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1. Introduction

The orbit modelingof low Earthsatellitesin the presencef variousperturbationss a complex matter
Whereasa dynamicmodelingof a satellitetrajectoryrequirescarefulconsideratiorof theimpactof all
thevariousperturbingforces,the Global PositioningSystem(GP S)hasbecomea uniquetool for deriv-
ing very preciseorbits of Low Earthsatellitesequippedvith onboardGPSrecevers. The uninterrupted
three-dimensionabPStrackingmalesit possibleto relax the strengthof the dynamiclaws for a most
preciseorbit determinationwhich is the subjectof this work.

Low Earth Orbiters(LEOs) equippedwith onboardGPSrecevers (will) cover the region betweenap-
proximately250 and 1500 kilometersabove the Earths surfaceandsene dedicatednissionpurposes
suchasgravity field recarery, atmospheresounding,andradarandlaseraltimetry They areequipped
with space-qualifiedjeodetic-typaecevers, which collectthe GPSmicrovave signalstraveling from
the GPSsatellitesto the spaceborn&PSrecever on two carriers. The basicGPSobserablesfor po-
sitioning are the so-calledpseudo-rangand the carrier phase,which may both be viewed as biased
measurementsf the slantrangebetweenthe spaceborn&PSrecever anda GPSsatellite. Dueto the
dispersie natureof theionospherethe ionospheriaefractioncanbe almostcompletelyeliminatedby
forming the so-calledonosphere-freéinear combinationof the original dual-frequeng measurements.
The analysisof ionosphere-freearrierphaseobsenations(accuracie®f afew millimeters)from all in
view GPSsatelliteamalesit possibleto derive very preciseinformationonthelocationof thespaceborne
recever, providedthatthe GPSsatellitepositionsareknown. Thiswork introducesn afirst, theoretical
partseveralmethoddo derve orbital informationfrom theionosphere-fre&PSobserations.

Sincealongtime uncertaintie$n the dynamicmodelshave beenconsideredsthe mainlimiting factor
to modeltrackingdataof low Earthsatellites.In thetime periodof the first LEOs equippedwith GPS
recevers, it wasimportantto derive very preciseorbit solutionsdespitethe presencef deficientgrav-
itational and non-graitational models,[Yund et al., 1990]and[Wu et al., 1991]. Lateron it became
obviousthatvaluableinformationaboutthe Earth’s gravity field couldbeextractedirom GPSdata,if the
non-gra&itational accelerationare measuredlongthe satellitetrajectory[Reigberet al., 2002b]. This
wasthe adwentof a decadewvith newv geopotentiaimodelsof unprecedentedccuray.

Efficient orbit determinatiorwas the main topic of the work performedby [Bod, 2003]. Shecould

shav that orbits of LEOs equippedwith dual-frequeng GPSreceiers can be determinedefficiently

with decimetemaccurag. H. Bock usedearly GPSobsenrationsfrom the GPSreceversaboardCHAMP

and SAC-C and gainedvaluableexperiencefor the processingf spaceborn&PSdataat the Astro-

nomical Institute of the University of Bern (AIUB). Her methodsmadefull useof the highly accurate
GPSephemeridestarthrotation parametersand GPSsatelliteclock correctionsfrom the Centerfor

Orbit Determinationin Europe(CODE), locatedat AIUB. CODE s oneof the ten analysiscentersof

the International GNSS Service(IGS). It wasoriginally a joint ventureof four Europeannstitutions
[Hugentobleretal., 2004b].

The coreproductsfrom CODE arethe backbondor the presentwork aswell. In [Jaggi etal., 2005b]
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we could shav that by analyzingundifferencedonosphere-fre€HAMP GPSdata— insteadof the so
far analyzedtime differenceddata— and by settingup pseudo-stochastigarametersit is possibleto

reconstructhe CHAMP trajectorywith anaccurag at the few centimetelevel. To do so, we revised
thepseudo-stochastarbit modelingpartby a morerefinedrepresentatiobasedbn acceleratioparam-
etersto effectively compensatéor deficienciesn thedynamicmodels.In this contet, we maymention
thatwe contritutedwith our orbit solutionsto the CHAMP orbit comparisorcampaigrorganizedoy the

IGS.

After implementingmore refined pseudo-stochastiorbit representationsto a developmenterviron-

mentof the BerneseGPSsoftware[Dach et al., 2007], we focusedon the analysisof longerseriesof

undifferencedGPSobsenrationsfrom CHAMP andfrom the GRACE twin satellites All threesatellites
orbit the Earth at altitudesbelov 500km, which posesa challengeto preciseorbit determination.In

orderto assesthe quality of thecomputedrbits,we usedotherobserationtechniquesuchasSatellite
LaserRanging(SLR), on-boardaccelerometryandintersatellite K / K a-bandrangingfor anindepen-
dentvalidation. The correspondindime seriesare presentedind discussedn the secondpart of this

work.

It is well known that interferometricdataprocessingechniquesare beneficialfor high-precisionap-
plicationsof the GPSsystem. We processedloubly differencedcarrierphasemeasurementsom the
GRACE satellitesandfrom globally distributed IGS sitesto comparehe resultingorbits with solutions
from undifferencedGPSdata,andto assestheimpactof resolvingthe doublydifferencedcarrierphase
ambiguitiesto their integer values[Mervart, 1995]. It is striking that the spacebaselinebetweenthe
GRACE twin satellitescanbedeterminedvith millimeter precisiorwhenfully exploiting the processing
of doublydifferencedsPSdata(whereagheprecisionof theindividual positionsis onthefew cmlevel).

A mostpreciseknowledgeof satellitetrajectoriefrom a post-processingnalysisof GPSdatais useful
for mary spacebornapplications.Formationflying SyntheticApertureRadar(SAR) satellitemissions
requirepreciserelative orbit informationfor the generatiorof highly accurataligital elevation models
whenthey areoperatedn a bistaticmode. Altimetry missionsmay profit from smallradial orbit errors
which facilitatesa correctinterpretationof the measuredaltimeterheights,and gravity field recovery
missionsmay profit from mostpreciseorbits to properly geolocatetheir sensoreadingsin an Earth-
fixedreferencdrame. In this context, we may mentionthatthe orbit determinatiormethodspresented
in thiswork will beusedin the framewvork of the High-level Processindracility (HPF)to determinehe
precisescienceorbit of ESAs upcomingGOCEmissionat AlUB [Bod etal., 2007].

It may be necessaryo adjustnot only a few hundredbut a few thousandpseudo-stochastgarameters
whenanalyzingGPSdatafrom very low Earthsatellites. In orderto still enablea mostefficient pro-
cessingarevision of thealgorithmicpartof the orbit determinatiorproceduresvasinevitable. Thefull
exploitationof thestructureof theunderlyingleast-squareadjustmenimadeit possibleto setup pseudo-
stochastigpparametersvith the highestpossiblefrequeng, the GPSobsenration samplingrate. It could
be shavn thatsucha “heavy” parametrizatioryields orbit positionswhich areidenticalwith positions
obtainedrom a precisepoint positioningatthe GPSmeasuremergpochs.

It is awell establishedactthatpositionsof low Earthsatellitesfrom a precisepoint positioning,which

yields not the most precisepositions,but positionsthat areindependenfrom informationaboutLEO

dynamicsarea valuableproductfor therecovery of the Earth’s gravity field [Gerlad etal., 2003c]. In

the last part of this work, we usesimulateddatato relax the strengthof the dynamiclaws by pseudo-
stochasticorbit modelingto an extent interestingfor gravity field determinationandwe analyzethe

trade-of betweerthereductionof noiseandtheintroductionof dynamicmodelinformation.



The presenwork hasto be seenasa continuationof the researctwork aboutLEO orbit determination
usingGPSperformedat AIUB. New aspectsvith respecto [Bodk, 2003]are:

e zeroanddoubledifferenceorbit determination,

¢ extendedpseudo-stochastirbit modeling,

e independenvalidationof orbit results,

e continuoudransitionto precisepoint positioning,and

e pre-analysi®f orbitsfor subsequergravity field recovery.
Let usconcludewith anoutline of thesubsequenthapters:

Chapter2, Low Earth Orbiters Using GPS, givesanoverviev of satellitesequippedvith geodetic-type
recevers, recapitulategheir missionpurposesand presentgheir instruments. The CHAMP and
GRACE satelliteswhich arerelevantto thiswork, aredescribedn moredetail.

Chapter3, Gravity Field Modelsfrom SatelliteTradking, givesa shortoverviev of the differentcon-
ceptsfor gravity field recorery from satellitetrackingandlists the mostrecentgravity field models
available.

Chapterd, Fundamental®of the GPSData Analysis, recapitulategshe GPSprinciple, introducesthe
GPSinstitutionsrelevant to this work, and describeghe mostimportantaspectsn modelingthe
GPSobsenrables.A “pocket guide” of least-squareadjustments providedaswell.

Chapter5, ModelingSatelliteMotion, focusesonthederivationof orbit parametersantroduceghe pri-
mary andvariationalequationsgdescribesrarioustypesof pseudo-stochastiarbit modelingtech-
niques andpresentgfficient methodgor the solutionof the associatedariationalequations.

Chapter6, EfficientNormalEquationHandling analyzeghe structureof the underlyingnormalequa-
tion systemsgdevelopsalternatve proceduregor an efficient orbit determinationandanalyzeshe
resultingperformancdor zeroanddoubledifferenceorbit determination.

Chapter7, CHAMP and GRACE Orbit DeterminationUsing UndifferencedGPSData, describeghe
externalsourcemeededor orbit determinationsketchesthe orbit determinatiorschemelists the
available obserationsfor anindependenbrbit validation,and presentanddiscusseselectede-
sultsfrom orbit determinatiorwith undifferencedCHAMP andGRACE data.In addition,a combi-
nationstudywith accelerometedatais performedwith simulatecdata.

Chapter8, GRACE Orbit DeterminationUsing Doubly DifferencedGPSData, dealswith orbit deter
minationusingdoubly differencedGPSdatabetweerthe GRACE satellitesandIGS trackingsites,
determinatiorof theflying baselineambiguityresolution andthe validationandcomparisorof the
results.

Chapter9, AnalyzingPseudo-Stdwastic Parametes, is basedon simulateddataanddiscusseshein-
terpretatiorof the pseudo-stochastgarameterandthe associatedrbits, analyzespectraof orbit
positionsandvelocitieswith respecto noiseanddynamicmodelcontentandcompareshe perfor
manceof reduced-dynamiandkinematicorbitsfor arecovery of gravity field parameters.

Chapterl0, SummaryConclusionsand Outlook, summarizeshe essentiatesultsandconclusionof
thiswork andpresentshe continuationin the context of the GOCEHPF actvities at AIUB.
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2. Low Earth Orbiters Using GPS

Satellitesn theLow EarthOrbit (LEO) aredefinedasEarthorbiting satellitesat heightsbelov 1600km
or below 2000km (dependingnthesourceabore the Earths surface[ AIAA, 1999]. Sincethebeginning
of the spacelight era, this belt hasbeenof particularinterestfor a large variety of scientificsatellites,
e.g.,for Earthobsenration, but alsofor mary commercialksatellites.e.g.,for mobile telephonecommu-
nication. Theideato make useof the upcomingconstellatiornof the Global PositioningSystem(GPS)
for validationandcalibrationof LEO positioningdateshackto thelate sesenties HoffmanandBirming-
ham 1978],andwasfurther promotedwith the successfulaunchof thefirst GPSsatelliteon February
22,1978.0nly for yeardater, the GPSRAC (GPSreceverandprocessopackagepnboard ANDSAT-4
wassuccessfullyjaunchedon July 16, 1982, which wasthe first operatingspaceborn&PSrecever in
history Thelifetime of therecever, howvever, endedshortlyafterlaunch[Birminghametal., 1983]. An-
other GPSRAC waslaunchedonboardLANDSAT-5 on March 1, 1984, which eventuallydemonstrated
thatclock synchronizatiorandorbit determinatiorbasedon pseudo-range&ackingdatais feasiblewith
navigationalaccuracied®elonv 50m for shortarcs[Heubeger, 1984].

Sincethoseearlydays,mary GPSrecevershave beenusedon all kindsof LEOs. Whereaghefirstones
mainly aimedatverifying andimproving theconcepof thesatellite-to-satellitéracking(SST)with GPS,
asignificantmilestonewassetby the launchof theradaraltimetermissionTOPEX/PoseidofiFu etal.,
1994]on August10, 1992, which wasequippedwith an onboardGPSdemonstratiomecever. For the
first time, extensiie usewasmadeof boththe GPSpseudo-rangandthe carrierphase Theinclusionof
thevery accuratgphaseobsenablesshavedthatradial orbit accuracie®f about3 cm arefeasiblein the
post-processingiode. This resultwasnot only a strongandimpressie demonstratiorior the potential
of GPSpreciseorbit determination(POD)asa navigationtool in anoperationakatelliteervironment,it
alsoshavedthepotentialof GPSpreciseorbit determinatiorasa backbondor furtherscientificapplica-
tions, suchasthe determinatiorof the oceantopographyin the caseof TOPEX/PoseidonThe prospect
to continuouslytrack satelliteswith sub-decimeteaccurag on alow costbasisencouragedhary satel-
lite missiondesignergo install GPSreceverson their LEOsin thefollowing years.Table2.1 givesan
overview of selected_EOs equippedwith spaceborngeodetic-typesPSreceverssincethe launchof
TOPEX/Poseidon.

The following sectionsbriefly describethe main missionobjectives and orbital characteristicof the
LEOsin Table2.1. They give animpressiorof the wide rangeof GPS-supportedcientificapplications
coveredin thepast,in the presentand,with utmostcertainty alsoin the future.

2.1 TOPEX/Poseidon

TOPEX/PoseidoifiFu et al., 1994]wasthe first missionspecificallydesignedand conductedo study
the world’s oceancirculation. It waslaunchedon August10, 1992with a plannedminimumoperation
time of threeyears,which was eventually exceededby more than 10 years; operationswere closed
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Table2.1:Initial elementof LEOsusinggeodetic-typ&sPSrecevers(source:DISCOSdatabase).

\ Satellite || Apogee(km) | Perigegkm) | Inclination(°) | Launchdate|

TOPEX/Poseidon 1331 1317 66.1 10Aug. 1992
MicroLab-1 749 733 70.0 3 Apr. 1995
CHAMP 477 416 87.3 15Jul. 2000

SAC-C 707 687 98.2 21 Nov. 2000

JASON-1 1333 1318 66.1 7 Dec.2001
GRACE1,2 506/507 483/483 89.0 17 Mar. 2002
ICESat 598 595 94.0 13Jan.2003
Formosat3A,B,D-F 524-543 496-508 72.0 15 Apr. 2006
FormosaB3C 828 776 72.0 15 Apr. 2006
GOCE 270 270 96.5 Mar. 2008

on Januaryl8, 2006. The missionpurposewasto measurdhe oceantopographywith a state-of-the-
art radaraltimeter(ALT). This primary instrumentwasthe first spacebornaltimeterwhich madeuse
of dual-frequeng measurement® minimize the errorscausedy the free electronsin theionosphere
[Zieger etal., 1991], allowing it to measureheightswith anaccurag of 2—2.5cm. In additionto the
radarinstrumentALT, SALT (single-frequengc solid stateradaraltimeter),andthe TOPEX microwvave
radiomete(TMR), the satelliteis equippedvith alaserretro-reflectoiarrayfor SatelliteLaserRanging
(SLR), a recever for DopplerOrbitographieet Radio-positionnemerntégiés par Satellite(DORIS),
anda GPSdemonstratiomecever (GPSDR) Figure2.1shavs thelocationsof the scientificinstruments
onboardthe satellite. The threeindependentracking systemsare perfectly suitedfor POD and orbit
validation. Thanksto the GPSDRandits antennaon top of the 4.3m mast)radial orbit accuracies
of betterthan3 cm couldbe achieved with thereduced-dynamiorbit determinatiortechniqug Bertiger
etal., 1994],whichwasmuchbetterthanthe pre-launchrequirementsThehigh accurag of thedifferent
tracking techniquesmadethem perfectly suitedfor the external calibrationof the measuredaltimeter
heightswhichis essentiafor a correctanalysisof sea-leel data[Christenseretal., 1994].

2.2 Microlab-1

For along time the meteorologicatcommunityhadbeenawareof the potentialof LEOsto extractinfor-
mationaboutthe Earths atmospheréy analyzingsatellitetransmittedadiosignalspropagatinghrough
theEarths atmospherbdeforereceptioronboardof the LEO [Lusignanetal., 1969]. To achiere aglobal
coverageof measurementd$iovever, multiple orbiting transmittersandrecevers arerequired. In this
respectthe GPSconstellationis perfectly well-suitedto realizethe transmitterside. Microlab-1was
the first satellitemissionto demonstratehe GPSradio occultationtechniquein the framework of the
GPS/METexperimentRodenetal., 1997],which consistedf a space-qualifiedurboRogueGPSre-
ceiver with a GPSreceving antenna. For an optimal mode of operation,the antennaboresightwas
pointedin the negative velocity direction,which is, of course far from beingideal for otherpurposes
like POD (becausef an unfavorable coverageof trackableGPSsatellites). Approximately 100-150
globally distributedatmospherigrofilesper day could be extractedfrom the GPSsignalswith the best
accuraciesbtainedfor atmospheridayersbetweerb and30km, e.g.,0.2to 0.4K for temperaturero-
files. For moredetailedandspecificinformationon the techniqueof atmosphersoundingwith GPSwe
referto [Kursinskietal., 1997].
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Figure2.1: TOPEX/Poseidosatellite(courtesyby CNES/A/ISO).

2.3 CHAMP

The CHAIllenging Minisatellite Payload(CHAMP) [Reigberet al., 1998]is a Germanmissionspecifi-
cally designedo studythe Earths gravity andmagneticfields. It waslaunchedon July 15, 2000with
a plannedoperationtime of five years,but thanksto two orbital maneuersperformedin JuneandDe-
cember002(seeFig. 2.4),the CHAMP spacecrafis still in usetodayandwill probethe Earths gravity
field for atleastonemoreyear Oneof the mainmissionpurposesvasthe determinatiorof the Earths
gravity field with unprecedentedccurag from continuouslycollectedGPSmeasurementy the on-
boardrecever andnon-graitational accelerationsneasuredy the onboardaccelerometerApart from
theseprimaryinstrumentdor gravity field recovery, the satellitecarriesa laserretro-reflectorarrayfor
SLRtracking,starcameragor attitudedeterminationanion drift meter andmagnetometerf®r magne-
tospherescience.

2.3.1 Orbit

CHAMP was launchedinto an almostcircular nearpolar orbit with an initial heightof 454km and
aninclination of 87° from the launchsite at PlesetskRussia.A closeto global coverageof the Earth
with orbit andmagnetometedataandlocal time variationsat sub-satellitgpointsruled out otherorbit
configurationssuchas sun-synchronousrbits. The initial height of 454km was chosento meetthe
requirementsf thedifferentmissiongoalsin thebestpossiblevay, andto guaranteamulti-yearmission
durationdespitethe presencenf atmospheridragwhich continuouslylowersthe satelliteorbit. The
atmospherandionospheresoundingexperimentsfavor orbits at higheraltitudesto scanthe different
atmospheridayersfrom the outside whereaghe gravity field recovery experimentasksfor lower orbits
to avoid a strongattenuatiorof the gravity field inducedorbit perturbationsTheinitial heightwasthus
idealin thebestcasefor the determinatiorof the magnetidield.

Figure2.4shavsthedecayingorbit altitudeover thefirst five yearsof the CHAMP mission.Theslopeof
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Figure2.2: CHAMP satellite:front side(courtesyby GFZ Potsdam).
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Figure2.3: CHAMP satellite:rearside(courtesyby GFZ Potsdam).

the decayis correlatedwith the solaractvity, e.g.,shaving large decayratesof morethanonehundred
metersper day aroundthe solar maximumat the beginning of the year2002. Therefore,two orbital

maneuershave beenperformedn 2002to raisethealtitudeandto correctfor orbit injectionerrors.

Attitude maneuersareperformedegularly (betweervy0and200timesperday)by smallthrusterpulses
of the cold gaspropulsionsystemto keepthe orientationof the satellitewithin a few degreeswith

respecto the nominal orientation(seealso Sect.7.3.2). Nominally, the boresightvector of the GPS
POD antennacoincideswith theradial directionandthe magnetometrypoom(seeFig. 2.2) is oriented

in flight direction.
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Figure2.4: CHAMP orbit altitudeover 5 years(courtesyby GFZ Potsdam).

2.3.2 Science Instruments

Figures2.2and2.3shav thefront andtherearsideof the CHAMP satellitewith its payload.Without ex-
aggerationthe8.333m x 1.621m x 0.750m spacecrafitself mustbe consideredisthe mainscientific
instrumentor the purposeof gravity field recosery from orbit perturbationshecausedt would represent
a 522kg freefalling proof-massn the absencef non-conserative forces. To supportthe gravity field
estimation,a numberof additionalinstrumentsuchasthe JPL BlackJackGPSrecever, the STAR ac-
celerometerandautonomoustarsensorarepartof thescientificpayload.

The GPSBlackJackrecever is a 2nd generationTurboRogueSpaceRecever (TRSR-2)manubctured
attheJetPropulsionLaboratoryKuangetal., 2001]. It collectsdual-frequeng phaseandpseudo-range
measurementen sixteenchannelsand senes four GPSantennas:one zenith-viaving POD antenna
equippedwith a chole ring, two limb-viewing atmospheresoundinghelix antennasand one nadir
viewing experimentahelix altimeterantennaTherecever firmwareallows for trackingof up to twelve
GPSsatellitesfor POD, but wassetto no morethansesen from the day of activation on July, 17,2000
until March 22, 2001,andto no morethaneightuntil March 5, 2002to keepthe numberof resetdow
[Grunwaldtand Meehan 2003]. Sincethentherecever wasallowedto trackup to ten GPSsatellites.

The STAR (SpaceTriaxial Accelerometeffor Researchmissions)instrumentis manufcturedby the
Office Nationald’'Etudesetde Recherchegerospatial§ONERA) [Toubouletal., 1998]. It useselectro-
staticforcesto keepa proof-massat the centerof anelectrode-equippecage which provide ameasure
of thetotal (non-graitationd) acceleratiomctingonthecagewhichis hardmountedb thesatellitebody
andlocatedwithin 2 mmto thevicinity of the centerof mass.A total of six pairsof electrodess usedto
controlthethreetranslationabndthethreerotationaldegreesof freedomandto sene theaccelerometer
sensomnit (SU) with electrodevoltagedfor afinal delivery of linearandangularaccelerationasoutput
voltages.Dueto the designof the acceleromete8U, the specification®f the measuredinearaccelera-
tionsarenotthesamefor thethreeaxes;namely3-10~? m/s’ for thealong-trackandthecross-trackaxes
and3 - 10~8 m/g for theradial axiswithin a measuremerttandwidthof 10~ to 10~! Hz [Grunwaldt
andMeehan 2003].
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The ASC (AdvancedStellar Compass)jnstrumentq Jorgensen 1999] provide the preciseorientation
(attitude)of the satellitewith respecto the starsin form of quaternionsThe DanishUniversityof Tech-
nology manufcturedwo ASCsfor CHAMP, onebeingmountedon the boomto supportmagnetometry
andanotheronebeingfixed on the spacecrafinainbody Eachinstrumentconsistof two camerahead
unitsanda commondataprocessinginit to matchthe obtainedstarcentroidsfrom the CCD arrayswith
computedstarpositionsfrom anon-boardHIPPARCOScatalogud ESA 1997]. The ASCsprovide at-
titude datawith a precisionof about4 arcsecwhich areprimarily neededor the magneticfield vector
measuremen@ndtheion flux directionmeasurementsut they areusefulasauxiliary datafor a proper
modelingof theGPSandSLR phaseenteroffsetsaswell. Notethatanin-flight GPSnavigationsolution
is neededo correctthe attitudedatafor the effect of aberratiorfBodk andLuhr, 2001].

2.4 SAC-C

The“Satelitede Aplicancioneientificas-C"(SAC-C)is anEarthobservingsatellitewhichwaslaunched
on November21, 2000into a sun-synchronousrbit at an altitude of about700km. Amongeleven sci-
entificinstrumentsthe satellitecarriesa BlackJackGPSrecever which senesfour GPSantennasone
zenith-viaving POD antennapnefore- andoneaft-viewing antenndor atmospherasoundingandone
nadirviewing antenndor GPSaltimetry ApartfromtheBlackJackecever, thesatelliteis alsoequipped
with a LagrangeGPS/GLOMSSdemonstratiomecever. The spacecrafis notequippedvith ary other
instrumentatiorior satellitetrackingsuchasa laserretro-reflectomarrayfor SLR.

2.5 JASON-1

JASON-1is thefollow-on missionof TOPEX/PoseidorseeSect.2.1,andwaslaunchedn Decembef,
2001.Thesatelliteis smallerthanits predecesspbut useshe sameorbit andthe sameinstrumentation.
The primary instrumentis the Poseidon-aual-frequeng radaraltimeter In addition, the satelliteis
equippedvith a JASON-1microvave radiomete(JMR), alaserretro-reflectoarrayfor SLR,a DORIS
recever, anda GPSBlackJackrecever. The GPSantennds mountedat the sideof the spacecrafbody
andis tilted with respecto the axesof the satellite.Dueto thealtitudeof about1300km of the satellite,
orbit determinatiorwith GPSallows it to reconstructhe satellitetrajectorywith 1 cm radial accuray,
see[Luthde etal., 2003]and[Hainesetal., 2004].

2.6 GRACE

The Gravity Recarery And Climate Experiment(GRACE) [Tapley and Reigber 2001] is a joint US-

Germanpartnershipnissionwithin NASA's EarthSystemSciencePathfinder(ESSP)programandmay
beviewedasthefollow-on missionof CHAMP. GRACEwaslaunchednMarch17,2002with aplanned
operatiortime of five yearswith two identicalformationflying satellitesfollowing eachotherin anom-
inal distanceof 220km on the sameorbital trajectory Oneof the mainmissionpurposess to mapthe
timevaryingchangesn theEarths gravity field [Tapley etal., 2004b]with unprecedenteaccurag from

continuouslycollectedintersatellitemeasurementsy the K/ K a-BandRanging(KBR) systemaswell

asfrom continuouslycollectedGPSmeasurementsy theonboardeceversandnon-graitationalaccel-
erationgneasuredby theonboardaccelerometerdpartfrom theseprimaryinstrumentgor gravity field

recovery, both GRACE satellitescarrylaserretro-reflectomarraysfor SLR trackingandstarcameragor

attitudedetermination.

