrepanciesbetweentheestimatedaccelerationsandthetruedisturbingacceleration,which
arestill of minornatureonly. Theoverall characteristicsof theonce-per-revolution signalmaybeeasily
recognizeddespitethelargesubinterval length,but asystematicoverestimationmaybeobservedaswell,
e.g.,at thesymmetricallycoveredmaximumnear185min. This effect is a consequenceof theinability
to representa disturbingaccelerationwith non-zerocurvatureby a piece-wiseconstantmodel if only
GPSSSTdataareusedasobservations.

The quality of the orbit recovery is indicatedin Fig. 9.1 by the along-trackdeviations from the true
CHAMP orbit. Despitethecoarseresolutionin time of thepiecewiseconstantaccelerations,thealong-
trackorbit deviationsarein generalbelow the2-mmlevel. Theperiodicpatternis causedby theinability
to fully representaonce-per-revolution accelerationby apiecewiseconstantmodel,which in turnshows
up asonce-per-subinterval andonce-per-revolution variations. In accordancewith the formal position
errorsfrom Fig. 7.12,wenotethatthelargestdeviationstendto occurcloseto thesubinterval middles.

Figure9.2shows,for thesamespecifictimeinterval of abouttwo orbital revolutions,how unconstrained
andcontinuouspiecewiselinearaccelerationsover 15min compensatefor thedeficientforcemodeland
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Figure9.2:Continuouspiecewiselinearaccelerationsover 15min compensatefor anunmodeledalong-
trackacceleration(solid line). Thedottedcurve denotesdeviationsw.r.t. thetrueorbit.

approximatethe once-per-revolution characteristicsof the disturbingacceleration.Despitethe rather
largesubinterval lengthof 15min, analmostperfectagreementbetweentheestimatedaccelerationsand
thetruedisturbingaccelerationcanberecognized.A carefulinspectionshows thatthediscrepanciesare
now of a truly minor natureandonly manifestthemselvesasa small systematicoverestimationof the
pointwiseaccelerationsat thesubinterval boundaries.

The quality of the orbit recovery is also indicatedin Fig. 9.2 by the along-trackdeviations from the
true CHAMP orbit. The comparisonwith Fig. 9.1 shows that the once-per-subinterval andonce-per-
revolutionperiodicpatternshavebeengreatlyreducedwith theconsequencethattheorbit solutionbased
on piecewise linearaccelerationsshows no deficienciesat themillimeter level. Theestimationof only
onemoreparameterin thealong-trackdirectionthusresultedin a considerablerelative improvementof
theorbit quality. Thegainis, however, verysmallonanabsolutescale.

QSRNRUTWV;XZY\[D]U^_Ya`;bdcebf^hgiVCj
Onemight try to estimatethebestfitting amplitude5 of a function k�lnmpoiqElnmro from previously estimated
piecewise constantaccelerationssut pointing into the direction qElnmpo in a separateparameterestimation
problem. In this simulation, k�lnmpo would be identifiedwith 698;:N< and qElnmpo would be identifiedwith the
along-trackdirection,whichyieldsapseudo-correctionequation

v t�w x s tx 5zy|{
}�~ t (9.1)

for eachaccelerationcorrection~ t with thecorrespondingresidualv t . In view of approximatingthefunc-
tion 5�k�lnmro piecewisewith Taylor seriesof degreezero,thepartialderivativesnecessaryfor evaluating
(9.1)would intuitively bewrittenasx sStx 5 �w�k�lnmJ����o with mJ��� �w �á lnmWtn���S��mJt�o � (9.2)
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Figure9.3:Along-trackdeviationsw.r.t. thetrueorbit dueto piecewiseconstantaccelerations(left) and
dueto piecewiselinearaccelerations(right).

Therelations(9.1)and(9.2)implicitly defineanapproximatetransformationbetweenthe“initially” esti-
matedpiecewiseconstantaccelerationssut andtheamplitude5 of thefunction k�lnmro . Thetransformation
couldthusbealreadyincorporatedinto theoriginal PODprocess,which would beattractive in view of
thecomputationof thepartialderivatives �E� of theapriori orbit �(�flnmpo asa directcomputationwouldbe
unnecessary. Instead,� � couldbecomputedasa functionof the � partialderivatives �$� � with respect
to theaccelerationssSt as �E��lnmro�w �� t\��� � � ��lnmpo y x sStx 5�� (9.3)

wherethepartialderivatives �$� � wouldbeefficiently at handaccordingto Chapter5.

An estimationof theamplitude 5 with (9.1), or alternatively with (9.3), leadsto theoverestimationof
thetruedisturbingaccelerationasnoted,e.g.,in Fig. 9.1. Theamplitudeof thetrueonce-per-revolution
signalis apparentlyoverestimatedby about4%for piecewiseconstantaccelerationsandby about0.07%
for continuouspiecewiselinearaccelerations.Themainreasonfor this is thatthepartialderivatives(9.2)
arecorrectonly upto termsof orderzeroin thelengthof thesubintervals,whichimpliesthattheattempt
to relatea singlepseudo-stochasticparameters t directly to the pointwiseaccelerationmay introduce
comparablylargemodelerrors.For piecewiseconstantaccelerations,anerror level of a few percentis
generallytoo largeto beacceptablefor mostapplicationsasshown in Sect.7.8.4,wherea combination
with preciseaccelerometermeasurementswasstudied.It mustbementioned,however, thatresultsfrom
comparisonswith accelerometerdataasshown in Sect.7.8.3arenot that muchaffected,if the partial
derivativesaretakenfrom theaccelerometerdata.

Figure9.3 confirmsthe introductionof modelerrorsandshows the along-trackorbit deviations from
the true orbit emerging from the original parameterestimationandfrom the parameterestimationac-
cordingto (9.3) for piecewiseconstant(left) andpiecewiselinear(right) accelerations.An unacceptable
deteriorationof the orbit quality dueto a residualaccelerationmaybe immediatelyrecognizedfor the
approximatesolution with piecewise constantaccelerations.Although the approachclearly fails for
piecewiseconstantaccelerationsover 15min, it is interestingto notethatpiecewiselinearaccelerations
maybedirectly relatedto pointwiseaccelerationswithout introducingnoticeableorbit errors.It is sub-
ject to furtherinvestigationswhetherthis would still bethecaseif thetrueaccelerationwasaffectedby
morerapidthanonce-per-revolution oscillations.
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9.2 Interpretabilityof Reduced-DynamicTrajectoriesÿ_ÍW� � ÎeÞkÝÚÖ��ÚÖØÝþÞkÕ���Í��<ÍrÞ�×ûÜ
	��ªÝ`Ù_Ñ��=Ý`ÙM�$��×�ÎÚÕHÓ�Í����
ÖØÕN��Ý � ÞkÜ;Ö�Í]Ý`ß
Figure9.3 showed that the recoveredorbitsareof high quality for bothpseudo-stochasticacceleration
models. Even for piecewise constantaccelerationswith a modesttime resolutionthe orbit errorsare
below the2-mmlevel, implying thatthe“discretization”errorsintroducedby pseudo-stochasticacceler-
ationsmustbemuchsmallerthanthefew percentlevel suggestedby theanalysisof asingleacceleration
estimate.In orderto makebetteruseof theresultsachievedwith pseudo-stochasticparameters,it is nec-
essaryto performeitheranintegratedanalysisof all accelerationestimatesor, alternatively, ananalysis
of therecoveredorbit trajectory. Becausethestochasticmodelof orbit positions,e.g.,from kinematicor-
bits, is betterdescribedby awhitenoiseprocessthanthestochasticmodelof orbit accelerations[Ditmar
etal., 2004],weconfineourselvesin thischapterto theanalysisandinterpretationof orbit positions.���?>���� @A2�BC�&'eKM/$¡1%12J%��¢/£'�2p�+¤Z%N')�+*�,
Letusnow introduceanew setof ¥¦ orbit parameters¥§ � � �\�\� � ¥§�¨© . In orderto simplyreparametrizetheorbit
determinationafter having solved for the pseudo-stochasticparametercorrectionsª�� � �\�\� � ª © , we may
usetheorbital positions�«lnmJ���Wo establishedso far aspseudo-observationsin a new orbit determination
processto solve for theparametercorrections¥ª«� � �\�\� � ¥ª ¨© . Thecorrectionequationsreadas

¬ � � w ¨©�­ ���
x �(�flnmJ���Jox ¥§ ­ y ¥ª ­ }"® ��lnm ��� o (9.4)

with

® ��lnmJ���Jo �w ©� ¯ ���
x � � lnm ��� ox § ¯ y ª

¯
(9.5)

being the orbit improvementsof the previously performedreduced-dynamicorbit determinationand¬ � � the residualsof the new orbit determinationproblem. Therebysomeparameters¥§ ­ may be iden-
tical to the reduced-dynamicorbit determination,e.g., the initial osculatingelements,whereasothers
arereplaced.Typically, thepseudo-stochasticrepresentationis substitutedby a physicalrepresentation
accountingfor forcefield deficiencies,e.g.,a seriesof sphericalharmoniccoefficientsrepresentingthe
Earth’s gravity field accordingto Chapter3, or scalingfactorsfor non-gravitationalforcemodels.

The main advantageof a two-stepmethodas definedby (9.4) and (9.5) is that the GPS-basedLEO
orbit determination,typically performedon a daily basis,maybecompletelyseparatedfrom thephys-
ical interpretationof (many) LEO trajectories.KinematicCHAMP positionscomputedby [Švehlaand
Rothacher, 2003c],e.g.,receivedmuchattentionfor subsequentglobalgravity field recovery andhave
beensuccessfullyusedby many researchinstitutionsin conjunctionwith abroadvarietyof gravity field
recovery methodsasmentionedin Chapter3. BecausekinematicLEO positionsarecomputedindepen-
dently from forcemodels,it seemsa priori obvious that they arewell suitedfor gravity field recovery,
but not reduced-dynamicLEO positions[Gerlach et al., 2003c].Whetheror not reduced-dynamicLEO
positionsmight beusedfor thesamepurposedependson theparametrizationsusedin (9.5) aspointed
out by [Jäggi et al., 2006b]and[Jäggi et al., 2006d]. We postponethis discussionto Sect.9.5,where
it will beshown underwhich conditionsreduced-dynamicorbitsmight beusedfor globalgravity field
recovery.

Finally, it hasto bementionedthata physicalinterpretationof LEO trajectorieswith (9.4) and(9.5) is
not completelyequivalent to a direct estimationof the parametercorrections ¥ª�� � �\�\� � ¥ª ¨© from the GPS
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Figure9.4:Deviations(%) of a recovery of theterm °�±_² ³ with reduced-dynamicorbit positions.

observations.Evenif thepseudo-observations �«lnmJ���Wo actuallycontaintheinformationto berecovered,a
(small)degradationhasto beexpected,if thecorrelationsbetweenthepseudo-observationsareneglected.

���?>��?> ��� �"!$#&%(')�+*�,-��.0/$,1%123�+*
We performeda similar simulationasdescribedin Sect.9.1.1in orderto estimatethe level of the“dis-
cretization”errorsintroducedby pseudo-stochasticparameters.A trueCHAMP orbit wascomputedin a
truegravity field (completeup to degree45)andwasusedto simulateerror-freeCHAMP orbit positions
every 10s. Thesamegravity field model,but with onearbitrarily selectedgeopotentialterm( ° ±_² ³ ) set
to zero,wasusedfor POD with unconstrainedpseudo-stochasticparametersto simulatethe CHAMP
pseudo-observations. In analogyto Sect.9.1.2,thepseudo-stochasticorbit parametershadto compen-
satefor anunmodeledsignalof a comparableamplitude(57nm/s= ), but with a principalperiodof one
sixthof theorbitalperiod( à �µ´

min).

���?>��?¶ GI.0.0/1#&/E2J%(')�+*�,LKM/N.0*$O(/$23P
The CHAMP pseudo-observations wereusedto recover the amplitudeof the unmodeledgeopotential
term °�±_² ³ accordingto (9.4)and(9.5). Figure9.4shows thedeviationsof therecoveredamplitudewith
respectto thetruevaluefor differentsubinterval lengthsof pulsesandpiecewiseconstantaccelerations.
In general,therecoveryis slightlybetterfor orbitalpositionsderivedfromaccelerationsthanfrompulses.
Thedifferencebetweenthetwo parametrizations,however, is rathersmall,if only oneforcefield param-
eterhasto berecovered.