10
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Figure2.5: SAC-C satellite(courtesyby CONAE).

Figure2.6: JASON-1satellite(courtesyby CNES/A/ISO).

2.6.1 Orbit

GRACE waslaunchednto an almostcircular nearpolar orbit with aninitial heightof 500km andan
inclinationof 8% from the launchsite at PlesetskRussia.As in the caseof CHAMP, a closeto global
coverageof the Earthwith orbit dataruled out otherorbit configurations.The separatiorbetweerthe
two satelliteshasto beactiely controlledin orderto staywithin 170and270km. Thisis accomplished
by orbital maneuerstaking placeaboutevery 50 days. Note that GRACE A wasthe leadingsatellite
from launchuntil the switchmaneuer on Decembed0,2005at03:47UTC to limit the suriaceerosion
of the K-bandhorns[Montenbru& etal., 2006].

11
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Figure2.7: GRACE satellite:externalview (courtesyby Astrium GmbH).

2.6.2 Science Instruments

Figure2.7shavsthetop sideof oneGRACE satellitewith its payload.In essencehothGRACE satellites
areidenticalin constructiorandresemblehe CHAMP satellite(apartfrom the missingboom,whichis
unnecessarfor the GRACE mission).Again,the3.122m x 1.942m x 0.720m spacecraftthemseles
mustbe consideredisthemainscientificinstrumentdo recorer thetemporalchange®f the gravity field
from thedifferentialperturbationdetweerbothorbits. To meetthe challengingmissionrequirementsa
numberof additionalinstrumentsuchasthe JPL BlackJackGPSrecevers,the SuperSAR accelerom-
eters,autonomoustarsensorsandlastbut not least,the K/ K a-Band Rangingsystemare part of the
scientificpayload.

The GPSBlackJackrecever is an advancedcodelesglual-frequeng spacereceiver manufcturedat
NASA's JetPropulsionLaboratorie§Dunnet al., 2003]. It collectsdual-frequeng phaseandpseudo-
rangemeasurementsn sixteenchannelsand senes three GPSantennas:one zenith-vieving crossed
dipole POD (GPSNAV) antennaequippedvith a choke ring, andtwo limb-viewing antennasa backup
crossedlipole POD (GPSBKUP) antennaanda helix (GPSOCC) antenndor atmospheresounding.
Therecever firmwareallows for trackingof up to twelve GPSsatellitesor POD, but wassetto nomore
thantento keepthe numberof resetdow [Dunnetal., 2003]. Note thatthe GPSBlackJackrecever is
capableaswell to collectthe dual-frequeng phasemeasurementsom the K/ K a-BandRangingsys-
tem,to time tagthe accelerometedata,andto readoutthetwo CCD-basedtarcameraslt is therefore
alsoreferredto asthe InstrumentProcessingJnit (IPU).

The SuperSAR instrument[Touboul et al., 1999] is a modified three-axiscapacitve accelerometer
whichis similarto the STAR instrumentaboardCHAMP (seeSect.2.3.2). The sensitve axes,however,
pointinto the along-trackandinto the radial direction,the lesssensitve axis pointsinto the cross-track
direction. Accordingto the specificationstheaccuraciesreimproved by aboutoneorderof magnitude
with respecto the STAR instrumentj.e.,to 1071 m/$ and10~° m/<, respeciiely, within ameasure-
mentbandwidthof 10~* to 10~ Hz.

12
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Figure2.8: GRACE satellite:internalview (courtesyby Astrium GmbH).

The starcameraassembly(SCA) providesthe preciseorientation(attitude)of the satellitewith respect
to thestars.As for CHAMP, oneinstrumentwasmanufcturedby the DanishUniversity of Technology
Notethatonly one SCA consistingof two cameraheadunitsis mountedon the spacecrafbody which
provides attitudedatawith a precisionof about25 arcsec/Dunn et al., 2003]. The requirementsre
lessstringenthanfor CHAMP dueto the absencef precisionvectormeasurement®r magnetosphere
science.

The K/ K a-BandRanging KBR) systemmanubcturedat NASA's JetPropulsiorLaboratoriess thekey
sciencenstrumeniof the GRACE mission[Dunnetal., 2003]. The hardwareon eachsatelliteconsists
of a singlehornantenndor the transmissiorandreceptionof the K- and K a-bandmicrovave signals
at 24.5GHz and 32.7GHz, respecitiely, an ultra-stableoscillator (USO) servingasa frequeng refer
ence,a KBR assemblyfor amplifying andmixing the receved andthe referencecarrierphaseandan
InstrumentProcessingnit (IPU) for digital signalprocessingThe KBR systemprovidesultra-precise
measurementef the biasedrangebetweenboth satelliteson the K/ K a-Band links with systematic
phasevariationsbeingaslow as10 ym (diameterof a humanblood cell) or better[Dunnet al., 2003].
Notethata GPSsolutionis usedto determinghe absolutdime tagsof the KBR measurementsincethe
ultra-stableoscillatordrivesboththe GPSrecever andthe KBR system.

2.7 ICESat

Thelce, Cloud andland Elevation Satellite(ICESat)[ Scutzet al., 2005] wasdesignedor cryosphere
applicationsandwaslaunchedon Januaryl 3, 2003into a 600km altitude orbit with a 94° inclination.
The missionpurposewasto measurdor thefirst time the interannualandlong-termchangesn polar
ice-sheetolumewith a state-of-the-arGeosciencéaserAltimeter System(GLAS), andto assessheir
impactonglobalseaevel changdZwallyetal., 2002]. The GLAS is usedto derive thesurfaceelevation
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Figure2.9: ICESatsatellite(courtesyby Ball Aerospacé Technologie<orp.).

Figure2.10: COSMIC constellatior(courtesyby Orbital Science<orp.).

with a noiselevel of about3 cm from echopulsescapturedby a 1 m onboardtelescopdAbshie et al.,
2005]. In additionto this primaryinstrumentationthesatelliteis equippedvith autonomoustarsensors,
a laserretro-reflectorarrayfor SLR, andtwo JPL BlackJackGPSrecever/antennaombinationgone
spare) Precisereduced-dynamiorbit determinatiorhasbeenshavn to exhibit radialaccuraciesf 2cm
[Rimetal., 2005],whichis a prerequisitdor a correctanalysisof themeasurediltimeterheights.
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2.8 FORMOSAT-3

The ConstellationObservingSystemfor Meteorology lonosphereand Climate (COSMIC) [Wu et al.,
2005]is a collaboratve Taiwan-USAmissionconsistingof six microsatellitesIt waslaunchedn April
14,2006with aminimumdesignedperationtime of two years.The mainmissionpurposses to collect
GPSsignalsto studytheatmosphereheionosphereandgeodesyThereforethe primaryinstrumenof
eachmicrosatelliteis the GPSoccultationexperiment(GOX). It consistof oneGPSBlackJackecever
andfour patchantennastwo fore/afthigh-gainoccultationlimb antennagor atmosphersoundingand
two fore/aft POD antennador orbit determination.The POD antennasre mountedat the spacecraft
front andbacksidewith a boresightof about75° off the zenithin the satellite-fixed coordinatesystem.
The GPSdatafrom thePODantennasrecollectedat 1 Hz becausd¢hey arealsointendedo be usedfor
studyingtime variationsin the Earths gravity field [Hwangand Kao, 2003]. Apart from this primary
instrumentationeachmicrosatellites equippedwith atiny ionospherigghotometefTIP) andatri-band
beacon(TBB) for ionospheriaesearch.

2.9 GOCE

The Gravity field andsteady-stat®ceanCirculationExplorer(GOCE)[ESA 1999]is thefirst coremis-
sionwithin ESAs*“Li ving Planet’programandmaybe viewedasa complementarynissionto CHAMP
and GRACE. It shall be launchedn September2007 with a plannedoperationtime of 20 monthsto
probethe Earths gravity field. The mainmissionpurposes the determinatiorof the stationarypart of
the Earth’s gravity field andgeoidwith the highestpossiblespatialaccurag andresolutionfrom contin-
uouslycollectedgravity gradiometerand GPSmeasurementsApart from the gravity gradiometeand
the GPSrecever, the GOCE satellitewill carry a laserretro-reflectorarrayfor SLR trackingand star
camerador attitudedeterminationThederived gravity andgeoidmodelwill sene solid Earthphysics,
oceanographygeodesyandglaciology see[Rummektal., 2002]and[Johanessertal., 2003].

2.9.1 Orbit

GOCEwill belaunchednto analmostcircularorbit with aninclinationof 96.5 andaninitial heightof
270km, which will beleft to decayin the commissioningophaseto the nominalaltitudeof 250km. In
orderto simplify thespacecraftonfigurationandto minimizethedurationof eclipsesasun-facing,sun-
synchronourbit ruled out otherorbit configurationsasthey arein usefor CHAMP and GRACE. For
theplannedaunchdatein Septemberdusk-davn orbit ata meanaltitudeof 250km will beusedduring
thefirst half of the mission,whichwill beloweredafterthe eclipseseasoro approximately240km for
the secondhalf of the mission. The very low altitude is necessaryo meetthe missionrequirements
to determinethe meangravity field andgeoidwith a precisionof 1 mgal (onemillionth of the surface
gravity accelerationand 1 to 2cm, respectiely, with a spatialresolutionof betterthan 200km full
wavelength.In orderto maintainthelow orbital height,the satellitewill beactively keptdrag-freeby an
ion propulsionsystem.

2.9.2 Science Instruments

Figure2.11shavs thetop sideof the GOCEsatellite. The satelliteervelopeis along andslenderprism,
with a cross-sectiomf 0.8m? anda lengthof 4m. As Opposedo CHAMP and GRACE, the satellite
bodyitself is nolongerthe mainscientificinstrumento recover the high-resolutiorgravity field, which
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Figure2.11:GOCEsatellite(courtesyby ESA Publicationivision).

will be mainly derived from the gravity gradiometemeasurementsTo meetthe challengingmission
requirementsafew additionalinstrumentsuchasthe LagrangeGP Srecever andautonomoustarsen-
sorsarepartof the scientificpayload.

The GPSLAGRANGEr receveris adual-frequeng space-qualifiedecever, see[Zin etal., 2006],man-
ufacturedby Alcatel Alenia Space(formerly Laben). It will collectdual-frequeng pseudo-rangand
phasemeasurementsn twelve channelsat 1Hz frequenyg, andsenes one actve GPShelix antenna
[Dilssneretal., 2006]. As opposedo CHAMP andGRACE, it is plannedhattherecever firmwarewill
actuallyallow for trackingtwelve GPSsatellitesat maximum. The GPSdatawill be usedfor precise
orbit determinationput alsofor therecovery of thelong to mediumwavelengthpartof the gravity field,
whichis outsideof the measuremeriandwidthof the gravity gradiometer

The three-axisgravity gradiometeiis the coreinstrumentof the GOCE missionand consistsof three

pairsof orthogonallymountedaccelerometerdsachpairis separatethy abouts0cm onthegradiometer
baseline . Thedifferencebetweeraccelerationsneasuredyy eachof the two accelerometepairs,in the

directionjoining them,is the basicgradiometebsenrable,while half of the sumis proportionalto the

externallyinducedperturbingaccelerationgcommonmodemeasurement)Accordingto the specifica-
tions, the accelerometeprecisionis 10~'2 m/s’ //Hz for the sensitve axes. Theindividual accelerom-
eterswill bearrangedn away to recover the diagonalgravity gradientcomponentsindthe centrifugal

acceleratioraroundthe axis perpendiculato the orbit with the highestaccurag [ESA 1999]. Thegra-

diometermeasurementare furthermoreusedas control signalsfor angularandthrustercontrol of the

spacecraft.

2.9.3 High-level Processing Facility

TheHigh-level Processingracility (HPF)is adistributedsystemwhichis developedandoperatedy the
EuropearGOCE Gravity Consortium(EGG-C).The tasksof the HPF arethe generatiorof orbitsand
gravity field models(Level 2 products)from nominalandcalibrateddatafrom the gradiometeandthe
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GPSrecever (Level 1B products) andthe generatiorof the GOCEcalibrationandvalidationproducts.

The Astronomicallnstitute of the University of Bern (AIUB) is memberof the HPF and will be in
chage of thegeneratiorof the PreciseScienceOrbit product(SST-PSQ2), oneof five Level 2 products
generatedby the HPE The PSOproductwill consistof reduced-dynamiandkinematicscienceGOCE
orbits, rotationmatricesbetweerthe inertial andthe Earth-fixed referencdrames,anda quality report
for thepreciseorbits. Theorbit determinatiorwill bebasednthe methodologiepresentedh thiswork,
andwill be performedby AIUB, andvalidatedby the Institute of AstronomicalandPhysicalGeodesy
(IAPG) at the TechnicalUniversity of Munich (TUM). The challengingl-D accurag requiremento
achiee will be2 cmfor thereduced-dynamiorbit with alateny of two weeks(with anultimategoal of
1cm). For moreinformationabouttheongoingpreparatiorandimplementatiorof the GOCEprocedures
atAlUB thereadeliis referredto [Bod etal., 2007].
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3. Gravity Field Models from Satellite Tracking

Satellitemotionis governedby the sumof all forcesactingon the satellite. This includesgravitational
signalsof the Earths irregulargravity field atthe satellites altitude, third body perturbationslueto the
attractionby the Moon andthe Sun,and non-graitational perturbationsarisingfrom air drag (for low

altitudes)anddirectandindirectsolarradiationpressureLik e afingerprint,theresultingorbit perturba-
tions (deviationsfrom anellipse)containvaluableinformationaboutthe differentconstituents.

In orderto getaccesso the orbit perturbationsa preciserestitutionof the satellites trajectoryby oneor
moresatellitetrackingtechnique$asto be performed.Only thenit is possibleto extracttheorbit pertur
bations,andto subtracthe non-graitational constituentseitherby taking into accountair densityand
radiationpressurenodelsor precisemeasurementsom on-boardaccelerometersFinally, the purely
gravitationalorbit signalis availablefor theaimed-agravity field recovery.

This chapterbriefly introduceghe parametrizatiorf the Earths gravity field, givesa shortovervien of
availablestate-of-the-aglobalgravity field modelsobtainedrom differentsatellitetrackingtechniques,
andshavs the changedrom theclassicabrbit perturbatiormethodgo themostrecentmethodologie$or
gravity field recorery. For a moredetailedoverview, the readeris referredto, e.g.,[Johanessemet al.,
2003]or[llk etal., 2005].

3.1 Global Representation of the Earth’s Gravitational Potential

The stationarypart of the Earth’s gravitational potentialat ary point above the Earth’s surfaceis con-
venientlyexpressedn a global scaleasa sphericalharmonic(SH) expansion[Heiskanerand Moritz,
1967],whichreadsas

G M Nmaz

R n+l n_ B B
V(r,B8,)) = = Z (?) Z Pym(sinB) (Cpm cos(mA) + Spm sin(m ) , (3.1)
n=0 m=0

where

r, 3, A arethesphericageocentriccoordinates,

G M isthegravitational constantimesmassof the Earth,

R isthemeansemi-majoraxisof the Earth,

n,m arethedegreeandorderof the SH expansion,

Nmaez 1S themaximumdegreeof the SH expansion,

P,..m is thenormalizedassociatetlegendrefunctionof degreen andorderm,

Ch,m, Sn,m arethenormalizedSH coeficientsandglobalgravity field modelparametersiespectiely.
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3 Gravity Field Modelsfrom SatelliteTracking

The SH coeficients S, o arezeroby definition. Theterm Cj ¢ is closeto unity andscalesG M. The
degreel SH coeficients,Cy o, Cy 1, and S, 1, arerelatedto the geocentecoordinatesandthe coefi-
cientsC’Q,l, 52,1, and 5*2,2 areconnectedo the principal axesof inertia. The SH coeficientsrepresent
theglobalstructureandirregularitiesof the Earth’s gravitational potential.

Thenumberof coeficientsC,, ,, and Sy, ,, in the SH expansion(3.1)is givenby
uy = (Npmae + 1) (3.2

Themaximumdegreen.q, alsodictateshe spatialresolutionof thetruncatedSH expansion(3.1) as

_27R

Nmazx

AL \ (3.3)

whereAL is the (full wavelength)resolutionon the Earthsurface.

3.2 Classical Gravity Field Mapping

The analysisof accumulatearbit perturbationgrom precisetrackingdataof sometensof satellitesat
differentaltitudesand inclinationshasgraduallyimproved the knowledgeof the Earth’s gravity field
over the lastthreedecades.Theseconventionalmethodshave provided accuratemodelson the large
scalestructuresof the gravity field, but arelimited in the spatialresolutiondueto the sparseracking
coverage,mainly relying on SatelliteLaserRanging(SLR) and Dopplerdata. Furtherdifficulties are
relatedto a strongattenuatiorof high-dgreegravitational signalswith satellitealtitude,andto thechal-
lengeto accuratelynodelnon-graitational acceleration$or satelliteswith acomple shape.

Oneof the latestpre-CHAMPsatellite-onlymodels,GRIM5-S1,hasgot full power up to aboutdegree
32,andthusresohesall wavelengthsdown to 1200km full wavelength[Biancaleetal., 2000]. Thehigh
flying lasersatellitesLAGEOS-1/2and ETALON-1/2 strengtherthe very long wavelengthpart of this
gravity field solution,whereaghe very low orbit of GFZ-1 at only 400km exhibits amongall 21 con-
tributing satellitesthe mostpronouncedndbroadesspectrumof gravitationally inducedperturbations
[Kbnig etal., 1999]. Thecombinedsolution,GRIM5-C1,resohesall wavelengthsdown to 330km (full
wavelength)thanksto theincorporationof surfacedatafrom gravimetry andsatellitealtimetry[Gruber
etal., 2000].

The GRIM5-S1/Clgravity field modelswerecreatedo provide amostprecisebasisfor initial orbit de-
terminationof the CHAMP satellite andfor a combinationwith thenew obserationsfrom the CHAMP
GPSrecever.

3.3 Gravity Field Mapping from High-Low SST Data

The analysisof orbit perturbationgrom continuouslycollectedprecisehigh-lov satellite-to-satellite
tracking (SST)databetweenthe GPSconstellationandthe CHAMP spacecrafopenedtogetherwith
preciselymeasuredon-graitational accelerationsa nev erafor gravity field mapping. For the first
time it waspossibleto derive a high-qualitylong-wavelengthgravity field modelusingonly onesatellite
andfrom only afew months’worth of data[Reigberetal., 2003b].

Figure3.1lillustratesthe concepwf the high-lov SSTwith GPSdata.A very low Earthorbiting space-
craft (CHAMP) is continuouslytracked by up to ten GPSsatellitesin threespatialdirections,which
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Figure3.1: Satellite-to-satellitérackingin thehigh-lov mode.A low Earthorbiteris tracked by the high
orbiting GPSsatellitesrelative to a network of GPSgroundstations.Non-graitational ac-
celerationaremeasuredby on-boardaccelerometrycourtesyby [Johanessemtal., 2003]).

allowsfor almost‘in-situ” 3-D position,velocity, andacceleratiomleterminationTheup-to-therunique
combinationof the satellites low altitude (belov 450km), the nearpolar orbit, the continuouslycol-
lecteddual-frequeng pseudo-rangandcarrierphaseobserationsby the GPSrecever, aswell asthe
precisemeasurementsf the non-graitational accelerationdy the STAR accelerometeproved to be
very well suitedto mapthe Earths gravity field with unprecedentedccurag from orbit perturbations.
Dueto the almost“in-situ” characteiof the measurementdpng satelliteorbit arcswereno longerre-
quiredasin thecaseof the classicalgravity field mapping.

3.3.1 The EIGEN Gravity Field Models

The succes®f the proof-of-concepmissionCHAMP is well documentedby the seriesof gravity field
modelsreleasedy GFZ, calledEuropearimproved Gravity field modelof the Earthby New techniques
(EIGEN). Table 3.1 (top) gives an overvien of the EIGEN models,all relying on different CHAMP
datasets,but not on GRACE data. Note thatthe modelsneednot to be necessarilycompleteup to the
maximumdegreen .. Dependingpntheanalyzedime period,bandsof selectedrderswereextended
to higherdegreedn orderto profit from anincreasedensitvity in therecorery dueto nearresonanorbit
perturbations.

Shortlyafterthelaunchof CHAMP, averyfirst CHAMP-only gravity field model EIGEN-1(EIGEN-1S
alsoincludesotherdata),wascomputedrom a very limited databasecovering88 days.In contrastthe
mostrecentmodel, EIGEN-CHAMPO03Ss derived from atotal of 33 monthsof CHAMP data,which
significantlyimprovedtherecovery. Theaccurag of EIGEN-CHAMPO03Sss estimatedo beabout5cm
in termsof geoidheightsat a full wavelengthof 800km [Reigberetal., 2004b].

The EIGEN solutionsfrom Table 3.1 (top) arebasedon the so-called‘brute-force” or directapproach,
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Table3.1: EIGEN (top) andalternatve (bottom)gravity field modelsbasecon CHAMP data.

| Model | Year | npa, | Reference |

EIGEN-1S 2002 | 119 | [Reigberetal., 2002b]
EIGEN-1 2002 | 119 | [Reigberetal., 2003a]
EIGEN-2 2003| 140 | [Reigberetal., 2003b]
EIGEN-CHAMPO3S | 2003| 140 | [Reigberetal., 2004b]
TUM-1S 2003| 60 | [Gerlachetal., 2003c]
TUM-2Sp 2003| 60 | [Foldvary etal., 2004]
TUM-2S 2004| 70 | [Wermuthetal., 2004]
ITG-CHAMPO1 2003| 90 | [MayerGurr etal., 2005]
DEOSCHAMP-01C70 | 2004| 70 | [Ditmar etal., 2006]

implying thatunknavn gravity field coeficientsaredirectly estimatedrom the GPSdatatogethemwith
all arc-specifigparametersThe acrorym is explainedby the large numberof unknavn parameterghat
contritute to the individual, daily normalequationsystems.Accordingto (3.2), the coeficients Cy, ,,

Sn,m alonerepresenmorethantenthousandinknavnsfor n,,4, > 100.

3.3.2 Alternative Methods for Gravity Field Recovery

Sincethe beginning of the spacdlight era,othermethodghanthe “brute-force” computatiorhave been
developedfor the determinatiorof the Earths gravity field from satellitedata. The so-called“enegy

balance’approachg.g.,wasproposedoy [O’Keefe 1957] alreadyin the late fifties, andrelieson the
balancébetweergravity potentialandkinetic enegy to determinghegravitational potentialof the Earth
by measuringhevelocity of a satellite.Dueto alack of preciseorbital datain the past,thefeasibility of

this methodwith realdatacouldnot be proved beforethe adwvent of the CHAMP era.

Thetime for theenegy balanceapproactseemedo have comewith the possibilityto preciselyrestitute
the CHAMP orbit positionsandvelocitiesfrom the multi-directionalGPShigh-lov SSTdata,see[Ger
lach etal., 2003a],[Howeand Tsderning 2003],and[Gerlach et al., 2003b]. It turnedout, however,
thattherecoveredgravity field parametersverebiasedowardstheapriori gravity field modelsusedfor
the CHAMP orbit determinationAt the sametime it wasshavn by [Svehlaand Rothater, 2003c]that
GPShigh-lov SSTdataarestrongenoughto determingpreciseCHAMP orbit positions(not velocities)
by geometrianeansonly, i.e.,withoutusingary apriori informationon satellitedynamicswhichfinally
pavedthe way for anunbiasedyravity field recovery with the enegy balanceapproact Gerlad etal.,
2003c]. Theuseof the samekinematicpositionshadalsoa stimulatingimpacton otherresearclgroups
to performgravity field determinatiorwith alternatve methodsaswell, e.g.,with the short-arcmethod
[MayerGurr etal., 2005] or with the acceleratiormethod[Ditmar et al., 2006], dueto lessdemand-
ing computationafesourceshanin the caseof classicahumericalintegrationtechniquegVisseretal.,
2003]. It is adravbackof the enegy balanceapproactandthe acceleratioomethod however, thatthey
both requirenumericaldifferentiationto derive orbital velocitiesand accelerationstespectiely, from
thekinematicpositions.

The successf the alternatve methodscan be judgedfrom the modelslisted in Table 3.1 (bottom).
They areall basecbn precisekinematicorbit positionscomputecby [Svehlaand Rothaher, 2003c]and
[évehlaand Rothater, 2004a]. Note thatthey arecompleteup to the maximumdegreen,,,,,. For an
assessmemtf the quality of theindividual modelswe referto thereferencegivenin Table3.1(bottom).
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Figure3.2: Satellite-to-satellitarackingin the low-low mode. The relative motion betweentwo low
Earthorbitersis measuredy an intersatellitelink. High-low SSTwith GPSandonboard
accelerometnare usedas complementaryneasurementéourtesyby [Johanesseret al.,
2003)).

3.4 Gravity Field Mapping from Low-Low SST Data

It wasnotedalreadyin the late sixties by [Wolff, 1969] thatthe inter-satellite signalbetweena pair of

satellitesorbiting the Earthin the sameorbital plane containssignificantinformation on the medium
andshortwavelengthcomponent®f the Earth’s gravity field. Theanalysisof the ultra-preciseX -band
microwvave obsenationsbetweenthe two GRACE spacecraftstogetherwith high-lov GPSSST data
andthe measuredon-graitational accelerationsdrasticallyimproved the performanceof the gravity

field recorery in bothaccurag andresolution. For the first time, it waspossibleto derive high-quality
monthly gravity field solutions,andto determinethe non-tidaltemporalgravitational field variations,
e.g.,dueto seasonalariationsfrom continentawaterstoragg Tapley etal., 2004b].

Figure3.2illustratesheconcepbf thelow-low SSTfor GRACE. Theline-of-sightbiasedangebetween
two low Earthorbitersis continuouslymeasuredy the ultra-precisek -bandmicrovave obserations,
whichenablesnin-situdeterminatiorof theline-of-sightacceleratiomlifferencebetweerthetwo space-
crafts. In combinationwith the very low altitude belov 500km, the nearpolar orbit, the continuously
collecteddual-frequeng pseudo-rangand carrierphaseobserationsby the GPSrecever, aswell as
the precisemeasurementsf the non-graitational accelerationdy the SuperSAR accelerometershe
configurationprovedto bevery well suitedto seta new milestonefor gravity field mapping.

3.4.1 GRACE Gravity Field Models

Table3.2givesanimpressiorof thelargenumberof GRACE meangravity field modelsalreadyreleased
by CSRandGFZ (stateOctober2006). The maximumdegreesare muchhigherfor the GRACE-only
modelsthanfor the CHAMP-only models,e.qg.,typically around140, andthe accuraciesreimproved
by morethanoneorderof magnitudeg.g.,[Reigberetal., 2005]. For detailsconcerningnethodologies,
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Table3.2: Gravity field modelsbasebn GRACE data.

| GRACE Model | CombinedModel | Year | ReferencéComb Model) |
GGMO1S GGMOIC | 2003] [Taple etal., 2004a]
EIGEN-GRACEOQO1S 2003 -
EIGEN-GRACEO2S| EIGEN-CGO01C | 2004 | [Reigberetal., 2006]
GGMO02S GGM02C | 2004 | [Tapley etal., 2005]

EIGEN-GRACEO03S| EIGEN-CGO03C | 2005 | [Forste 2005]
EIGEN-GRACE04S| EIGEN-GLO4C | 2005 | [Forste 2006]
ITG-GRACE02S 2006 | -

specialtiesandaccuracie®f theindividual modelswe referto thereferencesn Table 3.2 for the com-
binedmodels.Notethatafirst GRACE gravity field model,ITG-GRACEO02S hasrecentlybeenreleased
by athird institution (in additionto the GFZ andthe CSR),see[MayerGlrr etal., 2006].

3.5 Gravity Field Mapping from Satellite Gradiometry

Satellitegradiometrymeasurescceleratiordifferencesjdeally in threespatialdirections,betweenthe
testmasse®f an ensembleof accelerometermside onesatellite. This measurementrinciple will be
appliedfor thefirst time aboardof the upcomingGOCEmission[ESA 1999].

Figure 3.3 illustratesthe conceptof satellitegradiometry The measuredignalscorrespondo the gra-
dientsof the gravitational accelerationwhich is an in-situ determinatiorof the seconddervatives of
the gravitational potential.It shouldbe pointedout thatthe measurementsontainthe completespectral
bandof the gravity field, but arelimited by the measuremerttandwidthof the accelerometersThere-
fore,acombinatiorwith the GPShigh-lov SSTdataor with CHAMP/GRACE gravity field modelswill
be neededo recover thelong wavelengthpartof the gravity field.
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Figure3.3: Satellitegravity gradiometry Thesecond-ordederivative of thegravitational potentialof the
Earthis measuredn alow Earthorbiter by differentialaccelerometryHigh-low SSTwith
GPSandcommon-modeaccelerometrnareusedascomplementaryneasurement&ourtesy
by [Johanesseetal., 2003]).
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4. Fundamentals of the GPS Data Analysis

4.1 The Global Positioning System (GPS)

In theearlysixties,theU.S.Departmenbf Defensebeganpursuingheideaof developinganall-weather
space-basexhdio navigation system.Stimulatedby the experiencegainedwith TRANSIT and TIMA-
TION, forerunnersystemf the Global PositioningSystem(GPS),the first GPSsatellite, PRN 4, was
successfulljyaunchedn 22 February1978. PRN 4 wasthefirst of a seriesof elevenso-calledBlock-I
satelliteghatwereusedto build up the constellatiorandto validatethe concepftfor positioning.

GPSsatellitesof the Block-II type wereusedlater on to complementhe constellationgradually The
first Block-1l satellite, PRN 14, was successfulljaunchedon 14 February 1989. It wasthe first of a
seriesof nine Block-11 satellitesfollowed by atotal of nineteerBlock-11A satellites A majormilestone
in thedevelopmentbf the GPSconstellatiorwasDecembe8, 1993,when24 satellites 3 of themactive
sparesweresuccessfullyoperating. Thefull constellationguaranteethatat leastfour satellitesare si-
multaneouslyvisible atary time andfor ary locationin thevicinity of the Earth’s surface.

The successfulaunchof the first Block-1IR satellite, PRN 13, on 23 July, 1997 initiated an ongoing
procesf maintainingandrenaving the GPSconstellation.At preseni{2006),a first modernizedsPS
satellite PRN 17, evenbroadcastsa seconctivilian signal(Lac).

4.1.1 GPS Satellite Orbits

TheBlock-II satellitesarearrangedn six orbital planeswhich areinclined by about55° with respecto
the Earths equatorandequally separatedby 60° on the equator Figure4.1 (left) givesanimpression
of the GPSsatelliteorbitsaroundthe Earthasseenin inertial spacerom alatitudeof 35°. Thesatellite
orbitsarecloseto circular with asemi-majoraxis of about26600km.

The orbital revolution periodis about11 hours58 minutes,which is almostpreciselyhalf a sidereal
day Thereforethe satellitescompletetwo orbital revolutionswhile the Earthrotatesonceby 360° with

respecto inertial space.Consequent|ythe satellites’trajectoriesin an Earth-fixed coordinatesystem
repeathemselesdaily. Figure4.1 (right) illustratesthe shapeof theresultingtracksfor threeindividual

GPSsatellites.

4.1.2 GPS Frequencies and Codes

EachGPSsatelliteis equippedvith anensemblef rubidiumandcesiumatomicclocksto generatéwo
coherentcarriers,L; and Lo, in the microvave L-band. The two carrierfrequenciesy,; andv,, are
derivedfrom thefundamentafrequeng vy = 10.23 MHz as

v = 154yy = 1575.42MHz with M o= £
vo = 120y = 1227.60MHz with A = £

19.0cm
24.4cm ’

Q

(4.1)
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Figure4.1: GPSsatelliteorbitsviewedfrom inertial spacgleft) andshapeof thetracksin anEarth-fixed
systentor threeindividual GPSsatelliteqright).

where

A1, Ao denotethecorrespondingvavelengthsand

¢ isthespeedf light.

Two pseudo-randomoise (PRN) codesare generatecand modulatedon the carriers. The so-called
coarse/acquisitiofC'/A) codeis modulatedwith a chip rateof 1.023Mbpson the L; carrieronly. Its
lengthperchipis about293m. The principalcodefor positioningis, however, the precision(P) codeor
its encryptedversion,the Y-code,which is modulatedwith a chip rate of 10.23Mbps on both carriers
L, and L. Its lengthperchipis about29.3m. Note that“anti-spoofing”(AS), the artificial encryption
of the P-code,is usuallyactivated.

4.2 The International GNSS Service (IGS)

By thelate 1980smary organization$iadrecognizedhepotentialof GPSfor geodesyndgeodynamics.
A testcampaignconductedn the summerof 1992 involved the deploymentandoperationof a global
GPStrackingnetwork, thefastacquisitionof obserationaldataandtransferto globaldatacenter§DCs),
andtherapid dataanalysisby severalanalysiscenterqd ACs). Thanksto the successfubperationandto
the continuingeffort of the large majority of participatingorganizationsthe IGS becamean official
serviceof the InternationalAssociationof GeodesyIAG) on Januaryl, 1994 [Beutleret al., 1994b],
entitled at that time as the InternationalGPS Servicefor Geodynamics.Sincethen, more than 200
organizationsagenciesanduniversitieshave sharedheirresourceso defineinternationaktandardand
to establishan independengroundsegment,which generate$igh-accurag productson a bestefforts
basiswith reliability throughredundang The IGS namewasshortenedn 1999to InternationalGPS
Serviceasit hadbecomeclearthatthe IGS wasservingmary applicationsotherthangeodynamicsAt
presen{2006),ten ACsproducethe IGS productswhichare
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preciseephemerideandclocksof all actve GPSsatelliteswith a delayof 13 to 20 daysfor the
final productsadelayof 17 h for therapidproductsandadelayof 3 h for theultra-rapidproducts,

Earthrotationparameter$ERPS), aspolarmotionandlengthof day

IGS trackingstationcoordinatesyelocities,andclock corrections,

globalionospherenaps,and

¢ |GStrackingstationtroposphereenithpathdelays.

After morethanl0yearsasanofficial IAG serviceg[Dowetal., 2005],the IGSreplacedheterm GPSin
its nameby GNSSin 2005,paving theway for theintegrationof otherglobalnavigationsatellitesystems
like theupcomingGalileosystem At presentthreeACsarealreadyproducingorbitsandotherproducts
for thefunctioningsatellitesof the RussianGLONASS (GlobalNavigation SatelliteSystem) whichis a
first steptowardsa fully combinedprocessingf datafrom multiple globalnavigationsatellitesystems.

The IGS consistsof componentdike network stations,datacenters,analysiscenters(ACs), analysis
centercoordinatorcentralbureau governingboard,andusers At presenten ACscontrikuteto theIGS:

e Centerfor Orbit Determinatiorin Europe AIUB, Bern,Switzerland,
¢ Enepgy, MinesandResourced\RCan,Ottava, Canada,
e EuropearBpaceAgeng, ESOC,DarmstadtGermary,
e GeoForschungsZentruRotsdamGerman,
e JetPropulsion_aboratory PasadenaCalifornia, USA,
e Massachusettsstituteof TechnologyCambridgeMassachusett&)SA,
o NationalGeodeticSuney, NOAA, Silver Spring,Maryland,USA,
e Scrippslnstitutionof OceanographysanDiego, California, USA,
¢ U.S.Naval Obsenatory WashingtorD.C.,USA, and
e GeodetidObseratoryPecry, CzechRepublic.
For moreinformationaboutthe IGS andits productswe refer, e.g.,to [Meindl, 2005].

4.2.1 The Center for Orbit Determination in Europe

CODE, the Centerfor Orbit Determinationin Europe,is one of the ten ACs of the IGS. It is a joint
ventureof thefollowing threeinstitutions:

e the Astronomicallnstituteof the University of Bern (AIUB), Bern,Switzerland,
¢ theFederalOffice of Topography(swisstopo)Wabern Switzerlandand

¢ theFederalAgeng of CartographyandGeodesyBKG), Frankfurta.M., Germayy.

CODE is locatedat the AIUB. Since21 June,1992, the start of the IGS testcampaign,CODE has
significantlycontributedto the IGS with a wide rangeof products which aregeneratedvith the latest
versionof theBernesdsPSSoftware,atpresentlevelopmentversion5. 1. Full useof thevariousproducts
is madein this work whenerer possible For furtherinformationaboutthe different CODE productsand
theappliedprocessingtratgjies,thereadelis referred e.g.,to [Hugentobleretal., 2004b].
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4.3 Modeling the GPS Observables

In thissectionwe discusgthe GPSobserationequationstherelevantlinearcombinationgor LEO POD,
andthe ambiguity resolutiontechniquesapplicableto spaceborn&PSmeasurements-or a thorough
derivationanda moredetaileddiscussionthereadeiis referredto [ TeunisserandKleusbeg, 1998a].

In generaltherearethreetypesof GPScodeobserations,the C/A-, P;-, and P,-codeobsenrations,
or their encryptedversionsthe Y; - andY;-codeobsenrations,which canbe collectedby a terrestrialor
spaceborn&PSrecever. However, not every recever type supportgor reports)all of them. It is worth
mentioningthatthe BlackJackreceversaboarcdhe CHAMP andGRACE satellitessupportthetracking
of all codeandaccompaying carrierphaseobsenrationsof all GPSsatellitesn view. Theaccompaying
carrierphaseobserationsaredenotedasL 4, L1, andLs.

4.3.1 Code Observation Equation

The C/A-, P-, or Y-code,transmittedby the satellitek attime T* andregisteredby the recever i at
timeT;, is definedas
PF=c (T, —TF), (4.2)

2

where

PF isthecodeobseration (or pseudo-rangepxpressedn unitsof length,

¢ isthespeedof light,

T; isthearrival (or obseration)time of thesignal,asmeasuredy the clock of therecever i, and
Tk is thetransmissiorime of the signal,asmeasuredby the clock of the satellitek.

GPSpositioningis primarily basedon one-way measurementsf the signaltraveling time. Therefore,
acommonreferencdime, the so-calledGPSsystentime [Rokwell, 1984], hasbeendefined whichis

alignedto theinternationabtomictime (TAI) with aconstanbffsetof -19s. Althoughthe GPSsatellites
areequippedwith redundantatomicclocksof eitherCesium-or Rubidium-type they aresubjectto an
offsetbetweertheir internalclocksandthe GPSsystemtime. The sameholdsfor GPSreceverswhich

areusuallyonly equippedwith temperatureompensatedrystaloscillators.Dueto thelack of recever

clock synchronizationpnecannotdirectly derive rangesfrom the codemeasurementsyhich therefore
arecalledpseudo-rangesModernGPSrecevers, suchasthe BlackJackreceversaboardthe CHAMP

and GRACE satellites at leastkeeptheir clocksroughly synchronizedvith respecto GPStime within

aboutonemillisecond.As satelliteandrecever clocksareusuallyaffectedby a drift, both clock offsets
areonly valid on a certainepoch.

Thepseudo-rang®* mayberelatedto theslantrangep?, the geometriadistancebetweertherecever i
atsignalreceptionGPStime ;) andthesatellitek atsignaltransmissioffGPStime t*), andto thedelays
dueto the Earths atmospheras

Pik = pic —cC- Atk +c- Atl + Apé'c,trop + Apﬁian + Cf ) (43)
where

Atk istheclockoffsetT* — t* of the satellitek w.r.t. the GPSsystentime,

At; istheclockoffsetT; — t; of thereceveri w.r.t. the GPSsystemime,
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4.3 Modelingthe GPSObserables

Apf’tmp is thesignaldelaydueto thetropospheregxpressedn unitsof length,
Apki,, isthesignaldelaydueto theionosphereexpressedn unitsof length,and

ek istheresidual.

7

Equation(4.3) actually containsadditionaltermslike satelliteand recever specifichardware delays.
They arenot explicitly listedin the singlefrequeng obsenration equatiorbecausehey cannotbe sepa-
ratedfrom the clock offsetsAt* and At;, which implicitly compensatéor them. Codemultipath,other
systemati@rrors,andthe measuremerthermalnoiseof the codeobsenrationsareall partof theunmod-
eledresiduaterme.

Note thatantenngphasecenteroffsets(andvariations)of the emittingandreceving antennahave to be
includedin theterm p¥ to ensurea correctmodeling. The sameholdsfor relatiistic corrections.

4.3.2 Phase Observation Equation

The accompaying accumulatectarrier (beat)phaseobseration L4, L1, or Lo of the corresponding
codeobsenationis definedas
Li'c =A (¢z - ¢k + N'Lk) ’ (4-4)

where

L* istheaccumulatedarrierphaseobseration, expressedn unitsof length,

2

A isthecorrespondingvavelength,
¢; isthecarrierphaseof thereferencesignalgeneratedby therecevers atarrival time 75,
#* isthecarrierphaseof thetransmittedsignalat transmissiortime 7%, and

NP is theconstaninitial carrierphaseambiguity expressedn integer cyclesof \.

3

The carrierphaseobseration equationmay be formulatedin analogyto the obseration equation(4.3)
as
L¥ =pf—c- AtF - Aty + DpF oy — DpFion + X BF + €l (4.5)

where
BE denotesa constanbiasrelatedto theinitial carrierphaseambiguity expressedn cycles.

Themajordifferenceto (4.3)is thebiasterm B¥, which consistof theintegervaluedinitial carrierphase
ambiguity N*, thereal-waluednon-zergphasalifferencebetweenp; and¢* atary commonepoch,and
the real-\waluedsatelliteand recever specifichardware delays. As it is not possibleto separatehese
constituent$n undifferencedsPSdata,only thetotal effectpersatellitepassyecever, andfrequeng can
bedeterminedy thereal-\aluedbiasterm BY. If therecever loseslock of the signal,anadditionalbias
termhasto be setup dueto the discontinuity(cycle slip) in theaccumulatedarrierphaseobserations.
In addition, carrierphaseobsenrationsare subjectto a polarizationinducedphasewind-up [Wu et al.,
1993]. A furtherdifferenceto the codeobsenration equation(4.3)is the oppositesign of theionospheric
refractionAp{fim dueto a phaseadwanceinsteadof agroupdelay

In essencaye maydistinguishbetweernwo typesof termsin thefundamentaGP Sobserationequations
(4.3)and(4.5):
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¢ Theslantrangep!, which containsthe informationaboutthe “obsenation geometry”. This term
will bein thefocusof thiswork asit allowsto retrieve LEO recever positions andthusLEO orbits.
The contentof informationis, hawever, notrestrictedto differentpositioningtasksasit contains
aswell informationrelatedto the GPSsatelliteorbits, Earthorientation antenndocations etc.

e Theremaining,‘non-geometry’terms,which containinformationrelatedto satelliteandrecever
clocks, AtF and At;, to the tropospheriadelay Apf,.,,, andto the ionosphericdelay Apf ..
They illustratethewide rangeof scientificapplicationsaccessibldy GPS e.g. timeandfrequenyg
transfefDach etal., 2003],ionospheranapping[ Staer, 1999], etc.

For LEO positioning thelastmentionedermsaremerelya nuisancein particulartheionospheriaelay
(thetropospherés non-&istentat LEO altitudes). Fortunately the ionospherés a dispersie medium
for the L-bandcarrierwaves broadcastedby the GPSsatellites,which in turn makesthe ionospheric
refractionto be proportionalto 1/22 in first orderapproximationwherev is the carrierfrequeng. The

obseration equationdor the setof obserationsprovided by a dual-frequeny, geodetic-typesPSre-

ceiver maythereforebewrittenin asimplifiednotationas

Pl = pi+1IF

Ply = pi+&-I} (4.6)
LY, = pi—1If+M\-Bf,

Lis = pi—& I+ X By,

where
Pf,, Pf, arethe P-codeobserationson bothfrequencies,

L’f 1r Lf’Q aretheaccumulateaarrierphaseobserationson bothfrequencies,

2

pF is the geometricdistancebetweerthe recever i andthe satellitek including the clock offsetsand
thetropospherigefraction,

I¥ isthe L-relatedionospheriaefraction,

2

¢ isthecorversionfactorv? /v2 ~ 1.6469 to obtainthe Lo-relatedionospherigefraction,and
B{fl, B£f2 arethecarrierphasebiasparametersnbothfrequencies.

It is importantto mentionthatthroughouthis work the individual obserations(4.6) will alwaysbe as-
sumedto be completelyuncorrelatedn thetime domain,aswell asuncorrelatedn-betweendifferent
measuremenypesandfrequenciesFurthermoreequala priori variancegor weights)will beassumed
for thecodeobserableson bothfrequenciesandfor the phaseobserableson bothfrequencies.

In principle, the setof dual-frequeng codeand carrierphaseobserationsprovidessuficient informa-
tion for deriving the unknavn quantitieson the right-handsidesof equation(4.6). However, the code
obserationsaretwo to threeordersof magnituddessaccuratehanthe phaseobserations,which ex-
hibit a thermalnoiseat the level of mm’s only and multipath errorsthat are confinedto a quarterof
the signalwavelength[Braasd, 1995]. Therefore the carrierphaseobserablesare primarily usedfor
high-precisiongeodeticapplications.In orderto minimize or eliminatespecificerror sourcessuchas
theionospheriaefractionon theright-handsidesof equation(4.6),it is commonpracticeto form differ-
encesbetweertheoriginal measurementsith GPSobserationsfrom otherrecevers,or to form linear
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Satellite k

Satellite |

Station i

Figure4.2: Doubledifferenceformedout of four one-way obserations.

combination®f theoriginal dual-frequeng measurementsy to combinebothtechniquestespectrely.

4.3.3 Observation Differences

Differences
LY =LF— LY 4.7)

of carrierphase(or code)obserationsthat areacquiredquasi-simultaneousllyy two recevers: andj
(groundstationsor LEOs)onthesamefrequeny to thesatellitek arecalledsingledifferencesThey are
verysensitve to therelative position(baselinevector)betweerbothreceversandthusof particularinter
estfor formationflying spacecraftfKroes 2006]. Thesatellitehardwaredelayandthesatellitenon-zero
initial phasearecompletelyeliminatedby forming a singledifference.In addition,the satelliteclock off-
setAt* is almostcompletelyeliminatedandary spatiallycorrelatecerrors,e.g.,unmodeledonospheric
disturbancesareconsiderablyeducedn shortbaselinesaswell. Multipath andothersystematierrors
are,however, still presentsincethey generallyhave a differentpatternfor the individual antennasand
antennagnvironments.Notethattheindividual singledifferenceobserationsremainuncorrelatedbut
experiencean increaseof /2 in the noiselevel if the noiseof the obserationsfrom both receversis
assumedo beequal.

Differencesbetweerntwo quasi-simultaneousarrierphasgor code)singledifferencego the satellitesk
and!

LM =1k Ll = (k- k) — (Ll - L)) (4.8)

arecalleddoubledifferencesandarerelatedto a satellitepair andarecever pair. Figure4.2 illustrates
the forming of this newv obserable out of four undifferencedobserations,alsocalledzerodifference
obsenrations,or two single differenceobserations. The doubledifferenceobserable doesno longer
containthe recever clock offsets A¢; and At;, the recever non-zeroinitial phasesandalmostno re-

ceiver hardvaredelays.Thedoublydifferencedcarrierphasebiasparametecanthusbeidentifiedwith

the doubly differencednitial carrierphaseambiguity which is of integer nature. Multipath and other
systematierrorsare,however, still presenin (4.8). Notethattherecever clock offsets,obtainede.g.,
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from acodesolution,mustbe appliedwith anaccurag of betterthanonemicrosecongbrior to differen-
tiation dueto the GPSsatellitemotion.

In closeanalogyto equation(4.6),thedual-frequeng codeandcarrierphaseobserationequationsead
as

Piy = A+

Pls = M +&- I (4.9)
Lify = pij — I + A Nig,

Ly = o =& I + 2Ny,

where
pit is thedoublydifferencedgeometricermincludingthe tropospherigefractionand

Nf!,, N}, aretheintegervalueddoubledifferencecarrierphaseambiguityparametersf bothfrequen-

cies.

Notethattheremoval of therelatve GPSrecever clock offsetfrom (4.7)to (4.8) is doneat the expense
of oneobserationandtheintroductionof a correlationbetweerobserationsof the samemeasurement
typeandfrequeng.

Thedifferenceof two doubledifferenceseferringto differentepochsyieldsatriple differencewhichis
unambiguoussthedoublydifferencednitial carrierphaseambiguitiescancelout. Thesameis alsotrue
for epochdifference®f undifferencectarrierphaseobserations[Bod, 2003]. Bothtypesof obserables
areusefulfor screeninghedoubleandthe zerodifferencecarrierphaseobserations,respectiely.

4.3.4 Linear Combinations

Linearcombination®of dual-frequeng carrierphasgor code)obserationsmaybeformedat eachlevel
of differentiation e.g.,atthelevel of doubledifferencesby

Lk = Rin * Lf}; + Kon * Lf}g s (410)

ij,n

wherethe coeficientsx, , andx, , definethe characteristicef the linear combination.Subsequently
we briefly review therelevantlinearcombinationdor this work on the basisof doubledifferenceobser
vations,andstatethe associatedbsenration equations For moredetailedinformation,alsoaboutother
linearcombinationsthereaderis referredto [Scdaer, 1999].

lonosphere-Free Linear Combination

Thelinearcombination(LC) with the coeficients

2 9
K3 = ﬁ ~ 25457 and  kgs = f”?ﬂ ~ —1.5457 (4.11)
1 2 1 2

eliminatesthe ionospheriaefractiontermsquotedin equation(4.9), andis thereforecalledionosphere-
free. Thedoubledifferencecodeandcarrierphaseobseration equationghusreadas

kl ~kl
Pz'j,3 = Pij
L = pi+Xs- B3, (4.12)

where
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A3 isthenarrav-lanewavelength(to be definedin (4.16))and

B’“l3 is areal-\aluedambiguityparameterexpressedn narrav-lanecycles.

Theionosphere-freer L3 LC is definitelythe mostfrequentlyusedobserablefor GPSanalysis.This
also appliesfor the applicationswhich arein the focus of this work. Only for the task of ambiguity
resolution otherLCsthantheionosphere-freeC have to beused.

Wide-Lane Linear Combination

Thecoeficients

. V1 .
K15 = ~ 4.5294 and K25 =
vy =1 v =12

—19

~ —3.5294 (4.13)

definethe wide-laneLC, which is usefulfor ambiguity resolution. The wide-lanedoubledifference
carrierphaseobserationequatiorreadsas

Lils=p =& I + - Nfis (4.14)

where
& istheionosphericonversionfactor—uv, /v, ~ —1.2833,

A5 isthewide-lanewavelengthe/ (v, — v2) =~ 86.2 cm,and
N’“l5 is anintegervaluedambiguityparameterexpressedn wide-lanecycles.

Thelonospherlcerrorslfjl and¢ Ifjl expressedn L,- andLsy-cycles,respectiely, areconsiderablyarger

thantheionospherierrorés 1) expressedn Ls-cycles,e.qg.,anionospherierrorof 1.000L; - and1.283
Lo-cyclesresultsonly in anionosphere-inducedrror of -0.283 Ls-cycles. Resolvingwide-laneambi-
guitiesN’“l5 to integervaluesis therefordesssensitve to unmodeledonosphericerrorsthanresolving
originalL1 and Ly-ambiguitiespecausef therelatively long wavelengthAs =~ 86.2 cm.

Thewide-laneambiguity N}, is relatedto the doubly differencedr; - and L,-ambiguitiesas

Nz’gl5 = Ngll NZ’;lQ (4.15)

If the wide-laneambiguity N5 is known, it may be usedto resohe the doubly differencedZ,;- and
Lo-ambiguitieswith the |onosphere -freé&.C. Introducing(4.15) in (4.12), the ionosphere-fregphase
obseration equatiorreadsas

Lf]l?, PZ] + A3+ N, U 1 — K23 A2+ NN, Z],g, ) (4.16)
where
A3 isthenarrav-lanewavelengthk 3 - A\j + k2,3 - A2 = ¢/(v1 + 12) = 10.7 cm(see(4.12)),
N’“l1 is theintegervaluedL; - or narrav-laneambiguity expressedn narrav-lanecycles,and

K23+ Az Nj l5 is theknown biasfrom thewide-laneambiguityresolution.