The recovery errorsshown in Fig. 9.4 may be interpretedasthe purediscretizationerrorsof pseudo-
stochasticparameters,if thesubinterval lengthsarewell below half of theshortestperiodof thesignalto
berecovered.It is encouragingto seethatadeviationof about0.002%wouldresultin thesituationcom-
parableto Sect.9.1.2,i.e., at a subinterval lengthof 2.5min, which is muchbetterthanthefew percent
level foundin Sect.9.1.2.This impliesthatthesignalamplitudecanberecoveredwith a quality almost
comparableto a directestimationof theparameter, andthatpseudo-stochasticparameterspreserve the
informationaboutadeficientforcefield verywell, if they aresetupwith an“appropriate”spacing.
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9.3 Highly Reduced-DynamicTrajectories

·�bU[D]ZTr¸º¹�VN»i¹�bUT3»£Y\»0¼e^9gib½Q¾R(RUTWVZXZY+[D]U^_Ya`;b¿c¢b;^9giVCj
Let usassumethatweonly considerpseudo-observations �«lnmJ���Wo referringto themidpointsof previously
estimatedpseudo-stochasticaccelerations.Startingwith the secondtime derivative of (9.4), we can
illustrateadditionalassumptionsimplicitly madefor theapproximative methodpresentedin Sect.9.1.2.
For thespecialcaseof estimatingonecorrection{ to theamplitudeof theknown function k�lnmroiq�lnmpo , the
correctionequation(9.4)readsat time mJ��� as¬ t�w�À�E� y|{u}

©� ¯ ��� À� �1Á y)~
¯ � (9.6)

In orderto eventuallyobtain(9.1),wereplaceall partialderivativesin (9.6)by theleadingtermof (5.8),
which thenreadat time mJ��� as

À�E� à xCÂ �x 5 and À� �CÁ à ÃÅÄ Â�ÆÄ � Á ÇÉÈ wËÊÌ ÇÉÈMÍwËÊ � (9.7)

where
Â � lnmJ���Wo wÎsutfqElnmJ���Jo . Thisfinally leadstov t�q«lnmW���Wo�w x sutx 5 y|{ qElnmW���Wo }�~ t;qElnmW���Wo � (9.8)

which is identicalto therelation(9.1),but formulatedin theinertial system.ÿ_ÍWÏ ÐwÍn�
Ñu�r×Ò�ªÝ`Ù_Ñ��=Ý`ÙM�$��×�ÎÚÕHÓ�Í����
ÖØÕN��Ý � ÞkÜ;Ö�Í]Ý`ß
Highly reduced-dynamic(HRD) LEO orbitsarereduced-dynamicorbitswith pseudo-stochasticparam-
eterssetup with a frequency closeto the GPSobservation samplingrate. Typical subinterval lengths
thusrangefrom only 10s to about60s if GPSobservationsareavailableevery 10s, which is, e.g.,the
casefor the BlackJackreceivers aboardCHAMP and the two GRACE satellites. The developments
in Chapter6 showed, however, that the computationalburdenheavily increasesfor large numbersof
pseudo-stochasticparametersin a conventionalprocessingof the normalequationsystemsassociated
with HRD orbits. Thanksto the estimationschemebasedon the rapid solutionstrategy presentedin
Sect.6.3, it is still feasibleto computeHRD orbits with any subinterval lengthsof pseudo-stochastic
parameterswith reasonablyshortCPUtimes(seeFig. 6.6).

CHAMP datafrom DOY 198,2002wereusedto computekinematicandHRD orbitswith differentpa-
rameterspacings.Figure9.5 (left) shows thecross-trackdifferencesof thekinematicandof two HRD
orbitswith respectto a “conventional”reduced-dynamicCHAMP orbit basedonpiecewiseconstantac-
celerationsover six minutes.BothHRD orbitsarerepresentedby six initial conditionsandthreeuncon-
strainedpulsessetup every minuteandevery threeminutes,respectively. As expected,theHRD orbits
arealreadyfairly closeto thekinematicorbit dueto the“heavy” parametrization.The1-minuteHRD or-
bit is actuallyalmostidenticalto thekinematicorbit. Comparedto conventionalreduced-dynamicorbits,
the “smoothing”effect of reduced-dynamictrajectoriesis greatlysuppressedfor HRD orbits andonly
occasionallyvisible, e.g.,for the 3-minuteHRD orbit around15:31:00and15:33:00.The GPSphase
breaksoccurringtherecanbe “bridged” to someextent by the HRD orbit solutionbasedon 3-minute
subintervals,andis thuslessaffectedby artificial jumpsthantheothersolutions,if new phasebiaspa-
rametershave to be setup at a certainepochfor all GPSsatellites.Similar patternsmay be found in
theradialandalong-trackdirectionsaswell, but they arenot asclearlyvisible dueto morepronounced
once-per-revolution oscillationswith respectto theconventionalreduced-dynamicorbit.
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Figure9.5:Cross-trackdifferencesof a kinematicand two HRD orbits w.r.t. a conventionalreduced-
dynamicorbit (left) anddifferences(radial/cross-trackshiftedby Õ ´

mm)betweenthekine-
maticandtheMRD orbit (right).

���?¶���� ÖS2J*�¡�/$2J')�+/(×A*$ØºÙÚ%NÛN� ��!�� KM/NF�!C.0/NF$Ü�ÝIPC,1%E�Þ�\.eß
23%|à_/N.U'µ*E2p�+/(×
Maximumreduced-dynamic(MRD) LEO orbitsarea specialcaseof highly reduced-dynamicLEO or-
bits with pseudo-stochasticparametersset up at a frequency equalto the GPSobservation sampling
rate. This settingcorrespondsto the shortestpossiblesubinterval length that still resultsin a regular
normalequationsystemfor reduced-dynamicLEO orbit determination.In orderto illustratethe close
relationshipbetweenMRD orbits anda kinematicorbit, we considerthe MRD orbit basedon pulses
from Fig. 9.5 (right). There,threeunconstrainedpulsesaresetupat all ¦�á3âäã observationepochs,except
for thevery first andthevery lastonewhereno pulsescanbeestimatedfrom theGPSdata. Together
with thesix initial conditionsa totalnumberof å ¦�á3âäã orbit parametersareestimated,which is obviously
thesamenumberof unknown orbit parametersasfor a kinematicorbit determination.Providedthatat
leastfour GPSobservationsareavailable for every observation epochwhenprocessingundifferenced
data,all epochparameterscanbeestimatedfor bothapproaches,whicharethethreepulsesandthethree
kinematiccoordinatesfor theMRD andthekinematicorbit determination,respectively, andonereceiver
clock correction.Both orbit ephemeridesarethusequivalentat theobservation epochsdespitethedif-
ferentparametertypesusedfor thetwo approaches.Thecharacteristicpatternin Fig. 9.5 (right) results
from therestrictionto 1-mmprecisionin theSP3orbit file format[Remondi, 1991].

Figure9.6 (top) illustratesthe characteristicsof a MRD trajectorybasedon unconstrainedpulsesand
kinematicpositionsestimatedfor eachobservationepoch.If we assumeto have at leastfour error-free
GPSobservationsat our disposalat eachmeasurementepoch,we could reconstructthe true orbit tra-
jectory in thekinematicmodeat thesediscreteepochswithout errors.Thesamestatementis alsovalid
for the MRD orbit basedon pulsesif the sameassumptionshold. The only differencebetweenboth
trajectoriesresidesat timesin-betweentheobservation epochs.Whereasa kinematicorbit yieldsposi-
tion estimatesonly at the(discrete)observationepochs,theMRD orbit is definedthroughouttheentire
orbitalarc.Thepositionsat theleft andat theright boundaryepochsof eachsubinterval providethenec-
essarysix conditionsto defineatrajectorybetweenthesetwo points,whichsolvestheequationof motion
(5.12). It mustbeemphasizedthat thepositionsat theobservation epochsarecompletelyindependent
from theforcemodelslike in thekinematiccase,but thatthetrajectoryin-betweenfully reflectstheapri-
ori forcemodels,if pulsesareusedaspseudo-stochasticparameters.Despitethemaximumresolutionof
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9.3 Highly Reduced-DynamicTrajectories

Figure9.6:MRD orbit (solid line) basedon pulsesin comparisonwith the true orbit (dottedline) and
kinematicpositions(circles)(top)andtheimpactof anincreasedsamplingrate(bottom).

pseudo-stochasticpulses(or accelerations,seebelow), orbital velocitiesor orbital accelerationsderived
from MRD orbitsdo not provide independentinformationconcerningtheforcefield. This statementis
importantwhentherecovery of forcefield parametersis addressed.

If thereare lessthan four GPSobservationsavailableat a certainmeasurementepoch,it is not pos-
sible to estimateall epochparameterswhenprocessingundifferenceddata. Whereasno positioncan
be estimatedat all for a kinematicsolution,not all pulsescanbe estimatedfor a MRD orbit at such
“problematic” epochs,but the MRD trajectoryis still definedthroughoutthe entireorbital arc. As a
consequence,however, theestimatedpositionsmaydiffer at theneighboringepochsbecausethefiltering
dueto the dynamicorbit modelstartsto affect the MRD orbit aroundthe “problematic”epochs.This
is alsothe reasonfor theobserved deviationsbetweenthe kinematicandtheMRD orbit from Fig. 9.5
(right), wherethe largestonesoccurat 09:25:30and09:26:30,andat 17:05:30and17:07:00.Usually
thiseffect is limited to theneighboringepochsof the“problematic”intervalsonly, but sometimesit may
propagatefurtherandaffectmoreepochsthanjust theneighboringones.

ThecloserelationshipbetweenMRD orbitsandakinematicorbit holdsaswell if accelerationparameters
insteadof pulsesaresetup. If, e.g.,threeunconstrainedpiecewiseconstantaccelerationsaresetup for
all ¦�á3âäã } �

observation intervals,exceptfor thevery first onewhereno accelerationscanbeestimated
from the GPSdatadueto a full correlationwith the initial conditions,a total numberof å ¦�á3âäã orbit
parametersareestimatedtogetherwith thesix initial conditions.Again,bothephemeridesareequivalent
at theobservationepochs.

æ TW]i»iç9Ya^_Y&VN»dè1bf^3é
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The transitionbetweenMRD andHRD orbits is accomplishedby decreasingthe numberof pseudo-
stochasticparameters,by introducingconstraints,or by increasingthesamplingrateof theobservations
to beprocessed.As thesubinterval lengthof pseudo-stochasticparameters(andtheconstraints)will play
a mostimportantrole for the recovery of forcefield parameters,we focusin the following on thecase
of increasingthesamplingrateof theobservationsto beprocessed.Figure9.6 illustratesthetransition
from a MRD orbit basedon unconstrainedpulses(top) to an identicallyparametrizedHRD orbit based
onahigherobservationsamplingrate(bottom).Themaindifferencebetweenbothtrajectoriesresidesin
thearcsbetweenthepulse-epochs,which ratherreflectthetrueorbit dueto theadditionalobservations.
Theobtainedorbital positionsfrom theHRD orbit differ from thekinematicpositionsestimatedat the
observation epochsbecausethe filtering dueto the dynamicorbit modelaffects the bottomtrajectory
over the entireorbital arc. It is importantto notethat this is alsothecasefor the HRD orbit positions
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9 AnalyzingPseudo-StochasticParameters

at thepulseepochs.Unlike a maximumreduced-dynamicorbit, wherethepositionsat theobservation
epochsareindependentfrom the forcemodels,thepositionsof highly reduced-dynamicorbitsdepend
on theappliedforcemodels,evenif thesameresolutionof pseudo-stochasticparametersis used.

Therewouldbenoneedto studyHRD LEO orbitsin anerror-freeenvironmentwherethetruetrajectory
couldbeperfectlyreconstructedby kinematicpositionsobtainedfrom error-freeGPSobservables.Real-
world kinematicLEO orbit positionsaregoverned,however, by aconsiderablenoisecomponent[Ditmar
et al., 2004],which might bea nuisancewhenusingthemfor gravity field recovery. This is the main
motivation for consideringhighly reduced-dynamicLEO orbits asalternative. Thereis the chanceto
reducetheposition(andvelocity) noiseandto improve thegravity field coefficients. Sections9.4 and
9.5presentsimulationstudieswhichshallshow onwhich level benefitsmaybeexpected.ÿ_ÍÏÎ �UÎ�Õ
�r×nß�Í]ßÃÜ�	ÚÐH�ñ� òÃÖ���ÍrÞôóÒÜHß�ÍrÞ�Í]ÜÔÎ�ß[Õ�Î�Ùöõ/ÝM�rÜ
��ÍrÞ�Í]Ý`ß
Highly reduced-dynamictrajectoriesarefiltered dueto the underlyingdynamicorbit model,whereas
kinematicorbit positionsreflectthe unfiltered(discrete)positionssolely definedby the GPSobserva-
tions. The characteristicsof a HRD orbit heavily dependson the type and numberof the estimated
pseudo-stochasticorbit parameterswith their (optionallydefined)constraints,andto someextenton the
underlyingdynamicorbit modelandtheprocessedobservationsamplingrate.Dependingonthesettings
usedfor HRD orbit determination,trajectorieswith stronglyreducedposition-andvelocity-noisemay
be obtainedsimilar to the caseof conventionalreduced-dynamicorbit determination.[Gerlach et al.,
2003c]alreadyshowed,however, thatconventionalreduced-dynamicorbitsheavily reflecttheunderly-
ing force models. An interpretationof HRD orbit positionsor velocitiesfor independentinformation
abouttheforcefield hasthusto bemadewith utmostcareasany noisereductionis alwaysobtainedon
thecostof introducingapriori informationfrom theunderlyingdynamicmodels.���\÷���� ��� �"!$#&%(')�+*�,-��.0/$,1%123�+*
We usedthesamephysicalandmathematicalmodelsasusedanddescribedfor therealdataprocessing
in Chapter7 to simulateundifferencedGPSobservationsfor the CHAMP satellitewith 10s sampling
or, alternatively, with 30s sampling.TheGPSfinal orbitsanda particularCHAMP orbit, subsequently
denotedasthetrueCHAMP orbit, werethebasisto simulateGPScodeandphasedata.TheGPScode
observationswereaffectedby a white noiseof 0.1m RMS errorandtheGPSphaseobservationswere
simulatedeithererror-free or, alternatively, with a white noiseof 1mm RMS error. Thereby, the true
CHAMPtrajectorywasaparticularsolutionof theequationof motiongivenby theEIGEN-2gravity field
modelup to degreeandorder120without inclusionof any non-gravitational forces.An orbit obtained
from the processingof the simulatedcodeobservations(seeSect.7.5) served asthe a priori CHAMP
orbit for PODwith thesimulatedGPSphaseobservations.ThecompleteEIGEN-2gravity field model
up to degree120or, alternatively, a modifiedgravity field modelwasusedas(poor)a priori modelfor
theHRD orbit determination.ThemodifiedmodelwastheEIGEN-2modeltruncatedafterdegreeand
order20 andthe remainingsphericalharmoniccoefficientsweremodifiedby applyingrandomerrors
correspondingto theRMSerrorsof theEIGEN-2terms.

The mostrealisticHRD orbit andvelocity reconstructionis of courseobtainedwhenall error sources
areswitchedon. It is instructive, however, to eitherswitchoff theGPSphaseobservationnoiseor thea
priori gravity field errorsin orderto studythedifferentimpactsof bothrandomandsystematicerrorson
theHRD orbital positionsandvelocities.Solutionswithouterrorsareusefulfor softwaretests.
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Figure9.7:Positiondifferences(left) andvelocity differences(right) w.r.t. the true CHAMP orbit ob-
tainedfrom HRD orbit determinationin the presenceof randomerrorsonly or systematic
gravity field modelerrorsonly.
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Figure9.7shows positiondifferences(left) andvelocitydifferences(right) in onespecificcoordinatein
the Earth-fixed referenceframewith respectto the true CHAMP orbit for a HRD orbit determination
basedon 10s GPSdatasamplingwith unconstrainedpiecewise constantaccelerationsestimatedover
30s. Both solutionsareeitheraffectedby theGPSphasewhite noiserandomerrorsonly, which is sub-
sequentlydenotedasasolutionof type(N), or by thesystematicapriori gravity field modelerrorsonly,
which is subsequentlydenotedasa solutionof type(A). Thedifferencesin theothercoordinatedirec-
tionsareof thesamenatureandarethusnotdisplayed.

Thescatterin thepositiondifferencesof solution(N) is uniquelycausedby the1mm GPSphasewhite
noiseRMS error, althoughit is not white but coloreddueto the phasebiases.As the estimatedphase
biasesarenot identicalwith the true valuesdueto the phasenoise,they introducea correlationin the
positiondifferences,which is visible asthe long wavelengthvariationwhich would vanishif theambi-
guitiescouldbefixedto integervalueswith zerodifferenceobservations.

Despitethepoorlyknown apriori gravity field modelusedfor POD,thepositiondifferencesof solution
(A) exhibit a RMS errorof 0.1mm only, which is muchsmallerthanthe noise-induceddifferencesof
solution(N) with aRMSerrorof 1.6mm. Obviously, thepiecewiseconstantaccelerationscompensateto
a largeextentfor themismodelingin theapriori forcemodels.Theremainingdifferencesareverysmall
andonly visible asvery smallshort-termvariationsin Fig. 9.7 (left). Theobserved longerwavelength
variationsareof a differentorigin asthey arecausedby the linearizationof the observation equations
(4.3) and(4.5). The coarsea priori orbit obtainedwith the poor a priori gravity model is slightly out
of thelinearitydomain,which makesit necessaryto iteratetheorbit determinationprocessif this effect
shouldbeavoided.

Figure9.7(right) shows thatthesamecomparisonmaylook slightly differenton thevelocity level. The
velocity differencesof solution(A) exhibit a RMS errorof 0.012mm/s,which is not thatmuchsmaller
thanthenoise-induceddifferencesof solution(N) with a RMS errorof 0.093mm/s. It canbe further-
morerecognizedthatacharacteristicpatterndueto themismodelingin theapriori forcemodelsis more
clearly visible on the velocity level, e.g.,assomelarger spikes that occasionallyoccur. On the other
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Figure9.8:Positiondifferencesfor aHRD orbit and10skinematic(left) and30skinematic(right) orbits
w.r.t. thetrueCHAMP orbit in thepresenceof randomerrorsonly.

hand,all long wavelengthfeaturesfrom Fig. 9.7 (left) have disappearedon thevelocity level dueto the
timedifferentiation.
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It is importantto compareHRD orbitswith kinematicorbits in orderto identify advantagesanddisad-
vantagesof bothtypesof orbits.Figure9.8showstheimpactof theGPSphasewhitenoiserandomerrors
onthepositiondifferenceswith respectto thetrueCHAMP orbit for thesamepromisingHRD orbit from
Fig. 9.7basedon10s GPSdatasamplingandunconstrainedpiecewiseconstantaccelerationsestimated
over 30s, andfor kinematicorbitsbasedon 10s GPSdatasampling(left) and30s GPSdatasampling
(right). It canberecognizedthattheHRD positiondifferencesexhibit a reducedscatterof 1.6mm RMS
errorwith respectto thekinematicsolutionswhichexhibit RMSerrorsof 2.6mmand2.9mmfor the10s
and30s GPSdatasampling,respectively. Thebetterperformancefor theHRD orbit of approximately� å hasto beexpectedasthe30spiecewiseconstantaccelerationshaveasmoothingeffecton theresult-
ing trajectory. It mustbeadmitted,however, thatthecomparisonfrom Fig. 9.8(right) is not completely
fair asnot thesameamountof datawasusedfor POD.This is alsothereasonfor themorepronounced
long wavelengthfeatureswhich areonly presentin the30s kinematicorbit from Fig. 9.8 (right) dueto
theslightly weaker determinedphasebiases.

Thereducednoiseof HRD orbital positions(andvelocities)with respectto positionsfrom a kinematic
point positioningis the main motivation to investigatewhetherHRD orbits might serve asa suitable
alternative productto kinematicorbits for deriving morepreciseinformationabouttheforcefield. It is
encouragingto seethesmall impactof thesystematicerrors(Fig. 9.7 (left)) of a deficienta priori grav-
ity field modelon theestimatedHRD orbit positions.On theotherhand,thevelocity differencesfrom
Fig. 9.7(right) alsoindicatethatthealmostnegligible positiondifferencesmightsuggestatoosimplistic
view. Obviously, it is necessaryto analyzetheorbitalpositionsandvelocitieswith betterdiagnostictools
suchasFourieranalysisto achieve meaningfulconclusions.

A secondmotivationto investigateHRD orbit determinationfor gravity field recovery aretheHRD or-
bital velocitieswhich mayreadilybecomputedfrom theestimatedorbit parameters.As opposedto the
kinematiccase,nocumbersomeempiricalderivationof velocitiesis necessary[Földváry etal., 2004].
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Figure9.9:Amplitudespectraof positiondifferencesw.r.t. the true CHAMP orbit obtainedfrom HRD
orbit determinationwith pulses(left) and accelerations(right) in the presenceof random
errorsonly (solution(N)) or systematicapriori gravity field modelerrorsonly (solution(A)).
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Figure9.9shows amplitudespectraof positiondifferencesin onespecificcoordinatein theEarth-fixed
referenceframewith respectto thetrueCHAMP orbit for aHRD orbit determinationbasedon30sGPS
datasamplingwith unconstrainedpulsesestimatedevery60s(left) andunconstrainedpiecewiseconstant
accelerationsestimatedover 60s (right). Thetwo amplitudespectraof eachfigureareeitheraffectedby
the GPSphasewhite noiserandomerrorsonly or by the systematica priori gravity field modelerrors
only, anddemonstratethedifferentimpactof botherrorsourcesonHRD orbits.

Theamplitudespectraof thepositiondifferencesof solution(N) arealmostidenticalfor both typesof
pseudo-stochasticparameterswith a stronglyreducedpositionnoisein thehighestfrequency rangedue
to thesmoothingeffect of reduced-dynamicorbit determination.Theamplitudespectraof solution(A),
however, differ significantlyfor thetwo orbit parametrizations.Themoststrikingdifferenceis observed
for periodsshorterthan twice the subinterval lengthof á y � â s = 120s (indicatedby a vertical line),
wherelarge amplitudesdominatethe spectrumof the pulsesolution. This part of thespectrumis also
responsiblefor the fact that the positiondifferencesof the pulsesolution(A) exhibit a RMS error of
2.5mm in thetimedomain,which is evenslightly largerthanthenoise-induceddifferencesof thepulse
solution (N) with a RMS error of 2.4mm. The accelerationsolution (A) doesexceedthe amplitude
spectrumof theaccelerationsolution(N), aswell, for periodsshorterthantwice thesubinterval length,
implying thattheapriori gravity field inducedsignalamplitudesexceedtheapparentamplitudescaused
by theobservationnoise,but thedependency on thea priori gravity field modelis greatlyreducedwith
respectto the correspondingsolutionwith pulses,becausethe unmodeledgravity field signalscanbe
absorbedto agreatextentby thepiecewiseconstantaccelerations.

Figure9.9 shows that the total amplitudespectraof HRD orbits aredominatedby the a priori gravity
field modelfor periodsshorterthantwice thesubinterval length.Moreover, it canberecognizedthatthe
impactof theapriori gravity field modelis notonly restrictedto theseshortperiodsasonemightexpect
from anidealfilter, but alsoleaksinto thelower frequency range.Thisbecomesin particularobviousin
Fig. 9.9(left) for thepulsesolutionwherea significantsignalis presentover theentirerangeof periods.
A muchbetterbehavior is observedwhenpiecewiseconstantaccelerationsareused.
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Figure9.10:Amplitudespectraof positiondifferencesw.r.t. thetrueCHAMP orbit obtainedfrom kine-
matic(black)or HRD orbit determinationin thepresenceof random(darkgrey) or system-
atic (light grey) errors.
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It is interestingto comparethe amplitudespectraof the differentHRD orbits from Fig. 9.9 with the
amplitudespectraobtainedfrom kinematicorbits,which are,by definition,freeof a priori gravity field
modelerrors.Figure9.10(top) putsamplitudespectraanalogueto Fig. 9.9 (right) into relationwith the
amplitudespectrumobtainedfrom a kinematicorbit basedon 30s GPSdatasamplingfor anextended
simulationcovering four adjacentdays. As expected,the positiondifferenceswith respectto the true
CHAMP orbit from a kinematicpoint positioningexhibit a mostly white spectrumover the displayed
frequency range.Deviationsfrom a white noiseprocessareonly expectedfor the very low frequency
rangewith periodslarger than300s dueto the long wavelengthfeaturesshown in Fig. 9.8 (right). It
canbefurtherrecognizedthattheamplitudespectraof thekinematicorbit andof theHRD solution(N)
areessentiallyidenticalfor periodslargerthan150s. This impliesthatthereducednoiseof HRD orbital
positionsis only dueto thesuppressionof thehigh-frequency noiseby thereduced-dynamicfiltering. An
appropriatesubinterval lengthof pseudo-stochasticparametersis thusof utmostimportanceto balance
theaimedat reductionof positionnoise(solution(N)) andto only allow for a minimal influenceof the
a priori gravity field model(solution(A)). Althougha subinterval lengthof 60s still containstoo much
signalfrom thea priori gravity field model,it is encouragingto notethat thereexistsa small frequency
rangebetween120s (twice thesubinterval length)and150s wheretheHRD solutionexhibits a smaller
total signalthanthekinematicsolution.