The integer natureof the original, dual-bandamblgumesN’“l1 and N 7o May thus be recaveredvia
the previously resohed Wide—laneambiguityNZ’gl5 However, the narroN lane ambiguityresolutionis
considerablynoredifficult thanthewide-laneambiguityresolutiondueto therelatively shortwavelength
A3 ~ 10.7 cm. Therefore,it is essentiato properly modelthe doubly differencedgeometricterm
pzl including the tropospheriaefraction. It might be seenasa slight adwantagefor purely spaceborne

appllcatlonsthatthetropospheres non-«istentat LEO altitudes.
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Melbourne-Wiibbena Linear Combination

[Melbourne 1985] and [Wubbena 1985] independentlhyproposeda LC of dual-bandphaseand code
measurementshich yieldsanobserationequatiorfor thewide-laneambiguity N5 only. At thelevel
of doubledifferencesthis LC is formedaccordingo

Kl : Kl Kl Kl Kl
L mw = k15 - Lij1 + K25 - Lijo + k35 - Pijy + kas - Pjo (4.17)

with thecodemultipliers

v+ 1y

v+ 1o

~ —0.5620 and K45 = ~ —0.4380 (4.18)

K35 =

andthephasemultipliersbeingdefinedby (4.13). TheMelbourne-Wibbena C eliminategshegeometry
thetroposphereandthe clock offsetsdueto

K15 + ko5 + K35 + ka5 =0, (4.19)

andtheionospherealueto
—K15 — & Kas+ K35 +E ka5 =0, (4.20)

keepingonly the wide-laneambiguityterm As - Nfs. Therefore this LC may be usedfor wide-lane

ambiguityfixing evenon long baselineslueto the eliminatedionospheriaefraction.However, P-code
measuremen'rE’i’j-f1 andPZ-ij of goodquality area prerequisitebecausé4.17)is dominatedy thenoise
of thecodeobsenrations.

4.4 Pocket Guide of Least-Squares Adjustment

Least-squareadjustments the mathematicamethoduniquelyusedin this work to derive LEO orbits
from GPSdata. We referto [Tapley et al., 2004c]for a discussiorof other parameteestimationalgo-
rithmsin the contet of orbit determination.

Let usassumehateachobseration maybe expressedsa functionof the parametersf a givenmathe-
maticalmodel.Basedonthemodelfunction F, we maywrite the systemof obserationequationsn the
presence®f obserationerrorsas

L'+ e=F(X), (4.21)

or, if F isanon-linearfunctionof the parameterdn its linearizedform as
L'+e=F(Xy) +Ax, (4.22)
with thecolumnarrays
L' of theactualobserations,
e of theobserationcorrectiongor residuals),
L = L' + € of theadjustedbbserations,
X = X + = of theadjustednodelparameters,

X of theapproximateor a priori) modelparameters,

36



4.4 Poclet Guideof Least-SquareAdjustment

x of themodelparametecorrectionsw.r.t. X (solutionvector),and

A, whichdenoteghefirst design(or Jacobi)matrix.

Thefirst designmatrix is definedby

. OF(X)
A= 4.23
X |Ix-Xx, ( )
Rearranginghelinearizedobsenration equationg/ieldsthe systemof correctionequations
e=Az— (L' - F(Xy)=Az -1, (4.24)

wheretheterml = L' — F(X,) is oftenreferredto as“obsened-minus-comped’ (O-C).

Thenatureof the obseration errorsis takeninto accounty a stochastienodel,whichis describedy
P=Q;'=diCyt, (4.25)
where

P istheweightmatrix of theobserations,
Qu isthecofactormatrix of theobsenrations,
oo istheapriori standardleviation of unit weight,and

C); isthecovariancematrix of the obsenrations.

Obsere that the weight matrix P is diagonal,if the obserationsare uncorrelated.In this case,the
diagonalelementsaregivenby P; = oZ/0?, whereo? is the a priori varianceof the corresponding
obseration.

In least-squareadjustmentthe solutionof the correctionequation(4.24)is obtainedoy minimizing the
quadratidform €' P e. Theunderlyingvariationproblemcanbe solved by Lagrangemultipliers,which
yield thenormalequationsystem

(ATPA)m—ATPl:N:c—bzo, (4.26)
where

N = AT P A isthenormalequatiormatrix and

b = AT P1 istheright-handsideof thenormalequatiorsystem.

N is by definitiona quadraticandsymmetricmatrix. If it is regular, the solutionvectorfollows as
T —L T -1
w:(A PA) ATPlI=N"b, (4.27)

where

N~! istheinversenormalequatiormatrix.
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Theestimateda posteriori)standardieviation of unit weightis computedas

el'Pe

f

mgy = (428)

for f > 0, where

f =n —u isthedegreeof freedom(DOF) of the least-squareadjustment,
n  isthenumberof obserations,and

u isthenumberof adjustednodelparameters.

Notethatthequadratidorm (sumof theweightedresidualsquaresinaybecomputeceitherusing(4.24),
which makesit necessaryo evaluatethefirst designmatrix A, or, alternatvely, by themoreefficient but
numericallylessstableformula

e Pe=1"Pl—2"b. (4.29)

Thecovariancematrix of the adjustednodelparameterss givenby

Cre = m§ Qua =mg N, (4.30)
where
Q:. isthecofactormatrix of theadjustednodelparameters.

The(a posteriori)standardieviationsof the adjustednodelparameteraregivenby

My = \/ Cgz = myg \% Q.’E.’E ) (431)

whereC,, and@,, arediagonalelementf the covarianceandcofactormatricesyespectiely.

Thecovariancematrix of a particularfunctiony = B x + y, of theadjustednodelparameterss given
by thegeneralaw of errorpropagation

Cyy = BCy BT (4.32)

4.4.1 Parameter Pre-Elimination

The parametepre-eliminationtechniqueis usefulto handlea large numberof model parameterffi-
ciently, e.g.,epoch-specificecever clock offsetsandpseudo-stochastimrbit parameterin the context
of LEO orbit determinationasit will beoutlinedin Sects6.1and6.3,respectiely. Let ussubdiidethe
systemof normalequationg4.26)into two parts

Ni1 N2 z1 |\ [ b
(N~ ) ()=o) 49

andassumehat we arenot interestedn the actualvaluesof the solutionsub-\ectorz,. In this case,
we may reducethe normalequationsystem(4.33) by pre-eliminatingthe modelparameters:s, which
yieldsthe modifiedsystemof normalequationsas

Nj 1 = b}, (4.34)

where
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Nj; = N11 — Ni2 N;zl N>, isthenormalequatiormatrix of themodelparameters:; and
b] = b1 — Ni2 N, bs isthecorrespondingight-handsideof the normalequatiorsystem.

It mustbe underlinedthatthe pre-eliminatednodelparameters:o werecorrectlytakeninto accountin
the normalequationsystem(4.34)althoughtheir estimatesreno longeravailable. Onemustbe aware,
however, thatthe parametepre-eliminationstepcannotbe performedat ary arbitrarytime; it canbe
performedonly if additionalobserationsdo no longercontritute directly to the elementselatedto the
solutionsub-ectorz, of thenormalequationsystem(4.33).

Thequadratidorm €' P e maybe computedor themodifiednormalequatiorsystem(4.34)by formula
(4.29)as

e Pe=0TPlI*—zl'b}, (4.35)
where

VTP =17 Pl - byl N,y be isthemodifiedquadratidorm of thetermsO-C.

4.4.2 Parameter Constraining

It is commonpracticeto constrainselectednodel parameterso their a priori values(“absolutecon-
straints”)or to otherparameterg'‘relative constraints”).This may be doneto suppress$arge excursions
of weaklydeterminednodelparameterfrom theirapriori valuesor from neighboringparametevalues,
whichis frequentlydonewith pseudo-stochastarbit parameterg the context of LEO orbit determina-
tion. Onemustbe aware,however, thata priori informationis introducedby this processnto the system
of normalequationsywhich mayor maynotbe desiredfor certainapplications.

Absolute Constraining

Parameterconstraintsmay be introducedby artificial obserationswith a userspecifiedvariances?, .
Theseobserationshave to be appendedo the systemof obseration equationg4.22). If the change
with respecto theapriori valueis usedastheactualparametem theartificial obserationequationthe
weight

2
‘72 0 (4.36)

abs

hasto be only addecto the correspondingliagonalelementof the normalequationmatrix N, because
thevalueO—Cis zeroin this specialcase.Obsere thatthe DOF counterhasto beincrementedy 1, as
well.

W =

Relative Constraining

In orderto constrainthe differenceof two particularmodelparametersvith respecto eachother the
weightmatrix

_ 2
W:(_V;/ VI[;V> with W:;TO (4.37)

rel
hasto be addedto the normalequationmatrix IV, i.e., thevaluesW and—W have to be addedto the
diagonalandoff-diagonalelementsorrespondindo the two parameterénvolved. Note thatthe DOF
counterhasto beincrementedy 1, again.
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5. Modeling Satellite Motion

Artificial Earthsatellitesaregenerallyextendedobjectsof considerableize,consistingof severalcom-
ponentof comple shapesuchasantennasthrustersandsolarpanels.Satellitemotionthuscomprises
themotion of its centerof massaroundthe Earth,andthe orientationof a satellite-fixed coordinatesys-
temin inertial spacewhichis addressedstheattitudeof the satellite. Whereagheattitudeof a passie
satelliteis uniquely definedby the Euler equationsseee.g.,[Beutler 2005], active satelliteshave to
be correctly orientedat ary time accordingto the instrumentspecifications.Therefore the satellites
attitudehasto be actively maintainedandcontrolled,e.g.,by momentumwheelsor by frequentthruster
firings, which makesattitudemodelingdifficult for certainsatellites.In orderto still guarantee proper
interpretatiorof theinstrumenteadingsstarcamerasreinstalledon scientificsatelliteswith stringent
accurayg requirementsandmeasurehe orientationof the satellitewith high precisionatary time with
respecto the stars. Sincethe CHAMP and GRACE satellitesconsiderechereare equippedwith such
camerasseeSects2.3.2and2.6.2,we mayassumeheir attitudemotionasknown (seeSect.7.3.2).

The satellites centerof massmotion aroundthe Earthis governedby the sumof all forcesactingon

the satellitebody Sincethe satellitemassmay always be neglectedwith respecto the masse®f the

Earth,Moon, Sun,andplanetstheir orbitsandorientationmay be assumedasknowvn. Opposedo the

third body perturbationsseeChapter3, a very detaileddescriptionof the stationarypart of the Earths

gravitational potentialincludingthousandsf termsis neededor anaccuratenodelingof the motion of

the satellitesconsideredheredueto their very low altitudesabore the Earths surface. Moreover, tidal

deformation®f the Earth,the so-calledsolid Earthandoceartides,aswell asnon-graitational forces
like air dragdueto theEarths upperatmospherandsolarradiationpressureffectshave to betakeninto

account. It is unnecessarto saythatthe modelingof non-conserative forcesis difficult for satellites
with a comple shape.

In view of the factthatthe mostcomplex of the abare mentionedmodels,i.e., the Earthgravitational
potentialmodelsandthe upperatmosphereensitymodels still heaily rely ontheassimilationof data
from very low Earthorbiting satellites,it may be understoodhatthey arestill not perfectandcanbe
improved steadily Therefore,it is of utmostimportancethata mostpreciserestitutionof a satellites
trajectoryfrom very accuratdrackingdatacanbe performedevenin the presencef deficientdynamic
modelse.g.,duringtheinitial phaseof anew satellitemissionbeforeimproved modelsareavailable.

This chapterintroducedifferentorbit determinatiortechniquespplicableto high-lov GPSSSTdata
from LEO recevers. It startswith a shortdiscussiorof the underlyingGPSobseration equationswvith

regardto orbit determinationintroducesdynamicandkinematicorbit parametersandsubsequentljo-

cusen the developmentof the mathematicakquipmenfor a so-calledoseudo-stochastimodelingof

satelliteorbits. Althoughthesedevelopmentsareapplicableto ary type of satelliteandto ary type of

trackingdata,pseudo-stochastarbit modelingis mainly intendedor LEO orbit determinatiorbasecbn

high-lov GPSSSTdata. Summarie®f the presentedlgebramaybefoundin [Jaggi etal., 2005b]and
[Jaggi etal., 2006a].
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5 Modeling SatelliteMotion

5.1 Extracting LEO Positions from GPS Data

Accordingto Chapter4, the slantrangep? containsthe relevantinformationfor positioningrecever 4
with respectto GPSsatellitek. In orderto rewrite the obseration equations(4.6) or (4.9) for the
determinatiorof the positionof a LEO recever, thetropospherigefraction,Apf,,.,,, hasto be omitted
andthegeometridermpf hasto bereplacedoy

Pleo = IP1eo(tieo) = T (tieo — Tieo)| (5.1
where
710 IS theinertial positionof the LEO antennghasecenterat GPStime ¢,
r* is theinertial positionof the antenngphasecenterof GPSsatellite k at GPStimet;, — 77, and

k
Tieo

is thesignaltraveling time betweerthe two phasecenterpositions.

Notethatfor the sale of simplicity the quasi-inertialnternationalCelestialReferencd-ramelCRF (see
Sect.7.3.1)is addresseds inertial frame. In orderto extract the inertial centerof massposition of
the LEO spacecrafaittime t;.,, additionalinformationon the orientationof a satellite-fixed coordinate
systemhasto be available,aswell asthe locationandorientationof the receving GPSantennan this
coordinatesystem(seeSect.7.3.2).1f bothconditionsarefulfilled, the LEO centerof masspositionmay
bemodeledn (5.1) eitherby adynamicor a kinematicorbit representation.

5.1.1 Dynamic Orbit Representation

A dynamicorbit representatioseemdo be naturalfor modelingsatellitetrajectoriespecauséhey are
always particularsolutionsof an equationof motion. In a dynamicrepresentationthe antenngphase
centempaositionr,,, is expressedn theinertial frameas

'rleo(tleo) = Tleo,0 (tleo; a, e, 7:’ Q, W, Ug; Q17 LRET) Qd) + 6"°leo,ant(tleo) ’ (52)
where

Tleo,0 1S the LEO centerof massposition,expressedn theinertial frame,
dT1e0,ant 1S theantennghasecenteroffset,expressedn theinertial frame,
a,e,i,§),w,uy aresix (unknavn) LEO orbital elementg);, j =1, ...,6, and
@1, ---,Qq ared (unknavn) LEO dynamicalparameters.

0T1e0,ant 1S iNtroducedasknown, andfollows in the inertial frame from the antennaoffsets,the phase
centeroffsets(andvariations) andtheactualLEO attitude. Theunknavn parameterarethe LEO orbital
elementg);, j = 1, ..., 6, andadditionaldynamicalparameters.

Figure5.1 givesan llustration of an orbit representatioiby the six initial osculatingelements, e, 7,
Q, w, andug attime ¢y. The semi-majoraxis a andthe numericaleccentricitye describethe orbital
shapetheinclination: andtheright ascensiorf2 of the ascendinghodedescribethe orbital planewith
respecto the Earths equatortheargumentw of the perigeell describeshe orbital orientation andthe
argumentof latitudewuy describeshe satellites positionattime ¢,. Thesesix initial osculatingelements
areequialentto initial conditionsfor positionandvelocity attime ¢y, seee.g.,[Beutler 2005].
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5.2 DynamicLEO Orbit Determination

Figure5.1:Initial osculatingelementsy, e, ¢, 2, w, andtheargumentof latitudew.

5.1.2 Kinematic Orbit Representation

Opposedo a dynamicrepresentationvhich is restrictedto objectsthat obey an equationof motion,
the kinematicrepresentatiorwan be appliedto all differentkinds of moving objects,e.g., cars, ships,
aircrafts,andsatellites.Also for a LEO, theinertial phasecenterpositionr,,, is relatedto the centerof
massas

"'leo(tleo) = R(tleo) ' ('rleo,e,O(tleo) + 5"'leo,e,ant(tleo)) ) (53)

where

R isthetransformatiormatrix from the Earth-fixed to theinertial frame(seeSect.7.3.1),
Tleoe,0 1S theLEO centerof massposition,expressedn the Earth-fixed frame,and

dT1e0,e,ant 1S theantennghasecenteroffset,expressedn the Earth-fixedframe.

In analogyto equation(5.2),07co,¢,ant is introducedasknown. Theunknavn parameteraretheepoch-
wise kinematiccoordinateswhich areconventionallyexpressedn the Earth-fixed systembecausehere
exist moreterrestriatthanspacebornapplications.Note thatkinematicpositionsof the LEO receving

antennghasecentercouldbe establisheavithouttheknowledgeof antennaffsetsandsatelliteattitude,
but notthe centerof masspositions.

5.2 Dynamic LEO Orbit Determination

As mentionedn Sect.5.1.2,kinematicpositioningcanbe appliedto awide rangeof scenariodecause
no constraintsaareimposedon the recever motion. However, kinematicpositioningis very sensitve to
badmeasurementsinfavorableviewing geometryof GPSsatellitesanddataoutagesywhich sometimes
restrictsits valuein practice.Dynamicorbit determinationin contrastmalkesuseof physicalmodelsof
the satellitemotionto determinea bestfitting trajectoryto the measurements theleast-squaresense.
Thisallowsfor somesortof “averaging”measurementsom differentepochswhichmalestheresulting
positionestimatesnuchlesssensitve to badmeasuremengnddataoutages.To someextent,a satellite
trajectorycanevenbepropagatedcrossatagaps,f gooddynamicmodelsareavailable.
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5 Modeling SatelliteMotion

This sectionbriefly introduceghe primaryandvariationalequationsieededor a mathematicatlescrip-
tion of satellitemotion.

5.2.1 Primary Equations

Dynamicforce modelsare usedto propagatehe satellites centerof massposition and velocity over
time by meansof numericalintegrationtechnique$Beutler 2005]. The equationof motionof anEarth-
orbiting satelliteincludingall perturbationseadsn theinertial frameas

i = —GM:—3 + it Qs Qo) = F (5.4)

with theinitial conditions

r(to) = r(a, e,i, Q,w, ug; to) and  7(ty) = 7(a,e,4, Q,w,ug;to) , (5.5)
where
G M isthegravity constantimesthe massof the Earth,
r isthegeocentrigositionof the satellite expressedn theinertial frame,
f1 istheperturbingacceleratiormctingon the satellite expressedn theinertial frame,and
f isthetotalacceleration.

The accelerationf; consistsof all gravitational and non-graitational accelerationsaken into account
to model the orbit perturbations. More specifically dynamicforce modelsare usedto computethe
gravitationalandnon-graitational perturbationsictingon thespacecraftwhich maydependnthetime
t, the positionr, andthe velocity 7 of the satellite,aswell ason additionalforce model parameters
@1, ---, Qq to beadjusted.

Often, the perturbationmodel consistsof a known partwith accelerationgiiven by analyticalmodels,
andof a partwhich includesforce modelparameter$o be adjusted.Following the namingcorvention
in [Bertiger etal., 1994],we addresshe equationof motion (5.4) asdeterministidf f; only consistof
(deterministiclaccelerationgjiven by analyticalmodels.This impliesthatinitial conditions,e.g.,given
by six Kepleriarelements, e, i, ), w, ug attimety, andscalingfactors@y, ..., @4 of analyticallyknown
accelerationgdynamicalparametersinaybe addressedsdeterministicorbit parameters.

We always assumethat an a priori orbit 7((¢) is available, e.g., realizedby a dynamicalfit of LEO
positionsobtainedfrom a GPScodesingle point positioningsolution (seeSect.7.5). Therefore,orbit
determinatiordiscussedn this work shouldbe understoodas an orbit improvementprocessj.e., the
actualorbit r(t) is expressedasa truncatedTaylor serieswith respecto the unknavn orbit parameters
P; abouttheapriori orbit, whichis representedly the (a priori) parametevalueskp ;:

" 8’[‘0
=1 8P7‘

r(t) = ro(t) + (t) - (Pi — Poy) , (5.6)

where
denoteghetotal number(6 + d) of orbit parameterand

n
%—Pg (t) describesheorbitalchangedueto a changen theparameter;.



5.2 DynamicLEO Orbit Determination

Equation(5.6) allows us to improve the a priori orbit provided that the orbit parametercorrections
p; = P; — Py; andthe partial derivatives of the a priori orbit with respecto the orbit parametersire
known. Thetrajectory(5.6) shouldbe addressedsthe“linearized” solutionof the original (non-linear)
orbit determinatiorproblem. Alternatiely, it is alsopossibleto againusethe dynamicmodelstogether
with theimproved dynamicalparameterso propagateheimprovedinitial statevectorby numericalin-
tegration.Usuallythelatter methodis usedin this work.

If P;,i = 1,...,n aredeterministicorbit parametersye alsospeakof dynamicorbit determination.If
additionalpseudo-stochastgarametergseeSect.5.3) occurin the equationof motion (5.4), we speak
of a speciakind of reduced-dynamiorbit determination.

5.2.2 Variational Equations

Becausenitial conditionsandforce modelparametersire estimatedas part of the orbit determination
processknowledgeof thepartialderivativesof thea priori orbit with respecto the estimategarameters
asafunctionof timeis requiredfor modelingthe GPSobsenrations.

Let us assumehat P; is one of the parameterslefiningthe initial conditionsor the dynamicsin the
equationof motion (5.4), andthat the partial derivative of the a priori orbit 7((t) with respectto this
parametefis designatedby thefunction

2 ()= 52000, (5.7)

Theinitial valueproblemassociateavith (5.7)is obtainedfrom the dynamicforce modelsby takingthe
partialderivative of theequationof motion(5.4). Theresultis subsequentlyeferredto asthevariational
equationof parameterP;, whichreadsas

. . 0
Zp,=Ag-zp + A1 Zp + % ; (5.8)
7
with the3 x 3 (Jacobianmatricesdefinedby
. Ofi . Ofi
Aojisr) = 37“0; and Ay = 87"0; ; (5.9)

where
fi denotegshecomponent of thetotal accelerationf from (5.4)and
ro,;, denoteshecomponent of thegeocentrigositionfrom (5.4).

The variationalequation(5.8) is a linear, homogeneoudifferentialequationsystemof secondorderin

time with initial valuesz p, (to) # 0 andzp,(to) # 0 for P; € {a,e,i,Q,w,up}. For P, € {Q1, ..., Qa}

(5.8)is inhomogeneoudyut haszeroinitial valuessincetheinitial satellitestatedoesnotdependonthe
force modelparameterslt is importantto mentionthatthe homogeneoupart of (5.8) is the samefor

dynamicalparameterandfor parametergefiningtheinitial conditionswhichallows for theimplemen-
tationof anefficientintegrationprocesgBeutler 2005].

As alreadymentionedthe solutionsof then variationalequationselatedto theorbit parameter®;, i =
1,...,n areneededo setup thefirst designmatrix (4.23),which allows usto eventuallysolve for theim-
provementf theorbit parameters a standardeast-squareadjustmenprocesgseeSect.4.4) of GPS
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5 Modeling SatelliteMotion

obsenrationstogethemwith all otherrelevant parametersandto finally improve the orbit usingequation
(5.6). Althougheachvariationalequation(5.8) represents differentinitial valueproblem,it is notnec-
essarnyto solve n differentialequationsystemsastheir solutionscanberepresentedly definiteintegrals
[Beutler 2005].

Let usassumehatthefunctionszo, (t),j = 1, ..., 6 arethepartialderivativesof thea priori orbit ro(t)
with respecto thesix parameters);, j = 1, ..., 6 definingtheinitial conditionsattime,. Theensemble
of thesesix functionsformsonecompletesystemof solutionsof thehomogeneoupgartof thevariational
eqguation(5.8), which allows us to obtainthe solutionof the inhomogeneousystemby the methodof
“variationof constants”.The solutionandits first time derivative may thusbe written asa function of
thehomogeneousolutionszo, (t) as

6
21 =Y aop(t) - 2 k=01, (5.10)
j=1

with the coeficient functionsdefinedby

ap,(t) = tZ_l(t’) hp,(t) - dt’, (5.11)

o ;
where

ap, denoteghecolumnarray(ao, p;, ---, @ogp;) " »

Z denoteshe6 x 6 matrixdefineddy Z, 3. = z0,,Z,...6,5] = Z0; , and
hp, denoteghecolumnarray(0”, of1 /oP;)T.

Obsere that the solution zp, (t) of the variationalequation(5.8) andits first time derivative may be
expressedvith the samefunctionsag, p,(t) asa linear combinationwith the homogeneousolutions
zo,(t) andzo, (t), respectiely. Dueto this representationpnly the six initial value problemsassoci-
atedwith theinitial conditionshave to beactuallytreatedasdifferentialequatiorsystemstheir solutions
have to be obtainedeitherapproximatelyBeutleretal., 1994a]or, preferably by numericalintegration
techniquese.g.,by collocationmethodqBeutler 2005]. All variationalequationgelatedto dynamical
orbit parametershowvever, may bereducedo definiteintegrals,which canbe efficiently solved numeri-
cally, e.g.,with a GaussiarmquadraturgéechniqugBeutler 2005].

Despitethe numericalefficiency of availablequadraturéechniquesit mustbe emphasizethateachad-
ditional orbit parameterequiresanadditionalnumericakolutionof thedefiniteintegral (5.11)—anissue
thatmightberelevantwhensettingup alarge numberof dynamicalorbit parametersuchasgravity field
coeficients,seeChapter9. Only for selectecharametetypes,e.g.,pseudo-stochastirbit parameters
(seeSect.5.3),anexplicit numericalquadraturef the correspondinglefiniteintegralscanbe avoided.

The accurag requirementgor the numericalintegrationof the variationalequationsarein generainot
asstringentasfor the primary equationsbecausenary termsaresmallanddo not harmthe parameter
adjustmenprocesgwhich could be iteratedon request)whenbeingneglected. Therefore the partial
derivatives (5.9) with respecto the satellitepositionaremodeledn this work by only the centralterm
G'M andby thelowestzonalterm C; o of the Earth’s staticgravity field. The partial dervatives(5.9)
with respecto the satellitevelocity areignoredatall in thiswork.
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Reduced-Dynamic

\w par.

Figure5.2: Dynamic, reduced-dynamichighly reduced-dynami¢HRD), and kinematic (Kin.) orbit
determinatiorasa functionof thenumber(# Par.) anda priori standardieviation (Sigma)of
the estimategseudo-stochastarbit parametergqualitative illustration).