Theamplitudespectraof solutions(N) and(A) for thepromisingHRD orbit from Fig. 9.7basedon10s
GPSdatasamplingandunconstrainedaccelerationsover 30s areshown for thesamesimulationperiod
in Fig.9.10(bottom,middle)togetherwith theamplitudespectrumobtainedfrom akinematicorbit based
on10sGPSdatasampling.Thebottompartshows thespectraobtainedfrom the10spositionsampling
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Figure9.11:Amplitudespectraof positiondifferencesw.r.t. thetrueCHAMP orbit obtainedfrom HRD
orbit determinationfor one(black)or four (grey) daysin thepresenceof systematicerrors.

whereasthemiddlepartonly usedorbital positionscoincidingwith the30ssubinterval boundaries.

Figure9.10 (bottom,middle) confirmson the 4-day level the conclusionsdrawn from Fig. 9.7 (left),
wherethesystematicpositionerrorsdueto theapriori gravity field modelerrorswerefoundto bealmost
negligible with respectto thescatterinducedby theGPSphasenoiserandomerrors.At thesametime it
canberecognizedin Fig. 9.10(bottom)thatthespectrumof theHRD solution(N) is morefavorablein
thehigh-frequency rangethanthekinematicspectrum(seealsoFig. 9.8 (left)). A difference,however,
is observed in Fig. 9.10(middle),wherethe entirespectrumof solution(N) exhibits smallerapparent
amplitudesthanthe correspondingkinematicspectrum.As opposedto the kinematiccase,wherethe
“noiseamplitudes”revealedby the Fourier analysisareuniquelydeterminedby the positionsampling
(or the lengthof the analyzeddata),the reductionof the positionnoiseis “inherent” in the spectraof
the HRD solution (N) for both the 10s and30s positionsampling. A closerinspectionof Fig. 9.10
(middle)revealsin additionasomewhatsharperreductionof thepositionnoisefor periodsbetween60s
and80sthanin Fig.9.10(bottom),whichis dueto therestrictionof usingorbitalpositionsatsubinterval
boundariesonly. An oppositeeffect could be observed for the samesolutionif only orbital positions
within the subintervals wereused,or if orbital positionsfrom a pulse-basedsolution(N) wereusedat
subinterval boundariesonly (seeFig. 7.12 for the intra-interval variationof the precisionof reduced-
dynamicorbitalpositions).

DifferentGPSdatasamplingrates,positionsamplingrates,anddatalengthsarenot only expectedto
influencethe amplitudespectraof the HRD (andkinematic)solutions(N) but also the spectraof the
HRD solutions(A). Figure9.11(top,bottom)zoomson theamplitudespectraof the4-daysolution(A)
from Fig. 9.10(middle,bottom)andaddsthespectraof thecorresponding1-daysolution.As opposedto
theapparentamplitudesof apurenoiseprocess,theamplitudescausedby thesystematicapriori gravity
field modelerrorsarenot reducedby thesquareroot of the numberof accumulateddaily batches,but
only partiallyby afactorof about1.5insteadof 2 dueto thepermanentlychangingorbit geometry, which
weakenstheimpactof smallsystematicerrorsto acertainextent.A strikingdifferenceis againobserved
betweenthe 30s positionsampling(top) and the 10s positionsampling(bottom). The 30s solution
shows generallylarger amplitudeswith a tendency to increaseup to periodsof about270s, wherethe
morereliablepart of the a priori gravity field modelup to degree20 startsto dominatethe spectrum.
Thiseffect hasto bekeptin mindwhenanalyzinggravity field coefficientsin Sect.9.5.
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Figure9.12:Amplitudespectraof velocitydifferencesw.r.t. thetrueCHAMP orbit obtainedfrom HRD
orbit determinationwith pulses(left) andaccelerations(right) in the presenceof random
errorsonly (solution(N)) or systematica priori gravity field modelerrorsonly (solution
(A)).
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Figure9.12shows theamplitudespectraof velocity differencesover onedayin onespecificcoordinate
in the Earth-fixed referenceframewith respectto the true CHAMP orbital velocitiesfor a HRD orbit
determinationbasedon10sGPSdatasamplingwith unconstrainedpulsesestimatedevery30s(left) and
unconstrainedpiecewiseconstantaccelerationsestimatedover30s(right). Thetwo amplitudespectraof
eachfigureshow theimpactof randomerrorsonly (solution(N)) andof systematicerrorsonly (solution
(A)).

The characteristicsof the amplitudespectraof the velocity differencesof solution(N) aresimilar for
bothtypesof pseudo-stochasticparameterswith a slightly betterRMSerrorof 0.077mm/sfor thepulse
solution. The somewhat larger RMS errorof 0.093mm/sof the accelerationsolutionis causedby the
amplified“bulge” of apparentamplitudesaroundtwicethesubinterval length,whichmaybeattributedto
thecontinuityconstraintimposedon reduced-dynamicvelocitiesby thepiecewiseconstantacceleration
model.A comparisonof Fig. 9.12with theamplitudespectraof thepositiondifferencesof thesolutions
(N) from Fig. 9.9 shows that thevelocity differencesexhibit a completelydifferentnoisecharacteristic
than the positiondifferences.It could alreadybe suspectedin Fig. 9.7 (right) that the HRD velocity
differencesof solution(N) aredominatedby a stronghigh-frequency noisewhich is not white over the
entire frequency rangedueto the time differentiation. Similar to the positiondifferencesin Fig. 9.9,
the amplitudespectraof solution(A) differ significantlyfor the two orbit parametrizations.The RMS
errorof 0.044mm/sof thevelocitydifferencesof thepulsesolutionis reflectedin thespectrumby rather
large amplitudesfor periodsshorterthan twice the subinterval lengthof 60s, and a generallyworse
performancewith respectto the accelerationsolution(A) which exhibits a RMS error of 0.012mm/s.
For thesakeof completenesswementionthattheorbitalvelocitiesof thepulsesolutionarecomputedas
meanvaluesof theleft- andright-handsidelimits of thediscontinuousvelocityvectorsat thesubinterval
boundaries.Finally, it is interestingtonotethatthetransitionbetweenthemorereliablepartof theapriori
gravity field modelbelow degree20 andthelessreliableparthigherthandegree20 canbemuchbetter
recognizedasa small jump in the spectraof solution(A) at 270s for both typesof pseudo-stochastic
parametersthanin thecorrespondingspectrafrom Figs.9.9and9.11on thepositionlevel.
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Figure9.13:Amplitudespectraof velocity differencesw.r.t. thetrueCHAMP orbit obtainedfrom kine-
matic and HRD orbit determinationwith accelerationsin the presenceof randomerrors
(left) or systematicerrorsonly (right).
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It is instructive to comparetheamplitudespectraof theHRD velocitydifferencesfrom Fig. 9.12(right)
with amplitudespectraof velocity differencesderived from kinematicorbits. However, the kinematic
point positioningmethodcannotprovide (pointwise)informationaboutorbital velocitiesfrom therela-
tivegeometrybetweentheLEO andtheGPSsatelliteconstellation,whichis measuredatdiscreteepochs
only. Therefore,approximative methodshave to beusedto estimatepointwisevelocitiesfrom a setof
adjacentkinematicpositions,which (of course)containinformationaboutthemeanvelocitiesbetween
them. [Földváry et al., 2004]proposeto directly applya 7-pointNewton-Gregory interpolationto each
coordinatedirectionof a 30s kinematicephemeridesin the Earth-fixed referenceframeto obtainesti-
matesof thekinematicvelocitycomponents� t at time m t as

� t w �� â	� l }�
 tn�N³ �
� 
 t � = } � ´ 
 tn�E� � � ´ 
 t���� } � 
 t�� = � 
 t��$³ o � (9.9)

where� is thepositionsamplingrateand 

¯
, È wËÊ|ÕAå � Ê|Õ
á � Ê|Õ �

, arethekinematicpositioncomponents
attimesm ¯ . Equation(9.9)is acompactexpressionof thefirst timederivativeattime mWt of theinterpolating
polynomialof degree5 appliedto thepositioncomponents


¯
.

Figure9.13(left) comparestheamplitudespectrumof theHRD solution(N) from Fig. 9.12(right) with
the amplitudespectrumof kinematicvelocitiesobtainedwith (9.9) from kinematicpositionsbasedon
30s GPSdatasampling.TheRMS errorof 0.090mm/sof thekinematicsolutionis similar to theRMS
errorof 0.093mm/sof theHRD solution(N), whichis alsoreflectedin thesimilarcharacteristicsof both
spectra,if theapparentlyhigheramplitudes(dueto the lower samplingrate)of thekinematicspectrum
aretaken into account. The slightly betterperformanceof the kinematicvelocitiesis dueto the very
efficient smoothingby the relatively long interpolationintervals of (9.9), which is comparableto the
smoothingeffect of piecewise constantaccelerationsover 60s of a HRD solution(N). The drawback
of the Newton-Gregory interpolationis reflectedby a few very large amplitudesin the spectrumof
the kinematicvelocitiesdue to interpolationerrors,e.g.,at periodsof 180s and200s, which clearly
exceedthenoiselevel evenfor theconsidered1-daydataset.Figure9.13(right) comparestheamplitude
spectrumof the kinematicvelocity differencesin the absenceof GPSphaserandomerrorswith the
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9 AnalyzingPseudo-StochasticParameters

spectrumof the HRD solution (A) from Fig. 9.12 (right), and confirmsthat the large amplitudesin
Fig. 9.13(left) aredueto interpolationerrorsof formula(9.9). It is clearthat thesignalsintroducedby
theNewton-Gregory interpolationarenot randomin nature.They resultin a RMS errorof 0.029mm/s
which is larger thantheRMS errorof 0.012mm/sof thesignalsintroducedby thea priori gravity field
modelerrorsof theHRD solution(A). Thediscretespectrallinescausedby theinterpolationprocessare
not restrictedto theperiodrangeshown in Fig. 9.12(right), but continueto lower frequenciesdown to
theorbital frequency. For thesake of completeness,we mentionthatalmostthesamekinematicresults
areobtainedif thesame7-pointNewton-Gregory interpolation,i.e., 30s spacingbetweenthepositions
usedfor interpolation,is appliedto 10s kinematicpositions,but worseresultsif thespacingof theused
interpolationpointsis changedto 10s.ÿ_Í�� ��ÖØÕ��-ÍrÞ�×��cÍ]Ý��rÙ �ªÝ�� Ü��`ÝÚÖØ×É	�ÖØÜUÓ ÐH�ñ� òÃÖ���ÍrÞëóÒÜHß�ÍrÞ�Í]Ü×Î�ß
Thespectralanalysisof HRD orbit positionsandvelocitiespresentedin Sects.9.4.3and9.4.4suggested
that thereareHRD orbitswhich exhibit reducedhigh-frequency noisewith respectto kinematicorbits
andwhichshow only minordependenciesontheunderlyingdynamicmodels.However, it is notpossible
to finally answerthefollowing two key-questionsfrom suchananalysis:(1) how do thesystematicand
randomorbital errorsmapinto the gravity field coefficientsderived from HRD orbits, (2) arewe able
to derive a betterestimateof the gravity field from HRD orbits thanfrom kinematicorbits? In order
to obtainbetteranswersof thesetwo questions,we addressin this sectiontherecovery of gravity field
coefficientsfrom eitherHRD orbit positionsor from kinematicorbit positions.We confineourselvesto
the analysisof orbital positionsonly in orderto avoid the useof furtherapproximationsfor eitherthe
oneor theothertypeof orbit: Sect.9.4.4showedthat theadditionalnumericalderivationof kinematic
velocitiesmakesit moredifficult to comparetheperformanceof kinematicandHRD orbital velocities
asnosimilarstepis neededwhenanalyzingtheHRD orbits.