5.3 Pseudo-Stochastic Orbit Modeling

Thereal-world LEO dynamicsarehardlyknown to alevel whichis comparableo highly accuraterack-
ing datasuchashigh-lov GPScarrierphasemeasurementsr low-low K-bandobserations. Thisin-
sufficient knowledgehasto be mainly attributedto aerodynamidorceswhich arenot well predictable
at altitudesof 300—60km dueto limitationsin the upperatmospherelensitymodels[Bruinsmaetal.,
2004],anddueto complicatednteractionsof neutralgasesandchaged particleswith the satellitesur
face. Therefore the conceptof reduced-dynamiorbit determinationsee[Yund et al., 1990]and[Wu
etal., 1991], hasbeenintroduceddecadesgoto fully exploit the accurag of the GPSmeasurements.
This hasbeenaccomplishedby complementinghe deterministicmodelof the spacecraftlynamicsby
additionalstochastigparameterthatwereadjustedogethemith the deterministicorbit parameters.

Pseudo-stochastirbit modelingperformedin this work may be consideredasa particularrealization
of thereduced-dynamiorbit determinatiortechniquewhich makesuseof boththe geometricstrength
of the GPSobserationsandthe fact that satellitetrajectoriesare particularsolutionsof a determinis-
tic equationof motion. Theattribute “pseudo”distinguisheghis methodfrom stochastiorbit modeling
whereasatellitetrajectoryis modeledasa solutionof astochastidifferentialequatior{ Jazwinskj 1970].
Pseudo-stochastarbit modeling,in contrastjntroducesadditionalempiricalparameter#, ..., P;, sub-
sequentlyeferredto aspseudo-stochastarbit parametergp thedeterministicequatiorof motion(5.4),
whichthenreadsas

.. r . .
r= _GMT_3 + fl(tararana -"1Qd7P17 "'aPS) = f - (512)

Theattribute “stochastic”arisesfrom the practiceto optionally characterizéheseadditionalparameters
by apriori known statisticapropertiedike, e.g.,expectatiorvaluesanda priori weights which constrain
the estimategarameterso userspecifiedexpectatiorvalues(seeSect.4.4.2).

Figureb.2illustratesgualitatively thatreduced-dynamiorbit determinationmaybe placed'somevhere”
in-betweerdynamicandkinematicorbit determination Dependingon the numberanda priori weights
of thesolvedfor pseudo-stochastfarameterghesatellitedynamicscanberelaxedaccordingly Onthe
onehandi,it is thusolbviousthatonestill obtainsanalmostdynamicorbit if only avery smallnumberof
pseudo-stochastigarametersgr alternatvely, pseudo-stochastjgarametersvith very tight constraints
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5 Modeling SatelliteMotion

areintroducednto the equationof motion(5.12). Onthe otherhand,it is possibleto obtaina kinematic
orbit if the maximumnumberof unconstraineghseudo-stochastjgarameterss solvedfor (seeChapter
9), which meanghatary type of orbit canbe approximatedy pseudo-stochastimodeling. The most
preciseorbitsof CHAMP andGRACE asdeterminedn Chapters and8 arelocatede.qg.,in theregion
designate@ds“Reduced-Dynamic"whereagheHighly Reduced-Dynami(HRD) orbitsasdiscussedh
Chapter9 arelocatedin theregion whichliesjustin front of thekinematicpointatthetop of thesquare.

It shouldbe emphasizedhateachadditional(empirical) parameteitroducednto the orbit determina-
tion wealensthe solutionfor the other(non-empiricalparametersNeverthelessit is oftennecessaryo
solve for pseudo-stochastjgarameterso compensatéor deficienciesn thedynamicmodels.Because
continuouslyimproving modelsof the Earths staticgravity field have beenmadeavailable during the
lastfew years(seeChapter3), thelimiting factorfor dynamicLEO POD hasto beattributedtodayto the
non-gr&itational force models. Provided that denseGPSSST tracking dataof goodquality are avail-
able,LEO POD with additionalpseudo-stochastigarameterss thus an attractve and simple method
to determinehighly accuratesatellitetrajectorieswithout taking into accountsophisticatednodelsof
surfaceforces.If enoughpseudo-stochastmarameteraresetup, it is evenpossibleto neglectthe phys-
ical modelingof the non-graitational forcesat all. Dependingon the appliedconstraintsthe estimates
reflectmainly theunmodeledon-graitationalaccelerationactingonthe LEO (seeSect.7.8.3), which
aredominateckeitherby air dragin the caseof very low Earthorbiting satellitesor by radiationpressure
for higherorbiting satellites.

Thefollowing sectiondevelop efficient methodgor the solutionof the variationalequationgelatedto
differenttypesof pseudo-stochastiarbit parameterssuchas piecavise constaniaccelerationsinstan-
taneousvelocity changesand piecavise linear accelerations All threetypesof empirical parameters
arewell suitedto compensatéor ary modelingdeficienciedn the emplg/ed spacecraftlynamicsand
might easily be usedfor the constructionof more refined pseudo-stochastiarbit parametrizationsis
briefly discussedt theendof this chapter

5.3.1 Piecewise Constant Accelerations

Let us assumehat piecavise constantaccelerationsre setup asthe only orbit parameterspartfrom
the six initial conditions. The parametrizatiorsubsequentlysedfor the residualaccelerationA(t) in
the inertial systemshall readasthe sumof at maximumthreeaccelerationsctingin threepredefined
directions,e.g.,in theradial, along-track,and cross-tracldirectionsin the satelliteco-rotatingsystem
or, alternatvely, in otherpredefinedlirectionsthatseemto be usefulfor a particularorbit determination
problem:

A(t) = Aq(t) + Aa(t) + As(t) . (5.13)

Eachaccelerationd,(t), d € {1, 2,3} shallberepresentethy m constanipiecesin directiond, being
active only betweerthe predefineckepochs;_; andt;, i.e.,

Ay(t) = (Ao,d +§:1 Aid- §(t,ti—1,ti)> -eq(t), (5.14)

whereey(t), d € {1, 2,3} denotese.qg.,theunit vector

T0 To X T

e =— , €ea2=ez3XxXxe , 3= —"—"— (515)
|’I'0| To X T
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in theradial,along-trackandcross-tracldirection,andwhere

1

; L1 <t<t
é’(t’tz_l’tz)i{ 0 ? 1—1 > < 2

;  otherwise (5.16)

Altogetheratotal numberof 6 4+ 3(m + 1) orbit parameteraresetup including 3m pseudo-stochastic
parameters.Note thatit makes senseto solve aswell for constantaccelerationsi, 4 actingover the
whole arcin (5.14), provided that the piecavise constaniaccelerationsire actually characterizedy a
priori standarddeviations. In the absencef a priori weights,howvever, thesethreeparameterbecome
singularandmustbe omitted.

Variational Equations

Let us now develop the mathematicabackgroundor estimating constantaccelerationsd,; 4 in the
predeterminedirectione,(t) for t,—; <t < t;,4 = 1,...,m. For thesale of simplicity, we dropthe
index d in thefollowing andfocuson oneacceleratiom;. Thecontritution of this parameteP; = A; to
f1in(5.12)is of theform A; - e(t) for t;_; <t < t;. Thecorrespondingariationalequatiorreadsas

e(t) ; ti <t<t;

0 ; otherwise (5.17)

Za; :AO'ZAi‘FAl'»éAi—I-{
The variationalequation(5.17) may be easily solved thanksto the generalmathematicapropertiesof
variationalequationsseeSect.5.2.2. Equation(5.11) readsfor the specialcaseof a piecavise constant
acceleratioras

*

aq,(t) = t Z7Yt') - ha,(t) -dt' = Z7N) ha,(t)-dt, (5.18)

to ti—1

wherethe upperintegrationlimit is givenby

tic1 5 1 <ti—g
tr = t ot <t<t; . (5.19)
t; ;2>

The solution z 4, (¢) andits first time deriative for the parametet4; follow from (5.10),andmay be

writtenas
0 ; t<ti—g

6
k
B _Zlaoin(t)-zg]?(t) St <t<t
— ] &

() (5.20)

6
_Zl @o; 4;(ti) - z(okj) ) 5 t>t

j=

Notethatz 4, (t) is aonce(continuouslydifferentiablefunctionof time for the entirearc. Thenon-zero
coeficientsao, 4, (t) areconstantn time for thecaset > ¢;. Thisimpliesthatachangen theparameter
A; doesnotonly affecttheorbitin theintenal [t;_;, t;) whereit is active, but it affectsall positions(and

velocities)for ¢ > ¢;_; aswell.

For thecaset;—; < t < t; the coeficientsaretime-depender&ndrequire,in principle, a quadrature
of (5.18). The following two paragraphslemonstraten efficient alternatve solutionbasedon linear
combinationgelying on asmallsetof partialderivatives.
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Efficient Solution for ¢; ; <t <t;

Let us introducean auxiliary problemand write the solution z 4, (¢) asa function of the solution of
this auxiliary problem.The parameteunderlyingour auxiliary problemshallbe a constanticceleration
A actingin the correspondinglirectionover the entirearc. The correspondingariationalequationis
closelyrelatedto the variationalequation(5.17)andreadsas

21=Ag-z5+ A -Zi+e(t) Vt. (5.21)

Obserethat A canbeidentifiedwith A 4 in (5.14),implying thatthesolutionof its variationalequation
would be neededaryway if the parameteshouldbe solvedfor.

ThedifferenceA; = z; — z 4, soI\,esthehomogeneoudifferentialequationsystem&i = Ay A; +
A1 - A, inthetimeintenal [t;_;,t;). Thereforejts solutioncanbewritten asalinearcombinationwith
constantoeficients3o, 4, of thefunctionszo, (t). As aconsequencehesolutionz 4, (t) follows as

6
20 =20 0) =3 Boa 25 (1) k=01, (5.22)
j=1

Evaluatingthe above equationat time ¢;_ ; andtaking (5.20)into accountyields a linear systemof six
scalarandalgebraicequations

6
) ﬁOin T 20; (ti—l) = z/i(tz'—l)
5 (5.23)
ZlﬁOin ) 20]‘ (ti—l) = 2A(ti—1) ,
]:

which canbe solvedfor the unknavn coeficients 3o, 4,. Equationg5.22)and(5.23)thusshav thatthe
partial derivative z 4,(t) may be written in theintenal ¢,_; < ¢ < ¢; asa function of the six partial
dervativeszo, (t) of thea priori orbit w.r.t. the parameterslefiningtheinitial conditionsattime o, and
the partialdervative z ;(t) of theapriori orbit w.r.t. a constanticceleratioractingin the samedirection
over theentirearc. The solutionsof the mentioned + 1 partialderivativeshave to be availablefrom a
numericalintegrationin orderto make useof therepresentatio(b.22).

Efficient Solution for ¢ > ¢;

Fromequation(5.20)we concludethat z 4, (¢) is continuousanddifferentiableattime ¢;, whichimplies
thatz(fi) (t;) maybecomputedby evaluating(5.22)attime ;. The coeficientsao, 4, (2;) in (5.20)may
thereforebe obtainedasa solutionof thefollowing linearsystemof algebraicequations:

,263 ao;4,(ti) - z0;(ti) = za,(ti)

st (5.24)
Elaoin(ti)'Z'oj(ti) = za(t).

‘7:

As the above equationdorm, in closeanalogyto (5.23),a linear systemof six scalarequationgor the
six unknavns ap, 4, (;), it is possibleto write the partial derivative z 4, (¢) in theintenal ¢ > ¢; asa
linear combinationwith constantcoeficients of only the six partial derivatives zo, (t) of the a priori
orbit w.r.t. the parameterslefining the initial conditionsat time ¢3. This expresseshe fact that the
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5.3 Pseudo-Stochast@rbit Modeling

accumulatearbital changean theintenal [¢;—;, ;) canberepresentefor timest > ¢; by anew setof
initial conditionsattimet,.

In conclusionthesmallnumberof 643 numericallyintegratedpartialderivativesis sufiicientto compute
all the partial derivatives of the a priori orbit w.r.t. piecavise constani@ccelerationsver the entirearc.
Theproposecparametrizatioryields a continuougpositionvectorr(t) anda continuousvelocity vector
7(t) of theimprovedorbit over theentirearc.

5.3.2 Instantaneous Velocity Changes (Pulses)

Let usbriefly mentionthespeciakaseof instantaneougelocity changed/; 4 attimest; in predetermined
directionsey(t;), see[Beutleret al., 1994a],and outline how it fits into the formalism presentedso
far. For the sale of simplicity, we dropthe index d in the following andfocuson onepulseV;. The
contritution of this parameter; = V; to f, in (5.12)mayformally bewrittenasV; - §(t — t;) - e(t),
whered(t) represent®irac’s deltafunction. The correspondingariationalequatiorreadsas

Usingthe notationfrom Sect.5.3.1,but identifying hy; with hy4, in (5.18),the definiteintegral (5.18)
maybe simplifiedfor ¢t > t; as
t

ay(t) = | St —t:) - Z 7 (t) - by (¢') - dt' = Z 7 () - o (k) - (5.26)

Obviously ao,v;(t) is zerofor ¢t < ¢; andnon-zerobut constantfor ¢ > ¢;. Therefore,the partial
dervativeszy, (t) maybewritten asalinearcombinatiorof only thesix partialdervativeszo;, (t) of the
apriori orbit w.r.t. the parameterslefiningtheinitial conditionsattime t,. The parametrizatioryieldsa
continuougpositionvectorr(t) but, asopposedo the parametrizatiofirom Sect.5.3.1,adiscontinuous
velocity vectorr(¢) of theimproved orbit. Thediscontinuitiedie atthe pulseepochg;.

This parametrizatiomay be viewed asa specialcaseof the short-araepresentatiofseeSect.5.3.4)of
theentirearc,wheretheindividual short-arcsareforcedto be continuousat thearcboundaries.

5.3.3 Piecewise Linear Accelerations

Let usdevelopthe mathematicabackgroundor a morerefinedLEO orbit parametrizationlt seemgo
benaturalto improve the piecavise constanacceleratiormodelwith amodelthatrepresenteachof the
residualacceleration#n (5.13)by m linearpiecesactingbetweerpredefinedepochs;_; andt;. From
the technicalpoint of view, thereexist basicallytwo differentpossibilitiesto realizesucha piecevise
linearparametrizationEithereachof theaccelerationsd4(¢), d € {1, 2,3} in (5.13)is representetly

Ay(t) = Ai—gs-eq(t) + B - (t —ti—1) - eq(t) (5.27)
where

A;_; isaparametedescribinghe (pointwise)acceleratiorattime¢;_; of theintenal [¢;_,¢;) and

B; isasecondarametedescribingheslopeof thelinearaccelerationn theintenal [¢;—;, t;),
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or eachof theacceleration# 4(t) is representetly

Agl) = T A eglt) + A

— A eyt 5.28
t; —ti—1 ti—tig 1-eal®), ( )

where
A;—; describeshepointwiseacceleratiorattimet;_; of theintenal [¢;—;, ;] and
A; describeshe pointwiseacceleratiorattimet; of theintenal [t;_;, #;].

Fromthe mathematicapoint of view the parametrization§s.27)and(5.28) areequivalent(if (5.27)is
continuous)andcanbe corveyedinto eachotherby thetransformation

Ai 1 0 A
=\ = _r ] . 5.29
< Bi ) ( ti—til—J ti—%i_l A; ( )

For two reasonghe parametrizatiorf5.28)is preferablefirst, it consistonly of m + 1 parameterper
direction,i.e.,only onemoreparameteperdirectionthanin thecaseof pieceaviseconstanticcelerations,
secondly the continuity at the intenal boundarieg; is imposedby construction. The parametrization
(5.27)consistf 2m parameterperdirection,i.e., doublesthe amountof parameterso be solved for,
andyields a discontinuousacceleratiorat the intenal boundaries;. Whenaskingfor continuity in
connectiorwith the parametrizatiorf5.27),constraint$ave to beimposedat theinternal boundaries.

Variational Equations

Let us now develop the mathematicabackgroundor estimatingm + 1 pointwiseaccelerationsi, 4
in predeterminedlirectionse,(t) at epochg; thatdefinea continuousacceleratiorover the entirearc
consistingof m linearpieceshetweersubsequergpochg;. Forthesale of simplicity we droptheindex
d in the following andfocuson oneaccelerationd;. The correspondingariationalequationfollows
from the parametrizatiorf5.28)andreadsas

t—t;— .
Ti,i—ll . e(t) ;o timr <t<t; 3 1>0
5. — . .2 tig1—t .
ZA; = A za; + A za; + #1,1 . e(t) ; i <t<tiysr ; 1<m > (530)
0 ;  otherwise

where
T;,; isthetimeintenal t; — ¢; betweertwo pointwiseaccelerations!; and 4;.

Equation(5.30)is closelyrelatedto the variationalequation(5.17)with anadditionalterm proportional
to ¢ occurringin theinhomogeneougart. In addition,it is necessaryo distinguishbetweerfour different
regimesin time dueto a strongcouplingbetweersubsequerdaccelerationd,e.,onemoreregimein time

thanfor the caseof piecavise constantaccelerationsObsere thatthe variationalequationgelatedto

theaccelerationgly and A,, referringto the beginningandtheendof theorbital arc,respectiely, areof

simplerstructurghantherestof thevariationalequationselatedto accelerationseferringto in-between
epochs.

The variationalequation(5.30) may be solved in analogyto Sect.5.3.1. Equation(5.11) readsfor the
specialcaseof a pointwiseacceleratioras

*

aa,(t) = tz—l(t') cha,(t)-dt' = Z7' ') -ha,(t)-dt', (5.31)

to ti—1
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wherethe upperintegrationlimit is givenby
ticg 5 T <ti—g
tt = t ;o ticg St <tipr . (532)
tiv:r 5 t2lits

The solution z 4, (¢) andits first time derivative for the parametet4; follow from (5.10) and may be
writtenas

0 ;o t<ti—1
S aoa () 2P0 oty <t<t
O ER = Pl S S T (5.33)
6
% a0 atis) 26)(1) 5 12 tiv
J:

Notethatz 4, (¢) is atwice (continuouslyxifferentiablefunctionof time for theentirearc. Thenon-zero
coeficientsao, 4,(t) areconstantn time for thecaset > ;. ;.

Forthecaset; ; <t < t;4; thecoeficientsaretime-dependerdandrequire,in principle,a quadrature
of (5.31). Thefollowing threeparagraph#troducean efficient alternatve, which makesuseof linear
combinationsn analogyto Sect.5.3.1for piecavise constanticcelerations.

Efficient Solution for t;_; <t < ¢;

Let usintroducetwo auxiliary problemsandwrite the solutionz 4, (¢) asa function of the solution of

theseauxiliary problems.In analogyto Sect.5.3.1,the parametersinderlyingour auxiliary problems
shall be a constantaccelerationd actingin the correspondinglirection over the entire arc, and the

slope B of a linearly changingacceleratiorin the samedirectionover the entire orbital arc. The two

correspondingariationalequationseadfor the entirearcas

Z2i1=Ao-z5+A1-25+e€(t) and Zg=Ao-zg+A1-25+t-e(t). (5.34)

Obsere thatthe solutionmethodoutlinedin the following relieson the solutionz z(¢), i.e., it requires
onemorevariationalequationperdirectionthanfor piecavise constaneiccelerations.

In closeanalogyto Sect.5.3.1,we form the difference

- t_ . _
A, =28 124 (5.35)
Tii—1 ’

whichsolesthe homogeneoudifferentialequationsystem&i = Ay-A;+ A; - A, inthetimeintenal
[ti—1,t:). Thereforejts solutioncanbewritten asalinearcombinationwith constantoeficients 3o, 4,
of thefunctionszo, (). As aconsequencehesolutionz 4, (t) follows as

ti_g

6
2O =3 Bo,a 2Bt k=0,1. (5.36)

1
20 (0) = 25 (0) - ]
7j=1

Tii—1 B Tii—1

Evaluatingthe above equationat time ¢;,_ ; andtaking (5.33)into accountyields a linear systemof six
scalarandalgebraicequations

6 .

ZI’BOJ'Ai ‘20, (tieg) = Ti,}—] ~zg(tiog) — Ti—’,:l ~z5(ti-1)

i= (5.37)
6 , _

_El Bo;a; - 20,(ti-1) = g 28(ti1) - Ti—’;_ll Za(ti-1)

]:
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which canbesolvedfor theunknavn coeficients o, 4,. Theequationg5.36)and(5.37)thusshaw that
the partialderivative z 4, (t) maybewrittenin theintenal ¢;_; < ¢ < ¢; asafunctionof thesix partial
dervativeszo; (t) of thea priori orbit w.r.t. the parameterslefiningtheinitial conditionsattime o, the
partialderivative z ;(t) of theapriori orbitw.r.t. aconstanticceleratioractingin thesamedirectionover
theentirearc,andthe partialderivative z 5(¢) of thea priori orbit w.r.t. alinearly changingacceleration
actingin the samedirectionover theentirearc.

Efficient Solution for ¢; <t < t;4;

In closeanalogyto the previous paragraphwe form the difference

tit1 "251— 25
A= L EAEE g (5.38)
Tiv1,i
whichsolvesthehomogeneousifferentialequatiorsystemA; = Ay- AX+ A;- A, in thetimeintenal
[t;, tit1). Thereforejts solutioncanbewritten asalinearcombinatiorwith constantoeficientsﬁgj A

of thefunctionszo, (t). As aconsequencehesolutionz 4, (¢) follows as

6
(k) () — _bit1 (k) 1 (k) * (k) _
zy/(t) = -z -z20(t E Bo. a4 25 (t); k=0,1. 5.39
A’() Tivsi A Q Tiy1: B ) j=1 Qi O”() ( )

From (5.33) we concludethat z 4,(t) is continuousand differentiableat time ¢;, which implies that
szi) (t;) maybecomputedy evaluating(5.36)attime¢;. Evaluating(5.39)attime¢; aswell, andtaking
szi) (t;) from (5.36)into accountyieldsalinearsystemof six scalarandalgebraicequations

6
* t;
'21 Bo,a, 20, () = g -zalt) — 7 - 28(t) — 2a,(t)
i= (5.40)
6
. t2 . . 5
'21 B4, 20,(t) = g 24t) — s 2alt) — 2a,(t)
]:

which can be solved for the unknavn coeficients ﬁ;‘)in. The equations(5.39) and (5.40) shaw, in
combinatiorwith theequationg5.36)and(5.37),thatthe partialderivative z 4, (t) maybewrittenin the
intenal ; <t < t;;; asafunctionof thesix partialderivativesz o, (), andthepartialdervativesz 4 (t)
andzz(t).

Efficient Solution for ¢ > ¢, ;

From (5.33) we concludethat z 4, () is continuousanddifferentiableat time ¢, ;, which impliesthat
z(fi) (ti+1) maybe computedby evaluating(5.39)attime ¢;, ;. The coeficientsao, 4, (ti+1) in (5.33)
maythereforebe obtainedasa solutionof thefollowing linear systemof algebraicequations:

6

2 ao;a;(tiv1) - z0;(tiv1) = za(tivs)

it (5.41)
2 20,4, (tiv1) - 2o;(tiv1) = Za;(tivs1) -

J:

As the above equationdorm a linear systemof six scalarequationgor the six unknawns ao; 4, (ti+1),
it is possibleto write the partialderivative z 4, (¢) in theintenal ¢ > ¢, ; asalinearcombinatiorof only
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thesix partial derivatives zo, (t) of thea priori orbit w.r.t. the parameterslefiningtheinitial conditions
attimety.

Thesmallnumberof 6 + 3 + 3 numericallyintegratedpartial derivativesarethussuficient to compute
all thepartialderivativesof thea priori orbit w.r.t. pointwiseaccelerationdefininga pieceviselinearac-
celeratiomoverthe entirearc. Theparametrizatioyieldsa continuougositionvectorr(¢), acontinuous
velocity vectorr(t), anda continuousacceleratiovector#(t) of theimprovedorbit over theentirearc.

Fromtheconceptuapoint of view, the piecaviselinearaccelerationomodeldoesnotintroduceary addi-
tional difficulties with respecto the piecavise constanticceleratiormodelexceptfor the slightly more
complicatedormulasto be evaluated but this doesnot significantlyharmthe computationaéfficiengy.
Fromthetechnicalpointof view, the“absolutetimesin theexpression$5.36),(5.37),(5.39),and(5.40)
arepreferablyreferredto the beginning of the orbital arcin orderto keepthe numericalvaluessmall.

5.3.4 Other Orbit Modeling Techniques

For the sale of completenessye includetwo otherwidely-usedorbit modelingtechniqueswhich are,
from the conceptuapointof view, relatedto thetechniqueof pseudo-stochastarbit modeling.

Short-Arc Method

The short-arcparametrizatiomepresentshe solutionwithin eachsubinteral by a new setof six initial
osculatingelements. The resultingtrajectoryis thus characterizedy a discontinuousrelocity vector
andadiscontinuougpositionvectoraswell. Obviously, it is not only possibleto obtainsuchatrajectory
by splitting the original orbital arc into several short-arcshy settingup new initial conditionsat the
beginning of eachshort-archut it is alsopossibleto solve for onesetof initial osculatingelementsand
for instantaneougelocity changed/; (seeSect.5.3.2)in conjunctiorwith instantaneougositionchanges
X, attimest; in predeterminedirectionse(t;). Usingthenotationfrom Sect.5.3.1,but identifying h x;,
with (eT(t;), 0T), the coeficientsof the partialderivatives z x, () maybe obtainedn closeanalogyto
Sect.5.3.2by

ax,(t) = /t: St —t)-Z7'(t) - hx,(t) - dt = Z7(t;) - hx, (t:) (5.42)

fort > t;.

For the sale of completenesandclarity, the two linear system=f algebraicequationgo be solved for
the coeficientsag, x; (t;) andao,v;(t;) of the partial dervatives z x, (t) andzy; (t), respectiely, may
beexplicitly writtenas

Me

a0, x;(t:) - zo;(ti) = e(ts)

<.
Il
—

Me

anXi (tz) . Z.Oj (tz) = 0

<.
Il
—

: (5.43)

Me
Q
Q

=

(ti)-z0;(ti) = O

J

<.
Il
—

Me
Q
Q

)

wvi(t) 2o, (t) = e(t;)

<.
Il
—
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whichshavs thatthe parametelX; is “allowed” to changeonly theorbital positionattime ; in direction
e(t;), but nottheorbital velocity attime ¢;. The oppositestatemenis valid for the paramete¥;.

The adwantageof this alternatve formulationis thatthe original arclengthremainsformally unchanged,
i.e.,it is easilypossibleto solve for deterministicorbit parameterstill referringto the originalarclength.
This might be of “technical” importancef the deterministicorbit parameterareidentifiedwith geopo-
tential coeficients (seeChapter9). Insteadof saving mary (large) normalequationsystemseferring
to the shortarclengthareducechumberof normalequationsystemsnay be generatede.g.,on a daily
basis.

Periodic Accelerations

Orbital errorsare often periodicin naturewith the orbital revolution beingthe main period, see,e.g.,
Sect.7.9.1. This is certainly a motivation to solve for other empirical orbit parametershan pseudo-
stochastiorbit parameterdn orderto constrainorbital errorsmorespecifically e.g.,by coeficientsof
a truncatedFourier seriesof periodicaccelerationsSuchempirical parametrizationare of advantage
if the satelliteorbit is indeedmainly governedby orbital errorsof the modeledcharacteristicshecause
they maynotsoeasilyabsorbotherunmodeledystematieffectsandharmotherparameteraspseudo-
stochastiorbit parametersando. Therefore pnce-perevolution empiricalparameterareoftensolved
for whenmodelingmid- to high-altitudesatellitessuchasEarthobservingsatellitesandnavigationsatel-
lites, see[Beutleret al., 1994a]. The agumentof latitudeis often usedto definethe main period, but
it may be easilymodifiedfor specificapplicationsge.g.,whenmodelingsolarradiationpressureto the
satellites agumentof latitudewith respecto thesuns agumentof latitude.

Fouriercoeficientsof periodicaccelerationsrealsosuitedto modelthe trajectoryof LEOs. However,

the expansionin the Fourier seriescannotbe truncatedafter the first few terms,but mustbe usually
extendedto anumbemwhichis comparabldo the numberof pseudo-stochastgarametershataretypi-

cally estimated Unfortunately the coeficientsof a truncated-ourier seriescannotbe setup efficiently
by simplelinearcombinationsasit is the casefor all typesof pseudo-stochastftarameterdyecaus¢he
basefunctionsin the Fourier seriesexpansionareall linearly independentThe problemof solvingthe
associatedariationalequationganthusbereducednly to numericalquadratureasequation(5.11)still

holds.

The developmentsfrom Sect.5.3.1imply that the conceptof estimatingpiecavise constantacceler
ationsmay be easily extended,e.g., to the estimationof piecavise once-peirevolution accelerations,
whichis attractve, aswell, for modelingLEO trajectoriesLet usthereforebriefly summarizéhe math-
ematicalbackgroundfor estimatingm periodic accelerations:; in predeterminediirectionse(t) for
ti; <t <t,i=1,..,m. Thecontritution of oneparamete’; = A; to f, in (5.12)is of theform
A;-g(t) - e(t) fort,—; <t < t;, whereg(t) describese.g.,the once-peirevolution periodicity The
correspondingariationalequatiorreadsas

g(t)-e(t) ; ti 1 <t<t

0 ;  otherwise (5.44)

EAiZAO'ZAi+A1-Z'Ai+{

In closeanalogyto the caseof piecavise constantaccelerationsliscussedn Sect.5.3.1,the solution
of the variationalequation(5.44) may be efficiently obtainedasa linear combinationof a small setof
numericallyintegratedpartial derivatives. The only differenceresidesin the auxiliary problem(5.21)
which hasto bereplacedy

EA:Ao-ZA—FAl-iA—I-g(t)-e(t) Vit . (5.45)
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Settingupthefirst designmatrix A andtheassociatedonstructiorof thesystenof normalequationsre

essentiastepsn every least-squaregrocedurefollowedby theinversionof the normalequatiormatrix

N and,eventually the computatiornof the modelparametecorrectionswith their standarddeviations.

Unfortunately the involved matrix operationstend to be time consumingfor least-squareproblems
governedby largenumbersf modelparametersThe purposeof this chaptelis, thereforefo analyzethe

structureof the systemof normalequationsassociatedvith reduced-dynamit EO orbit determination
problemsandto developdifferentalgorithmsfor anefficient handlingof the large matrices.

First, we presenthegeneraktructureof the systemof normalequation®f reduced-dynamitEO orbit
determinationWe thenfocuson a simplifiedorbit determinatiorproblemwherepulsesaresetup asthe
only parameterspartfrom the six initial conditions. The structureof this particularsystemof normal
equationswill be exploited to the extent possible,with the goal to develop different methodsfor an
efficient handling of the large matrices. Finally, the presentednethodsare extendedand appliedto
moregeneralorbit determinatiorproblemsthatoccurin practice e.g.,problemswhich aregovernedby
additionalparametertik e carrierphasebiasespr problemswhich arebasedon otherpseudo-stochastic
orbit parameterssuchaspieceavise constanaccelerationsA comprehense summaryof the presented
algebramaybefoundin [Beutleretal., 2006].

6.1 Conventional Least-Squares Adjustment — An Overview

Theorbit determinatiorproblemstreatedn this work areall basedn a least-squareadjustmenbf the
underlyingsystemof obseration equationg4.22). The modelfunction F is specificfor the actualtype
of obserationsusedfor theadjustmente.g. theobserationequationg4.3)and(4.5)have to beusedfor
undifferencedGPScodeandGPScarrierphaseobserations,respeciiely, or correspondingbsenration
equationsvould have to beusedfor otherobserationtypessuchasrange Doppler or directionobsenra-
tions. As aconsequencehefirst designmatrix A andtheresultingnormalequatiommatrix N depencdbn
theobserationtypeto beprocessedTheunderlyingGPS-specifistructuredor reduced-dynamitEO
orbit determinatiorareillustratedin the following for the processingf undifferencedionosphere-free
GPScarrierphaseobsenrations.

6.1.1 Partial Derivatives w.r.t. GPS-Specific Parameters

GPSpseudo-rangandGPScarrierphaseobserationshave to be parametrizedvith therecever clock
offset, C; = ¢ - A, Which hasto be determinecat every measuremergpocht,;. In the absencef
datagaps,a 24h dataarc thusrequiresn, = 2880 offsetsif the measurementare processedt 30s
intenals. In addition,the GPScarrierphaseobserationsrequirean additionalionosphere-fre@hase
biasparameterB,,, = A3 - BE , for eachcontinuousrackingpass.Dueto the rapid motionof a LEO,
seeSect.7.4,the GPSsatellitesareobsered for amaximumof about40min which typically resultsin
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14to 15 passesvith constanambiguitiesfor asingle GPSsatellite.Most of thetime thetotal numberof
carrierphasebiasparameterss thusin theorderof n, =~ 450 — 500 for 24h dataarcs.

The partialderivativesof themodeledr-th GPSobseration F, = h¥ of GPSsatellitek atepocht; with
respecto theclock offsetvector

Ohf
% — (0(1) 0(1,1) 1([) O(H—l) - O(nc)) 5 (61)
arevery simpleandonly setfor the epochthe measuremenwastaken. The sameis alsotrue for the
carrierphaseobserations,whereonly the partial derivative with respecto the involved biasparameter
is non-zeroj.e.,
Ohf

Despitethe similar shapeof (6.1) and(6.2), onehasto keepin mind that carrierphasebiasparameters
aregenerallyvalid for mary obserationepochswhich makesthemfundamentallydifferentfrom epoch-

specificparametersuchastherecever clock offsets.

6.1.2 Partial Derivatives w.r.t. LEO Orbit Parameters

It makessensdo expressthe partial derivatives (4.23) relatedto the r-th obseration andthe orbit pa-
rameterP; with thefunctionszp, definedby (5.7)as

OF,(X)
op;

= (V(F.(X))" - zp, (6.3)

whereF, denotegher-th componentf themodelfunction F'. Its gradientis givenby

OF,(X) 0F,(X) BFT(X)> _ (6.4)

T

(V (F (X)) = < el e
Obsere thatslightly morecomplicatedelations(6.3) would resultif the obserationsdependiot only
on the geocentrigpositionvector but alsoon the geocentriovelocity vector or if they werereferringto
morethanone epoch. The advantageof a formulationof type (6.3) is that only the gradientdepends
onthetypeof the obserations,e.g.,it yieldsthe “leocentric” unit vectorpointing to the corresponding
GPSsatellitewith a negative signfor a LEO-stationbaselineandwith a positive signfor a station-LEO
baselinerespectiely. Thefunctionsz p,, however, arecompletelyindependendf the obserationtype,
which separatetheobsenration-specifi¢geometricpartfrom thedynamicpart,which,in essences the
“interesting”partfor orbit determinationTheformulation(6.3) demonstratetheimpactof theequation
of motion(5.12)onthesystemof obserationequationdy thesolutionsz p, of its associatedariational
equationg5.8).

Let usassumehatthreepulsesV; ; aresetupin thethreepredeterminedirectionse;(t;), 7 = 1,2,3 at
theepochg;,i = 1,...,n — 1 astheonly orbit parametersapartfrom thesix initial conditionsreferring
to 9. Accordingto Sect.5.3.2,the partialderivative zy; ; of thea priori orbit 7o (¢) w.r.t. the parameter
Vi,; readsas

0 ; 1<t

()= & , 6.5
20 (1) kzlﬂokvi,j-zok(t) D E> 8 (6.5)
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6 3 3 --- 3 3
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n

Figure6.1:Non-zero(grey) andzero(white) occupatiorof thefirst designmatrix in the presencef six
initial conditionsandthreepulsessetup attheepochg;,i =1,...,n — 1.

wherez, (t) arethepartialderiativesw.r.t. theinitial conditionsOy, k = 1, ..., 6. Equation(6.5)shavs
thatzy, ;, andasa consequencef (6.3) also ;"f;’j in thefirst designmatrix (seeFig. 6.1 for the orbit
relatedpart),is generallynon-zerdfor all obserationtimest; > t;. Thereforethe partialderivativesof
themodeledGPSobseration F, = h¥ of GPSsatellitek atepocht; with respecto the orbit parameter
vectorreadas

onk  (onk onk onk  onk

whereit is assumedhattheobserationtimet, is partof thesubinteral [¢;, ¢;+1). Thefactthatthepulses
in the pastcontritute to the trajectoryshapein the presenimpliesthatthe numberof active parameters
grows by 3 aftereachepocht;, i = 1,...,n — 1, i.e., from originally only 6 Keplerianelementsn the
subinteral [to,¢1) the numbergrows to atotal 6 + 3 (n — 1) actve parametersn the lastsubinteral
[tn—1,tn). Thestoragerequirementaregroning aboutquadraticallywith the numberof active pulses,
the CPUrequirementgvengrow with theapproximatelythird powver of the numberof active pulses.

Finally andfor alateruse,it shouldbe mentionedhatthe coeficients3p, v; ; canbeidentifiedwith the
partialdervativesof theinitial osculatingelements), w.r.t. thepulsesV; ;. Thus,achangen theinitial
osculatingelementOy, inducedby a changen thepulseV; ; canbecomputedas

00
k, - AVij = Boyvi; - AViy - (6.7)

AO, = £
fT vy,

6.1.3 Structure of the Normal Equation Matrix

Thefirst designmatrix (4.23)of reduced-dynamiorbit determinatioris constructedrom theindividual
contritutions(6.1),(6.6),and(6.2) as

OF(X) (0h 0h Oh
(ao oP aB) ’ (6.8)
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6 Efficient Normal EquationHandling

Figure6.2: Non-zero(black)andzero(white) element®f thenormalequatiomrmatrix of thesystem(6.9).
Theninesub-matricegareseparatedvith blacklines.

which eventuallyyieldsthe completesystemof normalequationg4.26)for theparametecorrectionsas

N¢. N, cp Ny c be
Nye Npp Npp ‘| p = bp . (6.9)
Npe Npp Npp b by

Thestructureof the partitionednormalequatiormatrix of (6.9)is visualizedin Fig. 6.2for a4 h dataarc
of 30s CHAMP datacollectedon DOY 201,2002. N, thusconsistsof 480 clock parametersiVy,, of
54 orbit parameterg Keplerianelements3 constanticcelerationactingover thewholearc,andatotal
of 45 pulsessetup at 6-minuteintenals),and Ny, of 80 biasparametersNotethatthe biasparameters
areorderedn Fig. 6.2 accordingo theirappearance time, andthatnew biasparametertadto be set
up atoneparticularepochfor all GPSsatellites seethe middle of the sub-matrixNp.

It canberecognizedhatthe sub-matrixINp,, is fully populatedThereforejt is notimmediatelyobvious
how to efficiently handletheorbit-relatedpartin the normalequationsystem(6.9), althoughthe specific
structure®f thesub-matricesV,, and Ny, indicateaswell aparticularstructureof thesub-matrixiNy,,
dueto theactvity intenals of thepseudo-stochastmulses.In contrastthevery simplestructuref the
diagonalsub-matricedV.. and Ny, canbe easilyexploited astheir inversesarereadily computed.In
orderto illustratethis, we groupthe orbit andthe carrierphasebiasparametecorrectiongsmallletters)

into
T = ( Z ) . (6.10)

andrewrite the systenof normalequationg6.9) as

Nee Neg c b
. = . 6.11
Accordingto (4.33)and(4.34),therecever clock offsetparametersnaybe pre-eliminatedwhichyields

theupdateof theorbit andcarrierphasebiasparameteras

1

T = (Ngg — Nge N ! Neg) ™ (b — Nge N be) - (6.12)
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After having processedll obserations,z may be back-substitutetlb obtainthe updatedor the clock
offsetsas
c=N_!(be— Nep ) . (6.13)

cc

Notethattheclock offsetsarepre-eliminatea&poch-wisén the Bernesés P SSoftwareVersion5.0[Dach
etal., 2007],i.e., it is usuallynot necessaryo setup (andstore)the entiresub-matrixN.. Therefore,
the back-substitutions actuallynot performedwith (6.13), but by insertingthe updatese of the orbit
andcarrierphasebiasparameterdackinto the obseration equationswhich aresuccessely solvedfor
eachepoch.For this purposepartsof the obseration equatiorarestoredin a scratckfile.

Carrierphasebias parametersnay be pre-eliminatedaswell, e.g.,beforethe inversionof the normal
eguatiormatrix or ateachtime whenamultiple biasparametehasto besetup, but theback-substitution
processcan thenno longer be easily achieed to obtain the estimatedupdatesof the bias and clock
parametersvithout saving large matrices.

Accordingto (4.30),the cofactormatrix of the orbit andcarrierphasebiasparameterollows as
Qze = (Nze — Noe Np! Nez) ™ (6.14)
which allows to finally recover the cofactormatrix of therecever clock offsetsby
Qec = No' + No ' Neg Qe Nue Nt (6.15)

Notethatthe secondermin (6.15)accountdor the errorsof the non-epoctparameterslf onedoesnot
care(too much)abouttoo optimistic estimate®f the recever clock formal errors,this secondermcan
be ngylectedasits computatiormaybe CPUtime- andmemory-intensie.

6.2 Structure of Normal Equations related to Orbit Parameters

Thestructureof the orbit-relatedparts Ny, andb,, in the normalequationsystem(6.9) is importantfor

theunderstandingf the efficient methodgo be discussedh this chapterBecauset is only thegradient
(6.4)thatdepend®nthetypeof theobserationsin thepartialderivatives(6.3), thestructureof N, and
b, doesnot changeif reduced-dynamiorbit determinatioris performedwith otherobserationsthan
undifferencedGPScarrier phasemeasurementsln the following, we thereforederive the underlying
structurefor a simplified orbit determinatiorproblemwith initial conditionsand pulsesbeingthe only

parameters.

Thecorrectionequation(4.24)of ther-th obseration of this orbit determinatiorproblemreadsas

6 % 3
OF, OF,
€ = -0k+22—-vm,j—l,«, (6.16)

whereog, k = 1,...,6 andv; ;, j = 1,...,3 denotethe correctionsto six initial conditionsandthree
pulsesateachepocht;, i = 1,...,n — 1, respectiely, andwhereit is assumedhatthe obserationtime
t; is partof thesubinteral [t;, ¢;11). Therelations(6.3)and(6.5)yield

OF,
BVm,J

6
= (VE)" 2z, , = (VE)" -3 Bowv, - 20, (1) , (6.17)
k=1
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6 Efficient Normal EquationHandling

thusthe correctionequation(6.16)canberearranges

6 i 3
€ = Z (VFT)T “ 20y (Ok -+ Z Zﬁokvm,j . 'Um,j) -1, . (6.18)

k=1 m=1j=1

Thetermin parenthesebasanimportantmeaningfor a later use: it doesnot representhe “initially”
solvedfor correctionto the osculatingelementO,, at ¢y, whichwould fully characterizehe solutionof
this particularorbit determinatiorproblemin thesubinteral [tg, ¢1); it representsaccordingo (6.7),the
correctiono; ;; to a differentinitial osculatingelementO; ;, att, whichfully characterizeshe solution
in the subinteral [¢;,¢;+1) afterthe occurrenceof the 37 pulses. The correctionequation(6.18)illus-
tratesthatorbit determinatiorbasedon pulsesmay alsobe understoodisa specialcaseof the short-arc
parametrizatiorirom Sect.5.3.4whenaskingfor continuity at the short-ardooundariesThe properties
of thenewly definedosculatingelements); ;, att, will beexploitedin Sect.6.3.

Sincethe pulseepochdlivide theorbital arcinto n subinterals, it is advisableo write all n,,, correction
equationf thesubinteral I; = [¢;,t;+1) in aconvenientmatrix notation

e, =A;0+ A; XZ:Bmvm—li, (6.19)
m=1
with thecolumnarrays
e; of theresidualf subinteral I;,
l; ofthetermsO-Cof subinteral I,
o of thecorrectiongo theinitial osculatingelementsand
v; of thepulsecorrectionsatepocht;.

Thematrix

A; denotesthe n,, x 6 first designmatrix of the subinteral I; relatedto the six initial osculating
elementand

B, denoteshe6 x 3 coeficientmatrixdefinedby B, x.;1 = Bo, v, ;-

Takingthe correctionequationf all subinterals I;, i = 0, ..., n — 1 into accountthe completesystem
of normalequationg4.26)readsin the abose matrix notationas

n—1 n—1
N > NiB;y --- > N;B,_ AT Pl
i=1 i:nfll o Tn_l T
n_ n_ BT'Y, AT P;1;
Bl > N;,B;, --- Bl Y N;B, v ! i§1 o
i=1 i=n—1 . . = ’
—1
ol Vp-1 BT | 'S AT P,
35—1, >, N;B, n_li:%:fl o
1=n—1
(6.20)

whereN,; = AZ-T P; A; is that partassociatedvith the obserationintenal I; of the normalequation
matrix relatedto the six initial osculatingelements. In analogy A! P;; is the contritution of the
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6.3 RapidSolutionStratgy

samesubinteral to theright-handsideof the normalequationsystenrelatedto the six initial osculating
elementsObsenre that

n—1 n—1
N=>Y ATP;A; and ATPI=) AT Pl (6.21)
i=0 1=0

arethenormalequatiomrmatrix andtheright-handsideof thenormalequatiorsystenof thedeterministic
problem,respectiely. They would resultif no pulseswould have beensetup. Obviously, the contriku-
tions N; and A} P;l;,i = 0,...,n — 1 donotonly form the completesystemof normalequationgor
dynamicPODaccordingo (6.21),they aretogethemwith the matricesB; alsothebuilding blocksof the
completesystemof normalequationg6.20) for reduced-dynami®OD basedon pulses. This implies
thatthe entiresystem(6.20) may be setup efficiently, becauseall matricesareof smalldimensions.In
orderto minimizeCPUtime, it isrecommendetb setupthenormalequatiommatrix of (6.20)asfollows:

o thebasicbuilding blocksarethe partialsumsy_7~! A] P; A;,i = n — 1,...,0. As indicatedby
this sequencethesesumsarebestformedstartingwith : = n — 1 andendingwith 7 = 0, which
eventuallyalsoyieldsthe contritution (6.21),

¢ thesub-matricedn thefirst row arethensimply formedfor the columnsi > 0 by multiplying the
partialsumszzl:‘i1 AT P A, from the previousstepfrom theright with the matricesB;, and

e the sub-matricesn columnsi > 0 androws 0 < k < i arefinally obtainedby multiplying the
matricesy_—.! N; B; from the previous stepfrom theleft with the matricesB7 .

Similarruleshold for anefficient setup of theright-handsideof the normalequationsystem(6.20).

Equation(6.20)illustrateshatthenormalequatiormatrix hasasimplestructure However, its dimension
is linearly growing with the numberof subinterals, which makes the processingCPU time-intensie
for large numbersof pseudo-stochastjgarametersnainly dueto theinversion. Unfortunatelyit is not
possibleo applytheparametepre-eliminatiortechniqugseeSect4.4.1)to ary of thepseudo-stochastic
parameterbeforetheverylastobsenrationis incorporatednto the systemof normalequationsThiscan
be seenfrom the uppersummationimits in (6.20)which all includethe very lastsubinteral. A rapid
solutionstratgy basednthe presentedtructures thusrequired.

6.3 Rapid Solution Strategy

The correctionequation(6.18)implicitly introducedhetransformation

3
0i=0+ Y Bpuvn, (6.22)
m=1
betweerthe*initially” solvedfor correctionso to thea priori valuesof theinitial osculatingelementsO
att, (subsequentlylenotedasoy) andthe correctionso; to the a priori valuesof theinitial osculating
elements0; at t, which definethe solutionin the subinteral [¢;,¢;.1). For the following algebra,it
is corvenientto definethe transformation(6.22) recursiely, andin reverseorder betweensubsequent

subinteralsas
o = o ; 1=0

0;—1 = O; _Bivi = (Iﬁ _BZ) . < 0; ) : ZZ 1 ) (623)

v;

wherely denotegheidentity matrix of dimensior.
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6 Efficient Normal EquationHandling

6.3.1 Collection of Observations

First, we considerthe systemof normal equationsn the presenceof initial conditionsand pulsesin
its initial stagesduring the collection of the GPSobsenrations. Let us assumehat we alreadyhave
incorporatedll obserationsfor timest; < ¢; andthatthe systemmaybewrittenin areducedorm as

N;_10i_1=b;_1 . (6.24)

The normalequationmatrix IN;_; andthe right-handsideb;_; of the normalequationsystem(6.24)
may be computedrom the contritutionsto the normalequatiorsystemof the deterministigoroblemfor
theobserationtimest; < t;,i.e.,from N; andb;, [ =0, ...,i — 1, as

N, = Ny i1

by = b P e

o o (6.25)
Ni : 51_2+Ni—1 >0

b1 = bi_z + b1

with N,_, andb;_, to bedefinedaterby (6.28).

The normalequationsystem(6.24) may be expandednto a systemin the unknavns o; andwv; by re-
placingo;_; ontheleft-handsidewith the transformation(6.23),andby multiplying both sidesof the
normalequatiorsystem(6.24)from theleft with thematrix (Is — Bi)T.

N —N,_1B; o \ _ bi1
( _BzTNifl BZTNZ',1 B; ) ( v; | _BzTBF1 . (6.26)

The system(6.26) is the key to a mostefficient solutionof our orbit determinatiorproblem. Accord-
ing to the correctionequation(6.18),the modeledobserationscontainedn the following subinterals
I, I;14,...,I,_1 do not dependon the termswv; explicitly astheir influenceis alreadytaken into ac-
countby the osculatingelementso;, seealso Sect.6.3.4. It is thus possibleto apply the parameter
pre-eliminationtechnique(seeSect.4.4.1)to the pseudo-stochastigarameters.The normal equation
systenreadsafterthe pre-eliminatioras

N oi—F. (6.27)
with -1
N, = Niw - NiuBi (BINi.B)) BINi (6.28)
—x . N N N - b |
b, 1 = bi.1 — N;,.1B; (BzT Ni-1 Bi) B, biy

Obsere thata priori weightsof the pseudo-stochastjgarametergseeSect.4.4.2),e.g.,in the form of
absoluteconstraintgyiven by anidenticalweightmatrix

W =02 C;l (6.29)

for all pulseepochshave to be addedprior to the pre-eliminatiorto the sub-matrixBY N;_; B; of the
normalequationmatrix in (6.26). If pseudo-stochastjgarameterseferringto differentepochsshallbe
constraineadvith respecto eachother e.g.,in the form of relative constraintsit is necessaryo modify
theherepresentegbre-eliminatiorstep.
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In analogyto the equationg6.25)and(6.28),theweightedsums;_; of thetermsO-C for obseration
timest; < t; canbeestablisheds

50 = I Pyl si=1
(6.30)
Sici = S+l Pialig 5 022
with
_* .o =T pp— —1
5i0 = 51 — b_Bi (BIN;1B;) Bl'b 1 (6.31)

whichis neededor the computatiorof the a posterioristandardieviation of unit weight.

6.3.2 Intermediate Solution

The procedureoutlined by the equationg6.24), (6.26), (6.27), and (6.25) hasto be repeateduntil the
very lastobseration of the subinteral I,,_; is incorporatednto the reducednormalequationsystem.
After completionof the datacollection,we maysolwe for theinitial osculatingelementorrectionso,, 1
of thelastsubinteral I,,_; by

Op—1 = N;il Enfl = Qon_lon_l Enfl > (632)

where
Qo,_,0,_, isthecofactormatrix of thesolvedfor correctionso,,_;.

The solution (6.32) shavs that thereis no needto computethe “intermediary” correctionso;_1, i =
1,...,n — 1 duringdatacollection. They would actuallyrepresenthefilter solutionsbasedn all obser
vationsof theintenal [ty, t;), sSeeSect.6.6.2.

The estimated(a posteriori)standarddeviation of unit weightis computedaccordingto the formulas
(4.28)and(4.29)as

_ T 5
my = \/S"‘1 Of"—l nol. (6.33)

which eventuallyyieldsthe covariancematrix of theadjustedrbital elements:

-~—1
Con—lon—l = mg Qon—lon—l = m% Nn—l - (634)

6.3.3 Back-Substitution for the Final Solution

In orderto outline the back-substitutiorprocesdor the correctionso;—; andwv;, i = n — 1,...,1, it is
advisableto analyzethe normalequationsystemwhich would have resultedafter the incorporationof
all obserations,but without having performedhe pre-eliminatiorof v,, ; attimet,, ;. Thissystemis
obtainedfrom (6.26) by updatingthe sub-matrixINV,,_» andthe sub-arrayb,, » (replacetheindex i by
n — 1in (6.26))accordingo

NWn—l = Wn—2‘|'-l\rn—1 (635)

bnfl = bn72 + bn,1
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6 Efficient Normal EquationHandling

andby not pre-eliminatingw,,_; in (6.26). The resultingsystemof normalequationghusreadsat the
endof thevery lastsubinteral as

N1 ~NnoBr ) (Ot ) [ by (6.36)
-BT 'N,» B /N, 2B, V1 -BT b, 5 )’
becausehe influenceof the obserationsof the lastsubinteral is alreadytakeninto accountby o,, 1.