��������� ��� �"!$#&%(')�+*�,-��.0/$,1%123�+*
Weuseaverysimilarsimulationscenarioasthatdescribedin Sect.9.4.1for thespectralanalysisof HRD
orbit positionsandvelocities. UndifferencedGPScodeandcarrierphaseobservationsweresimulated
with the samenoisecharacteristicsfor the CHAMP satellitewith 10s samplingor, alternatively, with
30s sampling,but thetrueCHAMP trajectorywasa particularsolutionof theequationof motiongiven
by theEIGEN-2gravity field modelup to degreeandorder90 (insteadof 120)without inclusionof any
non-gravitational forces. ThecompleteEIGEN-2gravity field modelup to degree90 or, alternatively,
themodifiedmodel(seeSect.9.4.1)wasusedasa priori modelto performHRD orbit determinationfor
four consecutive days(DOYs 100–103,2002)eitherin the presenceor in the absenceof systematica
priori gravity field modelerrors,respectively.

ThesyntheticCHAMP orbitalpositionsfrom theindividualarcswereusedasequallyweightedpseudo-
observationsof the Earth-fixed coordinatepositionsin a new orbit determinationproblemto recover
the true gravity field accordingto (9.4) and (9.5) with a modified versionof the SATORB program
of theCelestialMechanicsSoftware[Beutler, 2005]. Thereby, correctionsto thenormalizedspherical
harmonic(SH)coefficients(seeChapter3) of theapriori gravity field modelwereestimatedupto degree
andorder90 asthe“only” globalparameters,whereasthecorrectionsto theinitial osculatingelements
wereestimatedarc-specificfor the24h arcs,whichmeansthatonesetof initial conditionswasestimated
for eachof thefour daily arcsin this simulationscenario.No morearc-specificparameterswereneeded
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Figure9.14:Differencesof SH gravity field coefficientswhenusingHRD orbit positionsbasedon 30s
pulses(left) or 30saccelerations(right). Notethedifferentscale.

dueto thecompleteabsenceof non-gravitationalforcesanddueto thetruncationof thetruegravity field
modelat the samedegreeandorder90 which wasestimatedat maximum. Note that it is possibleto
setup initial conditionsmorefrequently(short-arcmethod)or to solve for morearc-specificparameters
in SATORB whenusingrealobservations,becauseit is difficult to modelnon-gravitational forces(see
commentsin Sect.9.5.6).It is, however, outof thescopeof thiswork to studyaliasingeffectsontheSH
coefficientscausedby truncationerrorsandnon-gravitationalerrors,but to isolatethepureimpactof the
noiseandof systematicerrorsin theHRD orbit positionsto theestimatedSHcoefficients.

�������?> G��N/�����,1'�2J*�F�!C.U')�+*�,1%12JPHKM/$�¢%12��i×
A few basicissuesconcerningobservability, ordersof magnitude,andvalidationof (synthetic)gravity
field SHcoefficients(wereferto [Sans̀o andRummel, 1989]for abroadintroduction)have to beshortly
addressedbeforediscussingthe “subtleties”of the relevant simulationstudyintroducedin Sect.9.5.1.
For this purposea closed-loopgravity field recovery simulationhasbeenconductedbasedon only one
day of data. Thereby, error-free orbit positionsat 10s intervals have beenusedto directly fit different
HRD trajectories,i.e.,by completelycircumventingtheGPSanalysispart,andto subsequentlyusethem
for gravity field recovery. As it is impossibleto determineSHcoefficientsupto degreeandorder90from
only onedayof data,the true gravity field modelwaschosento be representedby the SH coefficients
of theEIGEN-2modelup to degreeandorder45 for this closed-loopsimulation,anda “zero” a priori
gravity field model(exceptfor thedegrees0 and1) wasusedfor gravity field recovery.

Figure9.14shows thedifferencesof theestimatedSH gravity field coefficientswith respectto thetrue
valueswhen using HRD orbit positionsbasedon unconstrainedpulsesestimatedevery 30s (left) or
unconstrainedpiecewise constantaccelerationsestimatedover 30s (right). Note that the connecting
lines betweenthe individual pointsaswell as the shadingof the resultingsurfaceswereaddedfor a
bettervisibility only.

It canberecognizedthattheoverallcharacteristicsof theSHcoefficientdifferencesdueto differentHRD
orbit modelsaresimilar for both typesof pseudo-stochasticparameters,but that thedifferencesof the
accelerationsolutionaremorethantwenty timessmallerthanthe differencesof the pulsesolution. It
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Figure9.15:Geoidheightdifferences(millimeters)whenusingHRD orbit positionsbasedon30saccel-
erations.TheCHAMP ground-trackscorrespondto theused1-daydataset.

is conspicuousthat themaximumdeviations(  y � â �E� = for theaccelerationsolution)arepredominantly
reachedfor somehigh degreezonal termsin the SH expansion. This is also reflectedin the formal
accuraciesof the estimatedSH coefficientswhich indicatethat the (almost)zonaltermsof any degree
arealways lesswell determinedthan the (almost)sectorialterms,which mainly exert low-frequency
perturbationson nearpolarorbits. Thesmall systematicerrorsin the pseudo-observations, (causedby
theapplied“zero” apriori gravity field model)thusmostlyaffect thequalityof theseterms.

If the trueorbit positionsinsteadof theHRD positionswereusedfor gravity field recovery, onecould
observe that the mostdominantstructuresfrom Fig. 9.14disappearandthat the remainingdifferences
in theSH coefficientsmainly reflectthenumericallimitations in the least-squaresadjustmentby about
tentimessmallervaluesthanshown in Fig. 9.14(right). Thisunderlines,on theonehand,thevery high
sensitivity of selectedSH coefficientson smallestdifferencesin theusedpseudo-observations, and,on
theotherhand,thestill acceptableimpactwhenusingHRD orbit positionsbasedon30saccelerationsin
this particularsimulationup to degree45,which is a bestcaseclosed-loopsimulationconsideringonly
theeffectof theHRD orbit model.!�]#"&Y&j(]U^_Y&VN»ecebf^hgiV1jNç
Figure9.15illustratesgeoidheightdifferencesof theestimatedgravity field modelwith respectto the
true gravity field model whenusing HRD orbit positionsbasedon unconstrainedpiecewise constant
accelerationsover 30s. The computationof suchheight differencesis a commonlyusedmethodto
comparedifferentgravity field solutionsand,of course,to validatesimulatedresultswith respectto a
groundtruth. In a simulationenvironmentthey maybecomputedfor illustrationpurposesin aspherical
approximation,e.g.,ona

�%$'&ñ�%$
grid withoutapplyingany areaweights,simplyas

® ��l)( � * o �w,+ ©.-0/21�© �$�
©��M�$� 3§ © ² � l�:54768(�o:9<; 3° © ² � 698;:|ln� * oE�
; 35 © ² � :54�6�ln� * o2= � (9.10)
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9.5 Gravity FieldRecovery from HRD Orbit Positions

where; 3° © ² � � ; 35 © ² � arethedifferencesbetweentherecoveredandthetruenormalizedSHcoefficients
(seeChapter3). The scaleof Fig. 9.15shows that thedifferences® � do only occasionallyexceedthe
1-mmlevel ontheentireglobe,whichresultsin anoverallRMSof only 0.2mm(7 mmfor the30spulse
solution).Foraccelerationsover60s,in contrast,anoverallRMSof already8.0cmwouldresult(14.5cm
for the60spulsesolution),whichunderlinesthatanadequatesubinterval lengthis of utmostimportance.
Geoidheightdifferencesare,however, not particularlywell suitedto studythedifferencesbetweenSH
coefficientsderived from differently parametrizedHRD orbit trajectoriesasthe correspondingfigures
are,like Fig. 9.15,mostlydominatedby conspicuouslyparallelpatternswhich arecausedby the larger
deviationsof high degreezonal terms. Nevertheless,Fig. 9.15 canbe usedto illustrate the necessity
of a globaldistribution of thepseudo-observations over theentireglobefor gravity field recovery. It is
not by coincidencethat the largestheightdifferencestendto occurin-betweentheground-tracksof the
simulatedone-daytrajectory. A muchmorehomogeneouscoverageis a prerequisiteto separatehigh
degreeSH coefficientsfrom eachotherandto improve theoverall qualityof therecoveredgravity field,
which is usuallyachieved by processinglong seriesof LEO data,e.g.,over oneyear. If no incidental
commensurabilitiesbetweenthe revolution periodandthe siderealday lengthoccur, the ground-track
patternchangescontinuouslyfrom dayto daywhich yieldsa sufficiently goodspatialcoveragealready
after2 or 4 days,at leastgoodenoughfor thesimulationscenariodefinedin Sect.9.5.1.

A very“compact”wayto validateSHcoefficientsin asimulationenvironmentwith respectto theground
truth is givenfor eachdegreeby theso-calleddifferenceamplitude

® > t �w ?@@A t����$��B ; 3° =tn² � �C; 35 =tn² �ED (9.11)

perdegreeÊ . Equation(9.11)is a measurefor theagreementover all ordersof onedegree,i.e., it is very
likely to bemostlydominatedby theagreementof thehigh degreezonaltermsaccordingto Fig. 9.14.
Differencedegreeamplitudesarewell suitedto easilycomparedifferentsolutionsin oneandthesame
figure. It would hardly make senseto compareall individual coefficientswith eachother, keepingin
mind thatacompleteSHexpansionup to degreeandorder ¦ containsl ¦ � � o = terms.

�������?¶ FHG�/N.U'º*$ØºÝI%('µ%�G .i.N!��"!$#&%(')�+*�,
In analogyto Sect.9.4,wepresentresultsfrom thesimulationstudydefinedin Sect.9.5.1in thefollow-
ing paragraphs,whereeitherthe GPSphaseobservation noiseonly, or the a priori gravity field model
errorsonly, are“switchedon” in orderto separatetheirpropagationfrom theHRD orbitalpositionsinto
therecoveredSHcoefficients.Beforeanalyzingtheseresultsin moredetail,it is importantto emphasize
the importanceof processinglongertime seriesof orbital datato reducetheimpactof (random)orbital
errorson therecoveredSHcoefficients.

Figure9.16underlinesthis factby showing thedifferencedegreeamplitudes(9.11)with respectto the
trueSHgravity field coefficientsobtainedfrom recoveriesbasedonsimulated2-dayand4-dayCHAMP
10sGPSdata,whicharebotheitherprocessedin thepresenceof theGPSphasewhitenoiserandomer-
rorsonly (denotedassolutionsof type(N)) or in thepresenceof thesystematicapriori gravity fieldmodel
errorsonly (denotedassolutionsof type(A)). For all four solutionsthefull 10sGPSdatasamplingwas
usedto performHRD orbit determinationbasedon unconstrainedpiecewiseconstantaccelerationsover
30s,but thesubsequentrecoveryof theSHcoefficientsfrom thetwo andthefour daily arcs,respectively,
reliedonasubsetof positionscoincidingwith the30sPODsubinterval boundaries(seeSect.9.4.3).This
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Figure9.16:Differencedegreeamplitudesfor a recovery with 2 or 4 daysof HRD orbit positionsbased
on30saccelerations(GPSsampling:10s,positionsampling:30s).

positionsamplingfor gravity field recovery wasprimarily chosenfor thereasonof efficiency.

Threeadditionallinesaredrawn in Fig. 9.16to improve theinterpretabiliyof thedifferencedegreeam-
plitudes:(1) theverticalline at degree20 indicatesthatthesystematicerrorsof theusedapriori gravity
field modelaremuchsmallerbelow degree20thanabovedegree20,wherea“zero” modelwasassumed,
(2) thedottedline startingat degree20 representsthedifferencedegreeamplitudesof the“zero” model
with respectto the true model, i.e., any pointsabove the dottedline indicatelarger differencedegree
amplitudesthanobtainedfor the“zero” assumption,(3) thelowestline representsthedifferencedegree
amplitudesof arecoverybasedonfour daysof error-free30sGPSdata,i.e.,thedifferencedegreeampli-
tudesreflectthelimitation of thesimulationstudydueto small linearizationerrorsin thecorresponding
kinematicorbitsasalreadymentionedin Sect.9.4.2. All threelineswill bedrawn in all the following,
similar figuresaswell. Strictly speaking,the lastmentionedline will thusnot fully correspondin each
caseto thekinematicsolution(A), e.g.,dueto thevaryingGPSandpositionsamplingin thesubsequent
figures.

Figure9.16 revealsthat randomandsystematicorbital errorshave a substantiallydifferent impacton
theestimatesof SH coefficientswhenvaryingtheamountof orbital input data.Whereasthedifference
degreeamplitudesof the solutions(A) aremoreor lessthe samefor the 2-dayandthe 4-daysample,
thedifferencedegreeamplitudesof thesolutions(N) differ by (morethan)a factor

� á . This reduction
of randomerrorshasto be expectedwhendoublingthe amountof pseudo-observations, provided that
the orbital positionscover the entireglobehomogeneously. Becausethe 2-daygroundtrack coverage
is, however, still not homogeneousenoughfor theSH coefficientsbelow degree60, a somewhathigher
factormaybenoticedin Fig. 9.16for thedifferenceamplitudesof lower degrees.Thedifferencedegree
amplitudesof the2-dayandthe4-daysolutions(N) intersectthedottedline atdegree51and56,respec-
tively, whichgivesaroughindicationabovewhichdegreenomore“signal” canbecapturedfor thegiven
scenarios.Theselimits demonstratethathighdegreeSHcoefficientsmaybedeterminedin generalfrom
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9.5 Gravity FieldRecovery from HRD Orbit Positions

longseriesof orbitaldataonly. Oneshouldbeaware,however, thatafew (almost)sectorialtermsalways
exist thatmaybesafelydeterminedevenabove theselimits dueto their highersensitivity to polarorbits
thanthe(almost)zonaltermsof thesamedegree.

Let usnow discussthemoreor lessidenticaldifferencedegreeamplitudesof thesolutions(A) for the
2-dayandthe4-daysample.As opposedto theexpectationsraisedin Sect.9.4.3whereasmallreduction
wasfoundin thespectraof thecorrespondingorbit positiondifferences(seeFig. 9.11),no evidencefor
sucha behavior canberecognizedin Fig. 9.16.In otherwords,evenif thesystematicerrorsin theHRD
orbit positionsaresmall,e.g.,causedby thehereapplieda priori gravity field modelerrors,it cannotbe
expectedthatthepropagationinto theSHcoefficientsmaybereducedby accumulatingorbitaldata.The
differentresponsesin Figs.9.11and9.16to systematicerrorsaredueto thefactthatSHcoefficientsare
capableto capturesignalsat well definedfrequenciesonly, whereasthespectrumof thecorresponding
orbit positiondifferences“smears”out for longerorbit samplesdueto thepermanentlychangingorbit
geometry.

Greatestcareis requiredto only useHRD orbit positions,which arefreeof systematicerrors,or more
strictly speaking,which containseeminglynegligible systematicerrors. For Fig. 9.16 the important
questionariseswhetherthesystematiceffectsin thedifferencedegreeamplitudesof thesolutions(A),
whicharealreadyvisibleabovedegree20wherenoapriori informationwasusedto performHRD orbit
determination(a similar effect couldalreadybeobserved in the low-frequency partabove degree20 in
Fig. 9.11(top)), arenegligible or not. For the moment,we only mentionthat approximatelyoneyear
of datawould have to beaccumulatedto lower the level of therandomnoisein theestimatesof theSH
coefficientsto the level of the inherentsystematicerrors.This indicatesthat theeffect is rathersmall–
andprobablyirrelevant in real-world applicationswhich aregovernedby largersystematiceffects– but
theissuewill berevisitedin Sect.9.5.4.

�������\÷ ��*«# !N')�+*�,C×I� �&'.JÎ�LKî×NM Ö
�ëÝI%('µ%-��%E��¡E#+� ,LO
Herewe comparethedifferencedegreeamplitudeswith respectto thetrueSH gravity field coefficients
obtainedfromrecoveriesbasedoneitherHRDorbitswith 30spseudo-stochasticparametersor kinematic
orbits derived from the simulated10s GPSdatacovering 4 days. The GPSdataareprocessedin the
presenceof eithertheGPSphasewhitenoiserandomerrorsonly (solutions(N)) or thesystematicapriori
gravity field modelerrorsonly (solutions(A)), or in the presenceof both sourcesof errors(solutions
(N+A)).PRQ ç�S�V£ç_Ya^9YaVN»NTE]£[üR�"&Y\»0¼
In analogyto Sect.9.5.3,thisfirst partof theanalysisconsiderstherecovery of SHcoefficientsfrom the
subsetof orbital positionscoincidingwith the30s PODsubinterval boundaries.Figure9.17shows the
differencedegreeamplitudesfor thesolutionsof type(N), (A), and(N+A) basedon eitherHRD orbits
(unconstrainedpiecewiseconstantaccelerationsor pulsesat 30ssubintervals)or kinematicorbits.

Figure9.17shows that thesolution(N+A) basedon HRD pulseorbits is still heavily affectedandeven
partly dominatedby thesystematicerrorsof thea priori gravity field model.This canberecognizedby
thedifferencedegreeamplitudesof thesolution(A) which exceedthecorrespondingamplitudesof the
solution(N) betweendegrees20 and35 andeventuallydominatethe solution(N+A). In otherwords,
even if unconstrainedpseudo-stochasticpulsesaresetup at a very high-ratesuchasevery 30s, they
arenot capableto compensateadequatelyfor unmodeledsystematiceffectsin theunderlyingdynamic
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Figure9.17:Differencedegreeamplitudesfor a recovery with 4 daysof kinematic(black)or HRD or-
bit positions(colored)basedon 30s pseudo-stochasticparameters(GPSsampling: 10s,
positionsampling:30s).

models,which maypropagateinto a subsequentrecovery of SH gravity field coefficients.It is alarming
to observe suchabadbehavior, whichpartlyexceedsthekinematicsolutionalreadywith only four days
of analyzeddata, i.e., even beforethe reductionof randomerrorsstartsto significantly improve the
kinematicsolution.

Let usnow comparethedifferencedegreeamplitudesof thesolutions(N+A) basedonthekinematicand
the acceleration-basedHRD orbit positions.Both curvesin Fig. 9.17coincidewith thecorresponding
differencedegreeamplitudesof thesolutions(N) dueto themuchsmallerimpactof thesystematicerrors.
Keepin mind thatthekinematicorbit positionsareonly governedby smalllinearizationerrors,whereas
thesystematicerrorsin theHRD orbit positionsareconsiderablylarger, but still negligible comparedto
therandomnoiselevel obtainedfor four daysof analyzeddata(seeSect.9.5.3).Therefore,thedifference
degreeamplitudesof thekinematicandtheHRD solutions(N+A) aredominatedby randomerrorsand
thusdiffer by (morethan)a factorof

� å dueto thereducedrandomerrorsin theHRD orbit positions,
seeSect.9.4.3. A closerinspectionof the differencedegreeamplitudesin Fig. 9.17reveals,however,
an even strongerreductionthan

� å for the HRD solution(N+A) above degree60. This effect could
alsobeseenin Fig. 9.10(middle)andis relatedto thespecialselectionof orbital positionscoinciding
with the30sPODsubinterval boundaries,whichtendto bedeterminedmorepreciselywhenperforming
HRD orbit determinationbasedon piecewiseconstantaccelerations.Onemight arguethatthis effect is
irrelevantasit startsto affect theHRD solution(N+A) only above degree60 in Fig. 9.17wherenomore
“signal” canbecapturedby theSH coefficients. We have to keepin mind, however, that thedifference
degreeamplitudesexperiencemoreor lessa parallelshift whenmoredatahasbeenaccumulated(see
Fig. 9.16),which in turnmight make thiseffect relevantfor thehighdegreeSHcoefficients.Notethata
similarbut oppositeeffectcanbeobservedfor theHRD pulsesolution(N) wheretheobservedfactor

� å
with respectto thekinematicsolutionfor low degreetermsbecomesrapidly smallerfor higherdegree
terms,whichmaybeseenasanotherdisadvantagewhenusingHRD pulseorbits.
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Figure9.18:Differencedegreeamplitudesfor a recovery with 4 daysof kinematic(black)or HRD orbit
positions(red) basedon 30s accelerations(GPSsampling: 10s, positionsampling: see
explanationsin thetext).
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As opposedto thepreviousparagraph,thispartof theanalysisconsiderstherecovery of SHcoefficients
from the full setof orbital positions.Figure9.18shows thedifferencedegreeamplitudesfor thesolu-
tionsof type(N) and(A) basedon eitherHRD orbits(only solutionsbasedon unconstrainedpiecewise
constantaccelerationsover30saredisplayed)or kinematicorbits.For comparison,thesolutionsof type
(N+A) from Fig. 9.17areincludedhere,aswell assolutionsthatwill beaddressedin thenext paragraph.

Figure9.18revealsthatthedifferencedegreeamplitudesof theHRD solution(A) donolongershow the
striking increaseabove degree20 (seeFig. 9.17). This resultcould indeedbehopedfor whenlooking
at Fig. 9.11,which alreadyshowedthat thesystematicerrorsin theHRD orbit positionspredominantly
occurin a frequency rangewhich is outof interest.Moreover, it is encouragingto seethatnomajorpart
of thesesystematicerrorswaspropagatedinto the SH coefficients,which canbe seenin the identical
level for boththeHRD andthekinematicsolutions(A). OnemayalsorecognizethattheHRD solution
(A) is apparentlyevenslightly below thekinematicsolution(A), which hasto beattributedto thesmall
inconsistency of thedisplayedkinematicsolution(A) asexplainedin thebeginningof Sect.9.5.3.

Figure9.18shows thatthemaximumresolutionof theHRD solution(A) did not changewith respectto
Fig. 9.17despitetheincreasedpositionsampling;it is still approximatelylocatedatdegree90dueto the
chosensubinterval lengthof 30s. A 10s kinematicsolution(A), in contrast,would allow usto recover
SH coefficientsup to a higherdegreethan90,which is, admittedly, anadvantageof thekinematicsolu-
tion. Furthersimulationsseemedto indicatethat the(theoretical)gain in resolutionis rathersmalland
mostprobablyirrelevant for real-world gravity field solutionsbasedon high-low SSTdata,which are
nowadayslimited to approximatelydegrees60–70,e.g.,[Földváry etal., 2004].

Letusnow considerthedifferencedegreeamplitudesof theHRDandkinematicsolutions(N) in Fig.9.18.
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As opposedto Fig. 9.17,wherethecorrespondingsolutionsdifferedby a factor
� å , we recognizevery

similar curvesin Fig. 9.18,in particularfor the low degreeSH coefficientswherethetwo solutionsare
virtually thesame.Only a slightly betterperformancemayberecognizedfor theHRD solution(N) in
thezoomof thehigh-frequency partof Fig. 9.18,which is, however, lessstrikingthanthecorresponding
improvementfound in Fig. 9.17. This “moderate”improvementwith respectto thekinematicsolution
actuallyreflectsthe“pure” suppressionof thehigh-frequency noisein theHRD orbit positionswith 30s
accelerationparametersasalreadyshown in Fig. 9.10(bottom).As no specialdataselectionis invoked
this time (comparethe reductionof the positionnoisefor periodsbetween60s and80s in Fig. 9.10
(middle,bottom)),no furtherreductionof thedifferencedegreeamplitudescanbeexpected.
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Figure9.18demonstratedthat it is possibleto generateHRD orbitswhich do not introducesystematic
errorsdueto thea priori gravity field modelinto a subsequentrecovery of SH gravity field coefficients,
andat thesametime,whichallow it to recover theSHcoefficientsat leastequallywell – or evenslightly
better– thanin the caseof kinematicorbits. A major drawback,however, hasto be seenin the addi-
tional computationalburdenwhich is necessarywhenprocessingthepseudo-observations with the full
10s samplinginterval. Theincreasedsamplingratefrom 30s to 10s increasestheCPUtimesfor each
daily batchof databy abouta factorof 3, aswell, which becomestime-relevant whensettingup large
normalequationsystems.Therefore,it is questionable,whetheror not this effort is justifiedin orderto
(only) eliminateaneffect which is probablyirrelevant for applicationsusingrealdata.Rememberthat
thespatialresolutiondoesnotbenefitfrom anincreasedsamplingrateof theHRD positions.

An approximative, but simpleandCPUtimesaving way to copewith this situationis to still processthe
full amountof databut to averagethe pseudo-observation equationswithin the 30s subintervals given
from PODbeforesettingupthenormalequationsystemfor gravity field recovery. Formally, thenumber
of observationequationsis reducedby afactor3 by thismeasurebut thefull amountof datais still taken
into accountto setup thenormalequationsystem.It is clear, however, thattheresultingsolutionis not
(fully) equivalentto acorrectprocessingof all pseudo-observations.