Basedon the alreadyknown correctionso,—; by (6.32),the correctionsv,,_; to the a priori valuesof
the pseudo-stochastfmulsesatt,, ;1 maybecomputedas

— —1 _ _
Vp—1 = (35_1 Ny Bn—l) (37{71 N, 20,1 — B, bn—2) ) (6.37)

i.e.,they maybecomputedby circum\entingthetermsﬁn,l andin,l in (6.36).

The procedureoutlinedby (6.36)and(6.37) may be repeatedor the computatiorof the remainingcor
rectionsv;, i = n— 2, ..., 1 in conjunctionwith the previousandalternatecomputatiorof thecorrections
o0;, 1 = n — 2,...,0 usingthe transformation(6.23). Finally, all pulsecorrectionsandthe “initially”
solvedfor correctionsoy areobtained.

Covariance Matrix

In orderto outlinethe back-substitutioprocesdgor the covariancematrix of theadjustedulseswe start
deriving theinversematrix of the normalequationmatrix on theleft-handsideof (6.36). As we already
know the cofactormatrix Qo _,.,_, Of theadjustedorbital elementgrom (6.32),we mayfocuson the
computatiorof thesub-matrice®€)o_ _,»,_, andQy, _,»,_, IN

ﬁnfl _anQ anl . Qon—lon—l QOn—117n_1 — IG 0 6.38
T =7 T =75 T ) ( . )
_Bn—l NH—Q Bn—l Nn—2 Bn—l O, _1Vp_1 Qvn—117n_1 0 I3

wherelI;, denotegheidentity matrix of dimensionk. Dueto the knowledgeof matrix Qo, _,o,_,, the
missingpartsof theentirecofactormatrixin (6.38) maybe obtainedwithoutinversionas
- T = -1
Qon_l'vn_l = Qon_lon_l Nn—2 Bn—l (Bn_l Nn—2 Bn—l) (639)
and
T == —1 T =
Qu, v, = (Br 1 No2Bn1) (I5+B}_ N sQo,_,_,) (6.40)
which eventuallyyieldsthe covariancematrix of thelastsetof adjustedpulses:
Co, v,y =Mf Qu,_,v,_, - (6.41)

The procedureoutlinedby the equationg6.38), (6.39), and (6.40) may be repeatedreplacethe index
n — 1 by ¢) for the computationof the remainingsub-matrice€Q,.,, aNdQy,»,, ¢ = n — 2,...,1 in
conjunctionwith the previous and alternatecomputationof the sub-matriceQo,0,, = n — 2,...,0,
which may be obtainedby applyingthe generallaw of error propagation(4.32) on the transformation
(6.23)as
Qo-o- Qo-'u- I6
0., =g —B;)- e E . 6.42

Qol_lo,_l ( 6 Z) ( Zmi Qvim _BzT ( )
Finally, all cofactor (and covariance)matricesof the adjustedpulsesand of the “initially” solved for
orbital elementcorrectionso, areobtained.
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6.3.4 Structure of Transformed Normal Equations

For the sale of completenessye includethe completesystemof normalequationdor the orbital ele-
mentcorrectionso,,_; andthe pulsecorrectionsv;, i« = 1,...,n — 1. This systemwould be obtained
by transformingthe orbital elementcorrectionswithout pre-eliminatingthe pulsecorrectionsw; atthe
epochg;,i=1,...,n — 1, andwould readas

0 n—2
N - N;B; — > N;B, AT Pl
i:(()) i:(()) Op_1 T 0 AT
BTYN;,B, --- BTY N;B, v —B; i;) i Pili
i=0 i=0 . _ =
n_2' Vp—1 _BT n—2 ATP .
BZ;—I 20 NZ B'n—l n—1 Zé:() 7 1 lz
1=

(6.43)
Obsere the differencein the uppersummationlimits of the normal equationsystem(6.43) and the
untransformeaystem(6.20). They illustrate(oncemore)thatthe pulsesv; maybe pre-eliminatedafter
having processethe obserationsin theintenal [ty, ;), 7 = 1, ...,n — 1 thanksto thetransformatiorof
theinitial osculatingelements.

6.4 Considering Additional Parameters

Theconsideredrbit determinatiorproblemin Sects6.2and6.3wasgovernedby six initial conditions
and by a userspecifiednumberof pseudo-stochastipulsesonly. This caseactuallyis importantin
practice,e.g.,it occursif satellitepositionsareusedaspseudo-obseatiors for a furtherorbit analysis
asin Sect.9.2. In mostcaseshowever, the modelfunctioncontainamary moreparameterse.g.,carrier
phasebias parametersf GPSphaseobserablesare processedwhich may vastly outhumberall other
parameters.

It is thusimportantto adda few commentshow the efficient methodsfrom Sects.6.2 and6.3 canbe
extendedo copewith moregenerabrbit determinatiorproblems.

6.4.1 Structure of the Normal Equation System

In orderto benefitfrom the structureof the normalequationsystem(6.20) of the orbit determination
problemconsideregofar (andfrom its efficient setup), we formally considetthe additionalparameters
as“deterministicorbit parameters’anddefinea generalizedrrayof parameters

o = (oT p1 .- p5) , (6.44)

wherer is the numberof additionalparametersAs a consequencehe dimensionof the contritutions

N; andﬁiT P;l;,i =0,...,n—1tothesystemof normalequationg6.20)arenolongersix squarednd
six, respectiely, but (much)larger Of coursethe coeficient matriceshave to beredefinecaswell as

= ) Bowvn,; 3 1<k<Z6
Bm[k;j]_{o £ c T<k<m (6.45)

Usingthe formalismof the equationg6.44)and(6.45),the normalequationsystemof the generalized
orbit determinatiorproblemis formally identicalto the normalequationsystem(6.20)of the originally
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6 Efficient Normal EquationHandling

studiedorbit determinatiorproblem.In particular the outlinedrulesfor anefficient setup of thenormal
equatiommatrix remainunchangedwWhetheror notthe proceduras efficientdepend®n thedimensions
of thetermsof the partialsumsandon thedimension®f the partialsums.

The dimensionsof the termsof the partial sumsandthe dimensionsof all partial sumsarethe same,
if theadditionalparametersccurin all subinterals, e.g.,if the additionalparametersredeterministic
orbit parameterselatedto anair dragor aradiationpressuranodel.n this casetheprocedurdoecomes
inevitably inefficientif thenumberof theseadditionalparameterss large,i.e., comparabléo thenumber
of pseudo-stochastirbit parameters.

Otherparametersuchastherecever clock correctionsor the carrierphasebiasesareonly active atone
epochor during the comparatiely shorttrackingpasse®f the GPSsatellites respectiely, andshould
be pre-eliminatedassoonaspossibledueto their occurrencen large numbers Whereagecever clock
correctionsmay still be pre-eliminatedepoch-wisgseeSect.6.1.3),the pre-eliminationof the carrier
phasebiasesmay e.g.,be synchronizedvith the subinteral boundariegseeSect.6.4.2). In this case,
theefficiengy of the solutionmethodis hardly affectedby the additionalparametersseeSect.6.6.3.

6.4.2 Rapid Solution Strategy

In orderto benefitfrom the rapid solution stratgy from Sect.6.3, we distinguishbetweenadditional
parametersccurringin all subinterals, e.g.,deterministicorbit parametersandadditionalparameters
whichmayor maynotbepre-eliminatedttheendof thesubinterals, e.g.,carrierphasebiasparameters.
As a consequenceye have to generalizg(6.26)to containa parametearray o; with the array o; and
additionaln; parameterswhich arenot subjectto pre-eliminatiomattime ¢;, anda parametearray

51-T = (’u;‘r Pl - p;ni) , (6.46)

which containsadditionalm; parameterso be pre-eliminatedattime ¢;. Theindicesfor thenumbersy;
andm; indicatethatwe have to keeptrack of subinteral-dependet parametearrayso; andwv; (with
subinteral-dependnt dimensions}o be retainedandeliminatedat the endof the subinterals, respec-
tively.

Whetheror nottheresultingalgorithmis efficientdependsiimostuniquelyon the dimensionf thear-
rayso;. Evenin thecaseof processingloublydifferencedphaseobserablesbetweeraspaceborneEO
recever anda multitudeof groundstationrecevers, the dimensionsf the arrayso; remainmoderatly
small,which doesnot harmthe efficiency of thesolutionstratgy very much,seeSect.6.6.3.

6.5 Estimating Acceleration Parameters

Section6.4generalizedheorbitdeterminatiorproblemby includingadditionalparametersin thecourse
of a further generalizationye focusagainon the pseudo-stochastirbit modelandreplacethe pulses
by pieceavise constantaccelerations.The forthcomingupgradethus requiresminor adaptionsof the
algorithmspresentedofar.

Let usassumehatthreeaccelerationsl; ; aresetupin threepredeterminedirectionse;(t), j = 1,2,3
in thesubinterals[t;_1,t;), i = 1, ..., n astheonly orbit parameterapartfrom thesix initial conditions
referringto #o. Accordingto Sect.5.3.1,the partialderivative z 4, ; of thea priori orbit ro(t) w.r.t. the
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3 3 3

tn-1
t

n

Figure6.3: Non-zero(non-white)andzero(white) occupatiorof thefirst designmatrixin thepresencef
sixinitial conditionsandthreepiecaviseconstanticcelerationfor theintenals|t;_1,t;),7 =
1,...,n. Thefirst non-zerantenals (primed)of all accelerationsequirea specialttreatment.

parameterd; ; readsas
0 ;o t<tig

6
2ag() =4 G 0ot o) s st (6.47)

6
kzl oA (ti) - zo, (1) 5 t>1;

Equation(6.5) shavs that z 4, ;, andasa consequencef (6.3) alsoaaA—I?j in thefirst designmatrix (see
Fig. 6.3), is generallynon-zerofor all obseration timest; > ¢,_1. This implies thatthe numberof
active parametersgs increasedy 3 after eachepocht;, i = 0,...,n — 1, i.e., from originally only 6
Keplerianelementsand 3 accelerationén the subinteral [to,¢1) the numbergrowns to atotal 6 + 3 n
actve parameters thelastsubinteral [¢,, 1, ,). Similarto thecaseof pulsesthestoragaequirements
aregrowing quadraticallywith the numberof active accelerationsTheonly differencesnerelyresidein
thetotal numberof parameter§3 n insteadof 3 (n — 1)) andin the specialtreatmenbf the subinterals
[ti—1,t;) for theparametersl; ;, j = 1,2, 3.

6.5.1 Changes in the Structure of Normal Equations

In orderto highlight the structureof the systemof normal equationsassociatedvith the considered
orbit determinatiorproblem,we write in analogyto (6.19)all n,, correctionequation®f thesubinteral
I; = [t;, t;+1) in aconvenientmatrix notation

i
€ =A;0+ A; Z By, am + Agcciv1 aiv1 — 1, (6.48)

m=1
where
Agcc,i+1 1S thefirstdesignmatrix of thesubinteral I; relatedto theaccelerationsd;; and

B, isthecoeficientmatrix definedby B,,j.;; = ao,a,, ; (ti)-
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It is convenientto usethe samedesignatiorfor the coeficient matricesB,,, for bothtypesof pseudo-
stochastianodelingto underlinethe analoguestructureof the systemof normalequations.Takingthe

correctionequationf all subinterals I;, i = 0, ...,n — 1 into accountthe completenormalequation
matrix may be written in the abose matrix notationasthe sum of the normalequationmatrix (6.20),

expandedoy a 0 line andcolumnfor thelastacceleratiortorrectionsa,,, andthe matrix

0 Ag PO Aacc,l e A")Z';—Q Pn72 Aacc,nfl A;Z;_1 Pnfl Aacc,n

ch;cc,l Py Aacc,l T B{ A£72 Py, Aacc,n—l B’{ Ag;,l P, Aacc,n

' : : , (6.49)

Agccan*1 L Aacc,n—l Bqull A%Ll P, Aacc,n
AT Pn—l Aacc,n

acc,n

which takesthe contritutions of the piecavise constantaccelerationn their subinterals into account.
Theright-handsideof the completenormalequatiorsystemmaybewritten asthe sumof theright-hand
side(6.20),expandedby a0 line for thelastacceleratiortorrectionsa,,, andthearray

0

ch;cc,l Pyl (6 50)

AT Pn—l ln—l

acc,n

6.5.2 Changes for the Rapid Solution Strategy

The transformation(6.22) is also in the centerof interestfor adaptingthe algorithm of Sect.6.3 to
pieceavise constantccelerationsThearrayo;, hovever, mustbe understoodn a differentway, namely
ascorrectiongo the a priori valuesof the initial osculatingelementd0; att, of the particularsolution
which solvesthe equatiorof motionin thesubinteral [¢;,¢;11). BothparametearraysO; andA;; are
necessaryn the presencef accelerationso fully characterizehe particularsolutionin the subinteral

[tistiv1)-
In orderto performtherapidsolutionstrat@y, it is necessaryo modify thetransformatior(6.23)to

a a
O;_1 . IG —Bi O; L

The collectionof obserations,however, follows the alreadyestablishegattern. Let usthereforecon-
sider the systemof normal equationsin the presenceof initial conditionsand accelerationsvith all
obserationsalreadyincorporatedor obserationstimest; < t;, andlet usassumehatthis systemmay
bewrittenas
N, Al P Ay 01\ bi1
T T . = T : (6.52)
AgeeiPic1 Aicr Agee; Pic1 Agecyi a; Ageei Pic1liz

accyt

(6.51)

Unlike thenormalequatiorsystem(6.24)of the pulseprocessingthe system(6.52)alwaysincludesone
setof acceleratiortorrectionsa; andthe associatedomponent®f the normalequationmatrix andthe
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right-handside. Thesub-matrixIV,_; andthesub-\ectorb;_; of thenormalequatiorsystem(6.52)may
still becomputedvith thesamerelations(6.25)alreadyestablishein Sect.6.3,butwith N',_, andb;_,
defineddifferently

The normal equationsystem(6.52) may be transformednto a systemin the unknavns o; anda; by
replacingthe parametewectoron the left-handsidewith the transformation(6.51),andby multiplying
bothsidesof the normalequatiorsystem(6.52)from theleft with thetransposetransformatiommatrix,
which yields a new systemsimilar to (6.26). As the modeledobserationscontainedn the following
subinteralsdonotdependnthetermsa; explicitly, it is possibleo applytheparametepre-elimination
technique(seeSect.4.4.1)to the pseudo-stochastgarametersThe normalequationsystemmay thus
bewritten afterthe pre-eliminatioras

%

N; 0i=0b; , (6.53)

with N, andEZ‘_1 defineddifferently from (6.28)dueto theadditionalcomponentsn (6.52). Finally,
the normalequationsystem(6.53) may be againexpandednto a systemin the unknavns o; anda,; 1
with thetransformation

0; = (I 0)-( 9 ) (6.54)

andby multiplying bothsidesof thenormalequatiorsystem(6.53)from theleft with thematrix (I 0)”
to bereadyfor the collectionof the obserationsfrom the next subinteral.

In a similar way, the computatiorof anintermediatesolutionandthe back-substitutiorfor the final so-
lution have to beadapted.

Finally, it shouldbe mentionedthat the computationof the covariancematrix of the position (andve-
locity) vector at epochst of the subinterals [¢;,t;41), # = 0,...,n — 1 by the generallaw of error
propagation4.32) requiresnot only the covariancematrix associatedavith o; asin the caseof pulses,
but the covariancematrix associatedvith o; anda;.1, becauseghe improved orbit is written in each
subinteral as

6
r(t) =ro(t) + > (1) - @it1,j - (6.55)
k=1

Obsere that the partial derivatives of the a priori orbit 7, (¢) w.r.t. the six osculatingelements0; are
identicalto thosew.r.t. the “initially” solved for osculatingelementsD. Comparedo the corventional
processingthe covariancematrix of the positionandvelocity vectormaybe obtainedvery efficiently.

6.6 Numerical Experiments

In orderto demonstratéhe operationaliseof theefficientnormalequatiorhandling,afew numericalex-

amplesarepresentedh thefollowing with CHAMP datafrom DOY 198,2002.0Onthatday, thetracking
performancef the BlackJackrecever wasnominalwith about22500 codeandphaseobsenrationscol-

lectedon bothcarriersevery 30s. Theionosphere-freeodeandphaseobserationswereprocessedn a

HP Compamc6000notebookwith a 1.6 GHz processqmwhich shouldbe keptin mind whencomparing
theresultsfrom the performanceestswith resultsfrom differenttestervironments.
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Figure6.4: Differencesdetweenthe corventionalandthe rapid solutionstrategy for along-trackpiece-

wise constantaccelerationgleft) andalong-trackorbit positions(right).

6.6.1 Equivalence of Solutions

Comparedo thecorventionalprocessingtherearemajordifferencesn thehandlingof thenormalequa-
tions for the rapid solutionstratgy discussedn Sect.6.5.2. Differentorbits may resultfor thesetwo
approachesFigure 6.4 (left) depictsthe differencedn the along-trackdirectionof (constrainedpiece-
wiseconstantccelerationsstimateaver 15min for bothapproachedespitethealgebraicequivalence
of bothmethodssmalldifferencesoccur Thealong-trackacceleratiordifferencesndicatean excellent
agreementor thefirst half of DOY 198, followed by a suddenincreaseof the quasi-periodidehaior.
Theobsered patternis probablydueto numericalproblemswhich areaccumulatediuringthe process-
ing, andthustendto shaw up ontheright-handsideof Fig. 6.4 (left). This might be causedy thevast
numberof manipulationswvith small matricesnecessaryor the rapid solution,althoughit is difficult to
attribute this behaior to oneor the othermethod.lt is interestingto note,however, thatthe signof the
acceleratiordifferencesften changesn adjacentsubinterals, indicatingthat the impacton the orbit
differencess small. Figure6.4 (right) confirmsthesmallnes®f theimpactontheorbit asanalong-track
drift of half amillimeter perday indicatinga slightly wrongmeanmotion. It shouldbe mentionedhat
no drifts larger than1 mm per day have beenobsered, andthatthe radial and cross-trackcomponents
donotshaw ary differencesatall, i.e.,if presentthey arebelov 0.05mm.

6.6.2 Intermediary Filter Solutions

It waspointedout in Sect.6.3.2thatthe filter solutionsof the consideredrbit determinatiorproblem
mightbe madeavailableeasilyon requestwhichis anadwantagecomparedo the corventionalprocess-
ing. It mustbe mentioned however, thatour definition of a “filter” solutionmight differ slightly from
otherterminologies:it representshe least-squaresolutionof the consideredrbit determinatiorprob-
lembasedn all obserationsfrom theveryfirst epochto theactuallyprocesseeépoch.Thisimpliesthat
theorbit trajectoryis still representetly pseudo-stochastgarameterse.g.,setup every n-th minute. A
new filter solutionis thusprovidedonly every n-th minuteaswell, andnotaftereachnewly incorporated
obseration epoch. Only in the specialcaseof pseudo-stochastigarametersetup at the obseration
samplingrate, our algorithm should provide equivalent solutionsto “classical” filter solutionswhere
stochastiparameteraresetup atevery measuremergpoch.
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Figure6.5: Along-trackorbit differencedetweerfilter andleast-squaresolutions.

Figure6.5 shaws the along-trackorbit differencesetweerthe least-squaresolutionfor anorbit deter
minationbasedon pieceavise constantaccelerationgstimatedover 15min anddifferentfilter solutions.
Thefilter trajectoriesverecomputedvheneer a batchof 15min of datahasbeencollected whereashe
least-squaresolution(lastfilter solution)wascomputedafterthe datacollectionin theback-substitution
process.It canberecognizedhatlarge differencesoccurfor the first 15min which may be attributed
to aweakdeterminatiorof the orbit parameterérom a worth of 15min dataonly (filter initialization).
Theconsisteng betweertheindividualfilter solutionsandthefinal least-squaresolutionsdramatically
improvesif longerdatabatchesare processede.g., sub-millimeterdifferencesat the beginning of the
orbital arc arereachedor a batchof 8h. However, Fig. 6.5 also shavs that the orbit solutionis not
very well constrainedy thetrackingdataat the end(s)of the processetime spanwhich canbe seenn
this experimentattheright-endsof theindividual filter solutions.The orbit consisteng maybe severely
degradedby several centimetersyhich is anissuethatonehasto keepin mind whenperformingorbit
validationby overlapanalysig(seeSect.7.9.4).

6.6.3 Performance Tests

The developmentsgresentedn this chapterwere motivatedby improving the efficiencgy of the normal
equationhandling. Figure 6.6 (left) shavs the CPU executiontimes for an orbit determinationwith
pulsedor DOY 198in thedescribedestervironmentusingcodezerodifferenceobserationsonly. The
corventionalprocessingthe exploitation of the normalequationstructure andthe rapid algorithmare
comparedor differentspacingof the pseudo-stochastjoulses.Note thatthe recever clock offsetsare
epoch-wisgre-eliminatedor all threemethodsompared.

It canbeseerthatthe computatiortimesvary for ordersof magnitudewith thelengthof thesubinterals,
which aredirectly relatedto thenumberof solvedfor parameter§291 and8643for pulsesavery 15min
and30s, respeciiely, including 6 initial conditions).Obviously, the rapid solutionstratgy is by more
thantwo ordersof magnitudemoreefficientthanthealternatve two methodsif pseudo-stochastjmulses
are setup at the obseration samplingrate of 30s. On the otherhand, it is remarkableaswell, that
the exploitation of the normal equationstructureis comparableo the rapid solution stratgy in terms
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Figure6.6: CPU executiontimesfor orbit determinatiorwith pulsessetup at differentintenals using
undifferencedsPScode(left) or phaseobserations(right). Comparedaretherapidsolution
strat@y, the exploitationof the normalequationstructure andthe corventionalprocessing.

of efficiengy, if pseudo-stochastipulsesare solved for at moderaterates,e.g., every 6-minutesasit
is commonlydonefor CHAMP and GRACE orbit determination(seeChapter7). The conventional
processingshawvs a substantiallydifferentperformancecomparedo the othertwo methods:the slope
of the curwe indicatesthatthe performancés muchworseandstill dominatedby the processof setting
up the normalequationsystemwhich is proportionalto the dimensionsquaredf the normalequation
matrix.

Concerningthe exploitation of the normalequationstructure Fig. 6.6 (left) shavs thatthe CPU times
aredominatedby the inversionof the completenormalequationmatrix for subinteral lengthsshorter
thanabout4 min. This canbe seenby the steepeislopecomparedo the corventionalmethod,which
is proportionalto the dimensioncubed(insteadof squared)of the normal equationmatrix dueto the
inversion. It hasto be expected,however, that both curves becomeparallel,if the CPU timesof the
conventionalmethodare dominatedaswell by the inversionof the completenormal equationmatrix,
i.e., if the lengthof the subinterals tendsto zero. For subinteral lengthslonger than about4 min,
the inversionbecomesgligible andthe CPU times are thus dominatedby the requiredtime for the
collectionof theobserations.Comparedo thecorventionalmethod however, datacollectionis roughly
oneorderof magnituddesstime consuming.

Thetime for the inversionof the reducedchormalequationmatrix is noissueat all for the rapid solution
stratgy. Figure6.6 (left) shavs thatthe CPUtimesaredominatedy the datacollectionprocedurdor
all subinteral lengths.Evenfor 30s subinterals the pre-eliminationandback-substitutiorare at least
oneorderof magnituddesstime consuminghanthe datacollection. Only for very high samplingrates
thealgorithmicpartmight eventuallydominatethedatacollectionpart.

The performanceof the threemethodsfor piecavise constantaccelerationss almostidenticalto that
presentedn Fig. 6.6 (left) andneednotbe shavn here.Theonly differenceis afew additionalseconds
of CPU time spentin the datacollection procedurewhich is attributed to the slightly larger number
of parametergone additionalsetof threeaccelerations)andto the specialhandlingof thefirst active
subinteral of eachsetof accelerations.
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Zero Difference Phase Observations

Figure 6.6 (right) shawvs the CPU timesfor an orbit determinatiorwith pulsesfor DOY 198 usingthe

phasezero differenceobserationsonly, which makesit necessaryo solwe for 475 additionalcarrier
phasebiasterms.Becausehey arepre-eliminatedit the subinteral boundariesssoonaspossiblethe

CPU timesdo not changedramaticallycomparedo Fig. 6.6 (left). The overall behaior of the three
methodsemainsbasicallythe samefor the processingf codeandphasezerodifferenceobserations.
Theonly differenceresidesn slightly larger processindimes,e.g.,for 1 min subinterals the runstake

now 40min insteadof 38min, 13min insteadof 9 min, and12sinsteadof 8s, respectiely. Thereason
for this moderatancreaseof the CPUtimesis thatthe carrierphasebiastermsareonly active during

comparatiely shorttime intenals. As the BlackJackrecever wasrestrictedon DOY 198 to track up

to 10 GPSsatellitesat maximum,the numberof active phasebiastermswasusuallybelav 30in each
subinteral, if the correspondindpiasparametersirepre-eliminatedas soonasthe correspondingsPS
satellitesetsbelav the local horizon of the CHAMP antenna.Despitethe large numberof additional
phasebiasterms theirimpacton the CPUtimesthereforeremainssmall.

It shouldbe mentionedhatit is alsopossibleto not pre-eliminatehe carrierphaseambiguitiesg.g.,for
therapidsolutionstratgy. A discussiorabouttheresultingperformancenaybefoundin [Beutleretal.,
2006].