Figure9.18shows that thedifferencedegreeamplitudesof the“mean” HRD solution(A) do not show
any dramaticincreaseabove degree20 (compareFig. 9.17). In fact they areonly marginally largerdue
to theapproximationthanthedifferencedegreeamplitudesof thesolution(A) obtainedfrom thecorrect
processingof the 10s pseudo-observations. Note that the averagingof pseudo-observations from 10s
kinematicorbitswould reducethebetterspatialresolutionagainto theresolutionobtainedfrom pseudo-
observationssampledat30s.

From Fig. 9.18we alsolearnthat the differencedegreeamplitudesof the “averaged”HRD andkine-
matic solutions(N) arevirtually the sameasobtainedfrom the correctprocessingof the 10s pseudo-
observations. Only in the zoom of the high-frequency part one may recognize,as to be expected,a
slightly inferior performanceof both “averaged”solutionswith respectto the correctones. Thereby,
the“averaged”HRD solution(N) shows anonly moderateimprovementwith respectto the“averaged”
kinematicsolution(N) andcoincides– moreor less– with thecorrectkinematicsolution(N).

It is beyond the scopeof this work to investigatevariousconceivable(pre-) processingtechniquesfor
orbital input datato enableanoptimalgravity field recovery. The intentionof introducing“averaging”
wasratherto demonstratethat simpleandrapid strategiesexist to keepSH coefficients free from the
discussed(small)systematicandincreasedrandomerrors(seeFig. 9.17)introducedby the30ssampled
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Figure9.19:Differencedegreeamplitudesfor a recovery with 4 daysof kinematic(black)or HRD orbit
positions(colored)(GPSsampling:30s,positionsampling:30s).
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In this sectionwe comparethe differencedegreeamplitudeswith respectto the true SH gravity field
coefficientsobtainedfrom recoveriesbasedon eitherHRD orbits ( Íw MRD orbits)or kinematicorbits
derivedfrom thesimulated30s GPSdatacovering4 days.As in theprevioussectionstheGPSdataare
processedin thepresenceof eithertheGPSphasewhite noiserandomerrorsonly (solutions(N)) or the
systematica priori gravity field modelerrorsonly (solutions(A)), or in thepresenceof bothsourcesof
errors(solutions(N+A)).

Figure9.19shows thatthesolution(N+A) basedon HRD 60s accelerationorbitsexhibits betterdiffer-
encedegreeamplitudesabove degree40 thanthekinematicsolution(N+A) dueto thereductionof the
high-frequency positionnoiseby the 60s piecewise constantaccelerations.At the sametime we can
seethat the HRD solution(N+A) is only slightly dominatedby randomerrorsfor the high-degreeSH
coefficientsdueto thealreadystrongpresenceof thesystematicerrorsabove degree40,whichhadto be
expectedaccordingto Fig. 9.10dueto thelongeraccelerationintervals. As a matterof fact,anapprox-
imately4 timeslongerseriesof orbital positionswould alreadybesufficient to lower therandomerrors
to a level which is comparableto thesystematicerrorsdisplayedin Fig. 9.19. Therefore,we conclude
that even HRD orbit positionsbasedon 60s piecewise constantaccelerationsarenot suitedto derive
unbiasedgravity field information,at leastnot in thehigh-frequency partabove degree40.

Figure9.19demonstratesthatanevenstrongerstatementhasto bemadefor thesolution(N+A) based
on HRD 60s pulseorbits. As in Fig. 9.17,therecoveredSH coefficientsarestronglyinfluencedby the
systematicerrorsof the a priori gravity field modelover almostthe entirerangeof frequencies.It is
thusno surprisethat thedifferencedegreeamplitudesof this solutionmaypartly exceedthekinematic
solutionalreadywith only four daysof analyzeddata,which is just onemoreargumentagainstusing
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9 AnalyzingPseudo-StochasticParameters

HRD orbitsbasedonpulsesfor thepurposeof gravity field recovery.

Finally, Fig. 9.19illustratesthata dramaticincreasein thepropagationof thesystematica priori grav-
ity field modelerrorsinto the recoveredSH coefficientshasto beobserved if too long subintervals of
thepseudo-stochasticparametershave beenusedto determinetheunderlyingHRD orbits. Thesolution
(N+A) basedon HRD 120s accelerationorbits is completelydominatedby systematicerrorsover the
entirerangeof frequencies,i.e.,aboveandevenbelow degree20,wheresomeapriori gravity field infor-
mationwasintroduced.Thedifferencedegreeamplitudesshouldthereforebeunderstoodasawarningto
notmakeuseof any conventionalreduced-dynamicorbitsfor thepurposeof gravity field recovery– even
if randomerrorsmaybegreatlyreduced(seesolution(N) in Fig. 9.19)dueto thelongersubintervals.
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Oneof the main differencesbetweensimulatedandreal gravity field recoveriesis the muchmoreen-
hancedpresenceof thevarioustypesof systematicerrors.Whereasthesimulationsdiscussedpreviously
were confinedto only include systematicerrorsin the static part of the a priori gravity field model,
variousothersourcesfor systematicerrorsin thedynamicalmodelsmustbeconsideredin practicefor
gravity field recovery, e.g.,omissionerrorsdueto therestrictionto a finite numberof coefficientsin the
SH expansionandnon-gravitational modelerrors,to nameonly the two mostimportanterror sources.
Moreover, onehasto beawarethatthesystematicerrorsin theusedpseudo-observationsmaybesignif-
icant,aswell, asit wasillustratedby Fig. 9.5. This is eitherdueto thelimitationsin theavailableGPS
data,e.g.,causedby abadreceiver performance(dataoutages,low qualitymeasurements),or dueto the
limitationsin theGPSdataprocessing,e.g.,dueto bador rapidlychangingviewing geometries.

It is hardto predicttheeffect of suchadditionalsystematicerrorsonanaloguesimulationsasperformed
in theprevioussections(withoutactuallysimulatingthem),especiallybecauseaconsiderableamountof
arc-specificparametersis usuallyestimatedto reducethepropagationinto theSH coefficients. There-
fore, we emphasizethat any interpretationof the simulationresultsshouldbe performedin a careful
“one-way direction” only: (1) badgravity field recovery resultsin thesimulationcertainlyindicatebad
recovery resultsin a “real-world” application,aswell, (2) goodgravity field recovery results,however,
do not necessarilyimply goodrecovery resultsin a real-world applicationdueto thevarioussourcesof
errorsnotstudiedin thepresentedsimulations.

In practice,dataoutagesandlow quality GPSmeasurementsprobablyimposethemostseriousrestric-
tions on the validity of the simulationresultsdue to the generallyweak determinationof the many
pseudo-stochasticparameters.It wasmentionedin Sect.9.3.1,e.g.,thateven for a maximumreduced-
dynamic(MRD) orbit aninfluenceof theapriori gravity fieldmodelcouldbeobservedattheneighboring
epochsof datagaps,andsometimeseven at otherepochsthanjust the neighboringones. It is hardto
predictwhethertheuseof similar “problematic”HRD positionswould harmtherecovery resultsmore
thantheuseof thecorrespondingkinematicpositions,which suffer from dataoutagesandlow quality
GPSobservations,aswell. Oneshouldkeepin mind that sucheffectsmight considerablydeteriorate
optimisticexpectationsfrom simulationsusingsyntheticdata.ÿ_Í`_ ÐÒÑ�ÓÔÓ�ÕeÖØ×ºÕ�ÎÚÙ
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Theresultspresentedin thischaptershow thatpseudo-stochasticorbit modelingtechniquesareexcellent
to absorbdeficienciesin the underlyingdynamicmodelsfor orbit determination,which in turn canbe
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usedto improve our knowledgeon thesemodelsfrom theanalysisof (highly) reduced-dynamictrajec-
tories. The numberof estimatedpseudo-stochasticparametersallows for a smoothtransitionbetween
usingandcompensatingfor informationaboutLEO dynamicsfor orbit determination.

Section9.1 showed that unconstrainedpiecewise constantand piecewise linear accelerationsmay be
directly identifiedwith thepointwisevaluesof a once-per-revolution accelerationat a level of 4% and
0.07%,respectively, indicatingthata direct interpretationof singleestimatesof piecewiseconstantac-
celerationsmay introducecomparablylarge modelerrors,suchasobserved in the combinationstudy
with accelerometerdatain Sect.7.8.4.

Section9.2showedthatananalysisof orbitalpositionsis well suitedto replaceamorecomplicatedinte-
gratedanalysisof all acceleration(or pulse)estimatesto allow for a recoveryof forcemodelparameters.
This is anattractiveandsimplewayto separatetheGPSprocessingfrom afurtherorbit analysis,e.g.,for
gravity field recovery. Onehasto keepin mind,however, thatthecorrelationsbetweentheorbit positions
areneglectedby sucha “two-step”approach.Sect.9.2.3showedthatdiscretizationerrorsintroducedby
pseudo-stochasticparametersarenegligible if they aresetupatasufficient frequency.

Section9.3 madefull useof the developmentsof Chapter6 to introduceso-calledhighly reduced-
dynamic(HRD) orbits,reduced-dynamicorbitswith pseudo-stochasticparameterssetupat a frequency
closeto theGPSobservationsamplingrate.It couldbeshown thattheHRD orbit positionsareequivalent
to the kinematicpositionsat the subinterval boundaries,provided that datagapsdo not occurandthat
a setof 3 pseudo-stochasticparametersis setup at thehighestpossiblefrequency (MRD orbits). Kine-
maticorbitsarewell establishedfor a subsequentrecovery of parametersdescribingtheEarth’s gravity
field, whichmakesit interestingto analyzeHRD orbitsfor thispurpose.

In Sect.9.4 we analyzeddifferentHRD orbits with varying subinterval lengthsanddifferent typesof
pseudo-stochasticparameters.Spectralanalysisrevealedthat the reductionof the high-frequency part
of thepositionnoisegoeshand-in-handwith the introductionof dependencieson theunderlyingforce
modelssuchasthea priori gravity field model.In essence,orbit signalswith periodsshorterthantwice
thesubinterval lengthof theestimatedpseudo-stochasticparametersarecausedby theunderlyingforce
models:they donotcontainindependentinformationontheactualforcefield. It couldbeshown thatsig-
nificantdifferencesexist betweendifferenttypesof pseudo-stochasticparametersto keeptheimpactof
thedynamicmodelssmall. Piecewiseconstantaccelerationsaremuchbettersuitedthanpulses,asthey
actover anentiresubinterval lengthandnot only at a certaindiscreteepoch.We concludedin Sect.9.4
thattoo longsubintervalshave to beavoidedif not toomuchapriori informationshallbeintroducedinto
theorbit determinationprocess.Thesamestatementholdsfor apriori constraints,aswell.

Section9.5 confirmedthe findingsof Sect.9.4. In orderto be competitive with gravity field recovery
resultsfrom 30s kinematicpositions,a subinterval lengthof 30s is necessaryfor piecewise constant
accelerations,aswell. This implies that the GPSdatahave to be processedat a highersamplingrate
for orbit determinationin orderto benefitfrom thereduced-dynamicfiltering of the trajectory. A most
reliableestimationof the parametersmay be expectedif the GPSdatasamplingrate is muchsmaller
thanthesubinterval length.It couldbeshown thatrecoveriesfrom longseriesof HRD 30sacceleration
orbitsbasedon 10s GPSsamplingareat leastasgood– if not evenslightly better– thantherecoveries
obtainedfrom thecorrespondingkinematicorbits.

TheupcomingGOCEmissionwill bewell suitedto furthervalidatethis approachdueto theprovided
1Hz GPSdata. Preliminarystudiesareforeseentogetherwith the Instituteof NavigationandSatellite
Geodesyof the GrazUniversity of Technologyin the context of the bridging phaseof the High-level

185
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ProcessingFacility of GOCE.In thesamecontext, reduced-kinematicorbitswill beassessedfor gravity
field recovery, aswell. Reduced-kinematicorbitsarekinematicorbitswith adjacentpositiondifferences
constrainedto positiondifferencesof a conventionalreduced-dynamicorbit in orderto reducethenoise
[ŠvehlaandRothacher, 2005b].
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Thenew generationof dedicatedgravity field missionsequippedwith onboarddual-frequency GPSre-
ceivers like CHAMP and GRACE provide the uniqueopportunityto derive highly accuratesatellite
orbits,Earthgravity field parameters,andinformationabouttheEarth’s atmosphere.In our analysiswe
studiedtheproblemsdealingwith theextractionof preciseorbitalinformationusingdual-frequency GPS
data.

SinceOctober1,2002,weanalyzespaceborneGPSdatafromCHAMPandGRACEin thecontext of this
work, which is partof theLEO activitiesat theAstronomicalInstituteof theUniversityof Bern(AIUB).
To derive verypreciseorbitsin thepost-processingmode,wehave to analyzetheionosphere-freelinear
combinationof undifferencedor doubly differencedcarrierphasemeasurementsfrom the spaceborne
GPSreceivers. The doubledifferencesolutionsdo not only includethe spacebornemeasurementsbut
alsothecarrierphasemeasurementsfrom thetrackingnetwork of theInternationalGNSSService(IGS).
Theterrestrialdataarealsoprocessedat theCenterfor Orbit Determinationin Europe(CODE)to derive
thecoreproductsfor theIGS.Unnecessaryto saythatwe madefull useof theCODEfinal productsto
establishLEO orbitsin awell-definedreferenceframe.

Our LEO orbitsarerepresentedby six initial conditions,a few dynamicparameters,anda usuallylarge
numberof pseudo-stochasticparametersreferringto a localorbital frame,becauseperturbingforcesare
bestcharacterizedin suchframes.After having implementedmorerefinedpseudo-stochasticrepresenta-
tionsbasedonaccelerationparameters,longerseriesof CHAMP andGRACEdatawereanalyzed.

A first comparisonwith CHAMP orbitsfrom otherLEO analysiscentersin thecontext of theCHAMP
orbit comparisoncampaignshowed that our orbits arecompetitive with solutionsbasedon otherpro-
cessingstrategiesandsoftwarepackages.TheAIUB “zerodifference”orbitsyieldedthebestquality for
theelevendaysof theorbit comparisoncampaignwith a1-D accuracy of about3cm. Thegoodranking
of the“zero difference”orbitsconfirmedtheapplicabilityof our pseudo-stochasticorbit modelingtech-
niquesanddemonstratedthequalityof theCODEhigh-rateclockcorrectionsusedin ouranalysis.

A computationof CHAMP orbits for 200 daysbasedon undifferencedtracking dataconfirmed,in
essence,theexperiencegainedfrom theCHAMP orbit comparisoncampaignin termsof accuracy. Even
in thecompleteabsenceof non-gravitational forcemodels,pseudo-stochasticorbit modelingenablesa
verypreciserestitutionof asatellite’s trajectory. Thecorrelationof theestimatedaccelerationsfrom GPS
datawith theaccelerationsmeasuredby theonboardSTAR accelerometerproved to bevery high. We
observedthatthepiecewiseconstantor piecewiselinearaccelerationsfollow thepronouncedalong-track
perturbationsinducedby atmosphericdragwithout problems,but we alsoidentifiedweaknessesin the
recovery of short-termperturbationsby singleaccelerationestimates.We concludethat preciseorbit
determinationis certainlythemostimportantapplicationfor pseudo-stochasticorbit modelingbasedon
accelerationparameters,but donotruleoutthattheestimatesof theunmodeledperturbationsmightbean
interestinglow-costalternative to measurementsfrom onboardaccelerometers– provided that mission
requirementsarenotextremelyhighandstate-of-the-artgravity field modelsareavailable.
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More experienceconcerning“zero difference”orbit determinationwasgainedfrom the 2003dataset
of the first GRACE datarelease.We analyzedeleven monthof undifferencedGPSdatawith (oneof)
thestate-of-the-artgravity field model(s)of that time. Thevalidationwith SatelliteLaserRangingdata
revealedthatbothGRACE orbitsmaybedeterminedwith a 1-D accuracy of about2.5cm. A periodof
abouteightweekscouldbeidentified,wheretheGPStrackingperformanceof theGRACEreceiverswas
of exceptionalquality, which evenallowedusto demonstratea 1-D orbit accuracy for GRACEB below
2cm. Thisaccuracy requirementwill have to bemetin thenearfuturefor theupcomingGOCEmission.
TheGOCEprecisescienceorbit productwill bebasedon thesamebaselineprocedureandwill bede-
rivedin thecontext of theHigh-level ProcessingFacility of theEuropeanGOCEGravity Consortiumat
AIUB.

WecomparedtheGRACEA andB “zerodifference”orbitswith theultra-preciseobservationsfrom the
microwave l -bandlink betweenthetwo GRACE satellites.This validationallowedusto continuously
monitor the 1-D precisionof the relative positionbetweenGRACE A andB, which was found to be
about1.25cm. Weaknessesin thepseudo-stochasticmodelingcouldbe identifiedin thecontext of l -
bandvalidationfor time intervalswhereno GPSdataareavailable.Dueto thefact thatwe did not take
any modelsof non-gravitationalperturbationsinto account,ourorbitsarenotwell predictableacrossex-
tendeddatagaps,whichmaybeadisadvantageif thereceiver frequentlyloosestrackto all GPSsatellites
for long time spans.It is of courseno problemto take additionalmodelinformationinto account– the
pseudo-stochasticparametersarethensimplyestimatedon topof theintroduceda priori values.

In additionto theprocessingof undifferencedGPSGRACEdata,experiencewasgainedon theoptimal
processingof doublydifferencedGPSdatafrom theflying baselinebetweenGRACE A andB, andon
theexploitationof theinterferometricnatureof theGPSsystemby resolvingthedoublydifferencedcar-
rier phaseambiguitiesto their integervalues.

A comparisonof thereduced-dynamicestimatesof theflying baselinefrom doublydifferencedGPSdata
with independentobservationsindicatesthat the processingof the differencedobservables“alone” is
beneficialin termsof precisionandaccuracy. Relativeapriori constraintsbetweenthepseudo-stochastic
parametersof GRACE A andB werefoundto further improve thebaselineestimatesasbothsatellites
experiencesimilar perturbationsdueto their separationof 220km, which only correspondsto 30s in
time. The reconstructionof thebaselinewith “ultimate” precision,however, requiresthe resolutionof
the doubly differencedambiguities. An eight-weekcomparisonof reduced-dynamicestimatesof the
flying baselinewith theultra-precisel -bandobservationsdemonstratedthat(sub)-mmprecisionis fea-
sible,if aboutninetypercentof thedoublydifferencedspacebaselineambiguitiesarecorrectlyresolved
to integervalues.We foundevidencethat theradialandcross-trackcomponentsaredeterminedwith a
similar precisionaswell. Sucha preciseknowledgeof theinter-satellitevectorwill beof interestin the
nearfuturefor theupcomingSARmissionTerraSAR-X.

In addition,thepositive impactof ambiguityresolutionon thespace-groundbaselinescouldbedemon-
strated.Basedonourvalidationstudieswerecognizedasignificantimprovementin therelativeGRACE
orbit solutionsby comparingthemwith the l -bandobservations,but sofarwecouldnotdemonstratean
improvementin theSLR residualsfor thetwo GRACEsatellitesin anabsolutesense.Thelow success-
ratesof lessthan50%percentof resolvedspace-groundbaselineambiguitiesmaybemainlyresponsible
for this. Many receiversof thegroundnetwork did not provide m -codemeasurementsof goodquality,
which is a prerequisitefor a successfulresolutionof the wide-laneambiguitieswith the Melbourne-
Wübbenalinearcombination.A refinedselectionof IGSreceiver sitestailoredto thequalityof thecode
measurementsmight furtherimprove thesituationfor ambiguityresolutiononspace-groundbaselines.
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Basedon a performanceanalysisconcerningCPU timesfor different typesof reduced-dynamicorbit
determinationproblemswe concludedthat thenormalequationhandlingis sub-optimalin termsof ef-
ficiency if large numbersof pseudo-stochasticparametersareestimated.We describedin detail how
pseudo-stochasticparametersmaybesolved for efficiently by makingfull useof theunderlyingmath-
ematicalstructures,e.g.,by a filter-like approachwhereonly “currently” active parametersarekept in
thesystemof normalequations.Suchmethodsareessentialfor anefficientdeterminationof orbitsfrom
doublydifferencedGPSdataformedbetweentheLEO receiver anda largenumberof GPSgroundsta-
tions,or for anefficientdeterminationof largenumbersof pseudo-stochasticparameters.

Efficientmethodsareprerequisitewhenstriving for thehighestresolutionof pseudo-stochasticparame-
ters.Wecoulddemonstratethatso-calledhighly reduced-dynamicorbit positionsareidenticalattheGPS
observationepochswith kinematicorbit positionsobtainedfrom a precisepoint positioning,provideda
setof threepseudo-stochasticorbit parametersis setupateveryGPSobservationepochandthatnogaps
arepresentin theGPSdata.It is thuspossibleto achieve the“kinematiclimit” alsoby pseudo-stochastic
orbit modeling.

Basedonaspectralanalysisof orbit positionsderivedfrom simulatedGPSdataweconcludedthathigh-
frequency noisein theorbit positionsmaybesuppressedby a pseudo-stochasticmodelingof theorbits.
At thesametime,wepointedout thatonecannotavoid theintroductionof adependency of theresulting
positionson thedynamica priori modelsusedfor orbit determination,if pseudo-stochasticparameters
arenotsetupateveryobservationepoch.Wefoundevidencefor a trade-off betweenthetwo competing
effectsin a simulationstudywhenpseudo-stochasticparametersaresolvedfor at ratesvery closeto the
GPSsamplingrate.

An extensive simulationstudywasconductedto clarify theusefulnessof highly reduced-dynamicorbit
positionsfor thepurposeof gravity field determination.Weanalyzedrecoveredgravity field parameters
up to degree90 with respectto their noiseandtheir signalcontentfrom modelsusedfor orbit deter-
mination. Thecomparisonwith therecovery resultsfrom 30s kinematicpositionsclearlyrevealedthat
pseudo-stochasticparametershave to besolvedfor at leastevery 30s to ensureanunbiasedrecovery of
thegravity field coefficients. Orbitsbasedon pseudo-stochasticparameterssetup lessfrequently, e.g.,
at 60s or even longersubintervals, aredetrimentalfor therecovery. Such“smoothedorbits” arebetter
in termsof noise,but stronglybiasedwith respectto theunderlyingmodelsusedfor orbit determination,
whichmapsinto theestimatedgravity field parameters.As aconsequence,only highly reduced-dynamic
orbit positionsbased30s subintervals maybeused,which areidenticalto 30s kinematicorbits if GPS
dataareprocessedat30s intervals.

Let usmentionthat thesituationis differentif full-rate GPSdatafrom thespacebornereceiversis used
to estimatepseudo-stochasticparametersevery 30s, e.g.,10s GPSdatafrom CHAMP andGRACE or
1s GPSdatafrom theupcomingGOCEmission. We noticeda small advantagein the recovery of the
high-degreetermsof theEarthgravity field in termsof noisewhenusinghighly reduced-dynamicorbit
positionsbasedon 10s GPSdatainsteadof 10s or 30s kinematicpositions,andwould expectaneven
betterrecovery with 1sGPSdata.Basedonoursimulationstudieswe favor thereduced-dynamicorbits
basedonpiecewiseconstantaccelerations.It is asubstantialadvantageof thisparametrizationto account
for thegravity signalsduringtheentiresubintervals,asopposed,e.g.,to pulses,which only accommo-
datetheorbitsatdiscretetimeepochs.

We intendto furtherstudyhighly reduced-dynamicorbit determinationwith realdatain thecontext of
theHigh-level ProcessingFacility for theupcomingGOCEmission.Preliminarystudiesareforeseenfor
thebridgingphasebeforetheplannedstartof thesatellitein March,2008.
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In our analysiswe uniquelystudiedgravity field recovery from kinematicor highly reduced-dynamic
orbit positions.It maybeexpected,however, that the inclusionof thepreciselydeterminedambiguity-
fixedkinematicor highly reduced-dynamicGRACE baselinewill further improve the recovery – even
withoutusingthe l -bandobservations.It will in particularbepossibleto obtainmorereliableestimates
for theSH coefficientsof higherdegrees,i.e., for thedegreeswherewe noticedsmalladvantageswhen
usinghighly reduced-dynamicinsteadof kinematicorbit positions.
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Földváry, L., D. Švehla, C. Gerlach, M. Wermuth, T. Gruber, R. Rummel, M. Rothacher, B.
Frommknecht,T. Peters,andP. Steigenberger (2004),Gravity Model TUM-2SpBasedon the En-
ergy BalanceApproachandKinematicCHAMPOrbits,in EarthObservationwith CHAMP– Results
fromThreeYears in Orbit, editedby C. Reigber, H. Lühr, P. Schwintzer, andJ.Wickert, pp.13–18,
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Gerlach,C., N. Sneeuw, P. Visser, and D. Švehla (2003b),CHAMP gravity field recovery using the
energy balanceapproach,Advancesin Geosciences, 1, 73–80.
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