Double Difference Phase Observations

Figure6.7 shavsthe CPUtimesfor anorbit determinatiorwith pulsesfor DOY 198usingdoublediffer-
encephaseobserationsonly. They wereformedaccordingo Fig. 8.1 (left) in Sect.8.1onspace-ground
baselinebetweerthe CHAMP satelliteand30 IGS groundtrackingstations(shavn for all threemeth-
0ds),50 IGS groundstations,and70 IGS groundstations(only shavn for the rapid solutionstrateyy).
The coordinatesaandthetropospher@arametersf all groundstationsweretaken from the CODE final
analysisandintroducedasknown into the LEO analysis which is thencloselyrelatedto the process-
ing of zerodifferencephaseobserationsfrom oneLEO. The main differenceresidesn the numberof
ambiguity parametersywhich was3630in the caseof the 30 stationsnetwork, 6422in the caseof the
50 stationsnetwork, and8998in the caseof the 70 stationsnetwork, andin the numberof obserations,
whichwasabout115000,200000,and280000,respectiely. It shouldbementionedhatall correlations
aremodeledcorrectlyfor all threemethods.

Despiteof the hugenumberof unknavn parameterskig. 6.7 shavs thatthe CPU timesare still very
small, at leastfor the rapid solutionstratgy. The entireorbit determinatiorfor a subinteral lengthof

1min could be performedin 88s, 192s, and 350s with the 30, 50, and 70 groundstationsnetwork,

respectiely. As expectedtheexploitationof thestructureof the normalequationsystenrequiresmuch
more CPUtime thanthe rapid solutionstrat@y, but it is still muchmoreefficient thanthe conventional
processinglt takes,e.g.,about47min of CPUtime to generatea solutionbasedon subinteral lengths
of 1 min with the 30 stationsnetwork, but probablymorethan10h to procesghe obserationsconven-
tionally. Thereforetherapidsolutionstratgy shouldbe usedif areduced-dynamiorbit basedon short
subinteral lengthsis determinedvith alarge groundnetwork.

The efficiengy of the rapid solutionstratgy is ensuredby the fact that also doubledifferencecarrier
phaseambiguitiesare only active during comparatiely shorttime intenals. Even for the 70 ground
stationsnetwork, thenumberof actve ambiguitiesvasusuallybelonv 300in eachsubinteral, if they are
pre-eliminatedissoonaspossible lt is interestingo noticethatthe numberof actve ambiguitiesshavs
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Figure6.7: CPU executiontimesfor orbit determinatiorwith pulsessetup at differentintenals using
GPSdoubledifferencephasebserationsformedbetweeriGS groundstationandCHAMP.
Comparedhretherapid solutionstratgy, the exploitation of the normalequationstructure,
andthe corventionalprocessing.

considerablevariationsfor the different subinterals due to the inhomogeneou$GS groundtracking
network [Beutleretal., 2006].

6.7 Summary and Comments

Thedevelopmentpresentedh thischaptesshavedthatthenormalequatiorsystem®f differentreduced-
dynamicLEO orbit determinatiorproblemsare all governedby a similar and simple structure which

shouldbetakeninto accountvhendeterminingorbitsusingalarge numberof pseudo-stochastmaram-
eters.In essencemultiplicationsof matricesof large dimensionse.g.,(6 + 3 (n — 1)) n,, for pulses,
canbeavoidedwhenconsideringherelationshipbetweerthe coeficientscomparedo thecorventional
processingpasedn the obserationequationg6.18).

Sections$.2 and6.3 shavedthatbothefficientmethodsarecloselyrelated.As a matterof fact,for both
approachesn identicaldatacollectionstephasto be performedfirst to establishand save the normal
equationcontritutions N; = AT P; A; andb; = AT P;1; of all subinterals. Section6.4 shavedthat
thedatacollectionremainsessentiallyjunchangedf additionalparametertave to betakeninto account,
but thatthe dimensionf IV; andb; have to beenlagedaccordingly Section6.5shavedthata similar
statemenholdsfor atransitionto morerefinedpseudo-stochastiorbit parametersWhereagulsesdo

notshav up atall in the datacollectionstep,onesetof piecevise constanaccelerationspr two setsof

piecaviselinearaccelerationarealwaysactive duringthe datacollectionprocedure.

Section6.2 shavedthatthe completenormalequationsystem(6.20)maybe constructecfficiently from
thecontritutions IN; andb; in conjunctionwith the matricesB; dueto thesmalldimensionf all sub-
matrices.Section$.4and6.5shavedthatthe samestatemenholdsundermostotherconditionsaswell
if additionalparameterer morerefinedpseudo-stochastiarbit parameterdave to be estimated.The
maindravback,whichis atthe sametime anadwantageijs thatthe completenormalequatiommatrix has
to be invertedto computethe solutionvector This issuebecomesmportant,e.g.,if alarge numberof
pseudo-stochastigarameterfiasto be setup. The advantageis, however, thatthe completevariance
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matrix is availableaftertheinversionof the completenormalequatiomrmatrix.

Section6.3 shavedthatareducedchormalequationsystemmay be constructedfficiently from the con-
tributions IN;, b;, andthe matricesB; in conjunctionwith anadditionaltransformatiorof theinitial os-
culatingelementanda pre-eliminatiorstepof the pseudo-stochastfmarametersyhichrequiresbefore-
handa transformatiorof theinitial osculatingelements.The high efficiengy of this algorithmis mainly
dueto the smalldimensionof the reducedhormalequationsystems.Sections5.4 and 6.5 shaved that
the samestatemenholdsundermostotherconditions,aswell, if additionalparametersr morerefined
pseudo-stochastiurbit parameterfiave to be estimated.It is a disadantagethatthe completecovari-

ancematrix is not available after the inversionof the last reducednormalequationmatrix. However,

thecompletesolutionvector(includingthe pre-eliminategpbarametersinay be establishedogethemvith

their a posterioristandardieviationsby a back-substitutioprocesswhich alsoyields covarianceinfor-

mationbetweenpseudo-stochastirbit parameterseferringto the sameepochandbetweertheinitial

osculatingelements.

The processingf undifferencedcarrierphaseobserationsrequires,n principle,the codeobserations
to separatehe carrier phasebias termsfrom the recever clock offsets. It is, however, alsopossible
to processundifferencedcarrier phaseobserationsalone,if “suitable” a priori informationis added
to the ambiguities. This problemis usually circumwentedin this work by simple regularization,i.e.,
singularphasebias parameterarefixed to zerowheninverting the normal equationmatrix. It might
happenhowever, if alarge numberof pseudo-stochastigarameterss solved for, that(singular)phase
biasparameterand(regular) pseudo-stochastarameterarenotassignedorrectlyto thesingularand
non-singulamparametersiespecirely. To overcomethis problem,an additionalsearchof “connected”
phasebiasparametersvasappliedto the normalequatiormatrix, which allows it to constrainonerefer
enceambiguityperconnectegartto zerobeforeinversion. This procedurgurnedout to be a necessity
if onestrivesfor thekinematiclimit with reduced-dynamiorbitsbasedn pseudo-stochastfarameters.
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7. CHAMP and GRACE Orbit Determination
Using Undifferenced GPS Data

May 2, 2000,maybe consideredsthe “initiation” of undifferencedGPSdataprocessingor LEO orbit
determination.On that day, the intentionaldithering of the GPSsatelliteclocks, selectve availability
(SA), was switch off. Thatdecisionopenedthe possibility to usethe preciselGS GPSsatelliteclock
corrections,nominally available at 5-minuteintenals, andto simply interpolatethemlinearly to the
requiredsampling typically 30s, with acceptabl@recisionf afew centimetergor theindividual clock
types[Montenbruk etal., 2005]. The sameproceduravould have completelyfailedwith SA turnedon.

ProcessingindifferencedLEO GPSobsenrationsis attractive becauseonly datafrom the spaceborne
recever is required,unlike to the processingf doubly differencedGPSdata. In thelattercase pnehas
to handleahugeamountof obserationsandambiguityparameterselatedto a globalterrestriainetwork
of GPSrecevers. For the zero differenceprocessingpne only hasto introduceGPSsatellite clock
correctiongnsteadwhichimplicitly containtheinformationfrom the recever groundnetwork aswell.
Sincethe GPSsatelliteclock correctionsare available with full precisionat the required30s intenals
from severallGS ACs,e.g.,[Hugentobler 2004a] the zerodifferenceapproachs anefficientalternatve
to themoreinvolved processingf doubly differenceddata. CPUtimesaresignificantlyreduceddueto
thesimplerdatahandlingasshavn in Sect.6.6.3.

In this chapterwe first give an overview of the usedGPSorbit- andclock-productof the CODEAC.
Thisis followedby a descriptiornof referencdramecorventionsandtransformationsisedfor thiswork.
A shortdescriptionof the datascreeningalgorithmsis giventhereaftemwith the processingschemeor
zerodifferenceorbit determination.The chapterconcludeswith an analysisof CHAMP and GRACE
orbits from undifferencedGPSdata. Summariesof the resultsmay be found in [Jaggi et al., 2004],
[Jaggi etal., 2005a],[Jaggi etal., 2005b],[Jaggi etal., 2006a],[Jaggi etal., 2006c]and[Jaggi et al.,
2007]. Resultdrom otherresearchlgroupsareaddresseih thecorrespondingections.

7.1 GPS Orbit Products

The knowledge of the GPSsatellitepositionsis a prerequisitefor ary type of positioningapplication
basedon GPSobserations. Throughouthis work, the GPSfinal ephemeridefrom the CODE AC of
thelGS,seeSect4.2,areusedo calculatehe GPSsatellitepositions.Lik e otherACs,CODEderivesits
own productswhich aresubsequentlusedby the IGS AC coordinatorto derive the properlyweighted
combinedGS productausingall availablesubmissiongrom the IGS ACs.

CODE-currentlyprovidesthreetypesof GPSephemerideghefinal, therapid,andtheultra-rapidorbits.
The final orbits (usedin this work) have a reportedprecisionof 2 to 3cm andarereleasedn weekly
batchesaboutl0 daysaftertheendof a GPSweek. Therapidorbitsareavailablein daily batcheavithin
17 hourspasttheendof eachdaywith a, meanwhile almostidenticalprecisionto thatof thefinal orbits.
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The ultra-rapidorbits are intendedfor nearreal time usersand are madeavailable four times per day
with alateng of 3 hourspastthe last GPSobserationsincludedin the analysis.The predictedpart of
theultra-rapidorbitshasa precisionof aboutlOcm at present.

Thedifferenttypesof the CODE GPSephemerideareprovidedin 24h filesonaregular15mingridin
the standardSP3format[Remondi1991],which providessatellitepositionsin the InternationalTerres-
trial Referencd-rame(seeSect.7.3). In orderto ensurea highly consistenteconstructiorof theoriginal
trajectory the positionsaretransformecackto the InternationalCelestialReferencd-ramewherethey
sene aspseudo-obseatiors to (re)-estimatehe GPSorbit parametersandto finally obtainthe original
trajectoryby a numericalintegration basedon the sameforce modelstandardsas usedby the CODE
AC. It shouldbe mentionedthat this procedurds performedin batchesof 12h arclengthto properly
accounffor the pseudo-stochastfuulsesestimatedevery 12h in the original orbit determinatiorscheme
at CODE. It is thereforepossibleto reconstructGPStrajectorieswith longerarcsthan24h, which are,
however, no longerfully consistenwvith the original 3-dayarcsfrom the orbit determinatiorschemeat
CODE,wherethe middle daysonly definethefinal orbit products.

The GPSsatellitepositionsof the reconstructedrajectorieseferto the centerof massof the satellite,
and have to be correctedfor the GPSantenngphasecenteroffset beforebeingusablefor positioning.
Throughouthiswork theseoffsetsareassumedo beknowvn andthey aretreatedasconstanvalues(asit
wascommonpracticefor thelasttwenty-five yearsof GPSdataprocessing)Nowadayst is well known,
however, thatantenngohasecentervariationsof the recever antennagndthe transmitterarraysof the
GPSsatelliteantennagepresenbne of the largestsourcesfor systematicerrorsin highest-precision
GPSanalysessee,e.g.,[Rothater, 2001],[Sdtmid and Rothater, 2003],and[Sdimid et al., 2005a].
Theimplementatiorof the major changerom relative to absoluteantenngphasecentercorrectionshas
beendiscusseavithin the IGS for severalyears[Sdmidetal., 2005b],andwasfinally accomplishen
November6, 2006,startingwith the rapidandultra-rapidproducty Gendf 2006]. The CODE products
usedin thiswork arestill basedntherelative phasecentercorrectionmodelsof the IGS recever anten-
nas.

Despiteof the high quality of the CODE (IGS) orbit productsthe provided ephemeridewith thecenter
of masspositionsof the individual GPSsatellites,aswell asthe phasecenterlocationsof the corre-
spondingGPSantennarraysareaffectedby uncertaintiegnteringinto theerrorbudgetof anestimated
LEO position.In orderto assesthe mismodelingeffectonthe computedslantrangepfeo (see(b.1)),we

considetthelinearization

k k k k k
Pieo = Pleod — €leo A"'leo + €0 Ar ) (71)
where

pk o istheapriori slantrangebetweerthe phasecenterocationson GPSsatellitek andthe LEO,
Ary., isthephasecenterpositionincrementfor the LEO,

Ar* isthe phasecenterpositionincrementor GPSsatellitek, and

k

€leo

is theunit line-of-sightvectorpointingfrom the LEO phasecenterto the GPSphasecenter

Thelinearization(7.1) would appeain this form ateachepochon theright-handsideof the obseration
equation(4.22) of GPSsatellitek, if onewould simultaneoushtry to estimatethe LEO andthe GPS
positionincrementskinematicallyfrom undifferencedGPSLEO dataonly. Note thatthe line-of-sight
vector—ef, maybeidentifiedwith thegradient(6.4) addresseéh Sect.6.1.2.
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As no GPSpositionincrementsareestimatedn this work, ArF is setto zeroin (7.1). However, it can
belearnedrom (7.1) thatGPSsatellitepositionerrorsér* affectthe computedslantrangeaccordingo
el , or* whenprocessingerodifferenceGPSdata. Thisillustratesthaterrorsin the GPScenterof mass
positions antennghasecenterocations,or GPSsatelliteclock correctionamay directly propagatento
the obseration equationswith the full magnitude becausenax|ef, r*|) = |dr*|. KinematicLEO
orbits aremostaffectedby this type of error, but the impacton reduced-dynamiorbits shouldnot be
underestimatedsthe strengthof the dynamicmodelsis usually greatly relaxed by pseudo-stochastic

parameterfSvehlaand Rothater, 2006].

7.2 GPS Clock Products

GPSsatelliteclock correctionshave to betakeninto accounwhenprocessingindifferencedGPSdata.
In orderto achieve the bestpossibleresults,useis madeof the CODE high-rateGPS satellite clock

correctionsvhichareavailableat30sintenals[Bod etal., 2004]. Thegeneratioris basecbnthe CODE

final GPSorbits,Earthorientationparametersstationcoordinatestropospher@arametersand5-minute
GPSclock correctionsIn the CODE analysisclock epoch-diferenceshasedbn epoch-wisdifferenced
phaseobserations are estimatedand constrainedo the 5-minute clock solution, which resultsin a

phase-consisterimterpolationof the precise5-minuteclock corrections. A similar proceduremay be

performedagainto obtainGPSsatelliteclock correctionsatevenhigherratese.g.,at 10sor 5sintenals

[Bod etal., 2007],providedthatGPSgroundstationdataareavailableatthetargetedsamplingrate,e.qg.,
from thelGS sub-netwrk of 1 Hz trackingsites. It is importantto mentionthatthe GPSsatelliteclock

correctionsareconsistentvith the GPSorbitsandthe modelingstandardadoptedby the IGS, e.g.,the

relatve antenngphasecentervariationsfor the GPSrecevers,seeSect.7.1. Notethatthe clock offsets
referto thelGSrealizationof the InternationalTerrestrialReferencd-rame(seeSect.7.3),whoseorigin

exhibits anoffsetfrom ageocentriaeferencdrame,e.g.,[Hugentobleretal., 2005b].

Althoughthe samequality is reportedfor the high-rateandthe original 5-minuteclock correctionsfor
kinematicpoint positioningof terrestrialstationg/Bod et al., 2004], the useof GPSclock corrections
addsa potentialsourcefor errorswhichis not presenivhenprocessingloubly differencedsPSdata.

7.3 Reference Frame Transformations

GPS data processingequiresto expressthe samevectorsin different referenceframes. The GPS
ephemeridefom CODE,e.qg.,areprovidedin thelnternationalTerrestriaReferencd-rame(ITRF), but

arecorvenientlyexpressedn the InternationalCelestialReferencd~ramelCRF for the (re)-intgyration

outlinedin Sect.7.1. The phasecenteroffsetsof the receving GPSantennasaboardLEOs, e.g.,are
providedin a satellite-fied (SF) coordinatesystem but arecorvenientlyexpressedn the ICRF for set-
ting upthe GPSobserationequationg4.3)and(4.5). Thetransformationbetweerthethreementioned
referencdramesarebriefly summarizedn thefollowing.

7.3.1 ICRF - ITRF

Any positiongivenin theICRF maybetransformedo the ITRF by a seriesof successe rotationsas
rirrr = XTYTUN Pricrr, (7.2)

where
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XTyYT aredueto polar motion and describethe separatiorbetweenthe third axis of the terrestrial
system(CorventionalTerrestrialPole)andthe CelestialEphemerifPole(IERS 1996formulation),

U is dueto Earthrotation and describeghe transitionfrom the rotating systemby the Greenwich
apparensidereatime,and

N P aredueto nutationand precessiorand describethe transformatiorbetweenthe meancelestial
systemat epochJ2000anda systemdefinedby thetrue equatorandequinoxof date.

ThelnternationalAstronomicalUnion (IAU) conventionsdefinethe computatiorof thematricesU, N,
and P, see,e.g.,[McCarthy 1996] for the IERS 1996 corventionsusedin this work, or [McCarthy,
2003] for the newly adoptedlERS 2000 corventions. For LEO orbit determinatiordiscussedn this
work, the ITRF corvention usedis the IGS realizationof ITRF2000,called IGS00, which is implied
by the GPSephemerideand Earthrotationparametersisedfrom the CODE AC. Whenfollowing the
referencdrametransformationgrovided by [McCarthy 1996], the ICRF corventionthenrealizesthe
Earthmeanequatorandequinoxof J2000 alsoknown asthe J2000inertial system.

7.3.2 SF - ICRF

The phasecenteroffsetsof the receving GPSantennasboardLEOs are provided in a satellite-fixed
(SF)coordinatesystemwhich usuallyhasits origin in the LEO centerof mass.Table7.1liststheoffsets
for the main POD antennasboardCHAMP and GRACE asprovided by [Shwintzeret al., 2002] and
[Caseetal., 2002],respectiely. Thetransformatiorbetweerthe SFcoordinatesystemandthe ICRF is
approximatelgivenby thenominalspacecrafattitudemodelas

zrcrr = Rxsy, (7.3)
where

R denotesarotationmatrix definedby the unit vectors(5.15),e.9.,as Ry .. 3,1] = €q, R[1,...3:9) =
—ec, andRy; | 3.3 = —e;.

Theconcretdorm of theapproximatie transformatior(7.3)is valid for the CHAMP nominal,non-yav-
steeringattitudemodel,wherethefirst axis of the SF coordinatesystemcoincideswith the along-track
directionasindicatedby Fig. 7.1, andwherethe third axis pointsinto the nadirdirection. Alternatively
andpreferably the attitudeinformationmay be obtainedfrom the starcameraobserations,which pro-
vide amuchmoreaccuratalefinitionof theactualtransformatiomrmatrix R in (7.3) by quaternions.

Figure7.2 shavs the deviationsbetweerthe actual CHAMP SF coordinatesystemandthe nominalori-
entationasobtainedfrom a reduced-dynamiorbit solution. The angledifferencesbetweerthe actual
andthe nominalyaw-, roll-, and pitch-axis(not the angleof rotationaroundtheseaxes) are given as
absolutevaluesfor a time intenal of 300min, togetherwith informationabouttime and magnitudeof

Table7.1: GPSantennghasecenteroffsetsgivenin the correspondingF coordinatesystems.

| Satellite | z1(m) | zo(m)| z3(m) |
CHAMP -1.4880| 0.0000| -0.3928
GRACEA | -0.0004| -0.0004| -0.4514
GRACEB 0.0006| 0.0007| -0.4514
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Figure7.1: The CHAMP roll-, pitch-,andyaw-axis.
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Figure7.2: Deviations betweenthe actualand the nominalyaw-, roll-, and pitch-axisof the CHAMP
satelliteon DOY 198, 2002. Time and magnitudeof attitudemaneuersfor correctingthe
alignmentof the correspondingxesareindicated.

thrusterpulsesfor attitudemaintenancelt canbe seenthatthe deviationsdo notexceed3® for all axes,
which canbeonly achieved by frequentattitudemaneuers. The largestnumberof (small) maneuersis
performedo correctthe alignmentof theroll-axis, which mostof thetime shavs thelargestdeviations.
This might be causeddy the inclined front side of the CHAMP satellite(seeFig. 7.1), resultingin an
upwardscomponentlueto air drag. Lessfrequentout strongemaneuersmayalsobeobseredin order
to aligntheyaw-axis.

The attitudeof the two GRACE satellitesis even closerto nominalthanin the caseof CHAMP. As
the GRACE GPSPOD antennasrenot locatedat the rearendsof the satellites but directly abore the
centerof masdocations seeTable7.1,the nominalattitudemodeldefinedby (7.3) would be suficient.
Notethatthe signschangdor GRACE A whichwasflying “backwards”beforethe switchmaneuer on
Decembed 0, 2005[Montenbruk etal., 2006].
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¥ 90

Figure7.3:PRN310onDOY 243,2003asobsered by the POD antennaof the BlackJackGPSrecever
aboardGRACE A. The 14 passeproceedrom bottomto top.

7.4 CHAMP and GRACE GPS SST Data

Theraw dataof thespaceborn&PSreceversis, of coursethe mostvaluableproductfor orbit determi-
nation. At presentall CHAMP and GRACE GPSSST dataare publicly available. The GRACE GPS
datausedin this work, however, are partof the first public datareleasewhich coveredDOY 212-335,
2002,DOY 031-3652003,andDOY 001-2142004[Reigber 2004a].

The CHAMP andGRACE satellitesarenot morethan500km higherabore the Earth’s suriacethanary
GPSgroundstation(seeTable2.1). With only slight exaggerationthey maythereforebe consideredhs
ordinary rapidlymoving GPSrecevers. Whereaghemotionof aterrestriaktationin theinertial frameis
dominatedy theEarthsrotation(about450m/sattheequator)theLEOsmovewith \/GM /a ~ 7 km/s
in inertial spacqa denoteghe semi-majoraxis of the satelliteorbit).

Theviewing geometryof the spaceborneeceversis almostthe sameasthatof groundreceverslocated
atthe sub-LEOpoints. However, dueto the rapid motion of the spaceborneecevers, it is continuously
andrapidly changingrom the equatoriato the polarregion andvice-versa.Therefore a particularGPS
satellitecanonly betraclkedfor abouthalf anhour, andnotfor severalhoursasfor GPSgroundstations.
Figure7.3shavs a sky plot for oneGPSsatellite, PRN 31, which wasobsered by the POD antennaof
theBlackJackrecever aboardGRACE A onDQOY 243,2003.Azimuth andelevationarereferringto the
GRACEA SFcoordinatesystemj.e.,azimuth0° refersto the anti-flightdirection.

The 14 tracksare almoststraightlines from bottomto top dueto the polar orbit of GRACE A; they
begin ataninitial elevationof approximatelyl(* andlastbetweer82 and39 minutesbeforetherecever
losesthelock of the signaldueto thefadingsignalstrengthat low elevations. Theelevationthresholdof
approximatelyL(® for satelliteacquisitionis normalandknown from otherBlackJackGPSreceversas
well, e.g.,from CHAMP [Montenbruk andKroes 2003].

Figure7.4shavsthenumberof GPSobserationsperl.5° azimuthand1°® elevationbinsfor atime span
of nineweeks.Apart from the elevationthresholdof approximatelyl®® for raisingGPSsatellitesn the
bottompart,onerecognizestrackingcoveragewhichis typical for apolarLEO orbit. Thefour vertical
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Figure7.4:Numberof GPSobserationsper1.5° azimuthandl® elevationbinsascollectedoy the POD
antennaf the BlackJackrecever aboardGRACE A (GPSweeks1233—1241).

“stripes”, e.g.,indicatethelocal “horizons” for GPSsatellitesin thedifferentorbital planes.Theirloca-
tions changewith time becausehe right ascensiorof the ascendinghodeof the GRACE orbital plane
increasedy about-0.136 perday dueto the flatteningof the Earth. In contrast,GPSorbits are only
affectedby about-0.039 perday[Beutleretal., 1998]. For thetime intenal usedfor Fig. 7.4,the GPS
satellitesin the orbital planesB andE may appealbove the entirehorizon,whereaghe GPSsatellites
in the orbital planesF andC may be only obsered in-betweerthe “stripes” far left andfar right, and
the GPSsatellitesin the orbital planesA andD evenonly in-betweerthemiddle “stripes”. Moreover, it
canberecognizedhatgenerallya smallernumberof obserationsis collectedat high elevations(seethe
transitionbetweerdarkandlight grey in Fig. 7.4), becauseno obserationscanbe collectedabore 45°
overthepolesdueto the GPSorbital inclinationof 55°. Finally, we noticethatsettingGPSsatellitesare
tracked down to 0° elevation or evenbelav. A similar statementioesnot hold for GRACE B wherea
slightly worsetrackingperformancés obsered, seeSect.7.9.5.

7.5 Initial Orbit Determination

Theinitial LEO orbit determinatioraimsat obtainingcleaned_.EO GPSphaseobserationsanda priori
LEO orbits. A simplifiedflow chartof the stepsnvolvedin this procedurds providedin Fig. 7.5.

First, the LEO RINEX (ReceverINdependenEXchange[Gurtner, 1994]) obseration files are con-
vertedat the requiredsamplingrate into GPScodeand phasebinary obseration files in the Bernese
format[Dach et al., 2007]. At the sametime, the CODE final orbit, ERR and high-rateclock prod-
ucts,aswell asadditionalLEO auxiliary dataproductslik e attitudeandaccelerometedata,arecopied
into the campaigndirectoriesfor concatenatiotio the requiredarclength. A first codepre-processing
is thenperformedwith theionosphere-freeodeobseration equation(4.3) to detectoutliers,andto ob-
tainkinematicLEO positionsfor initial orbit determinatiorandepoch-specificecever clock offsetsfor
synchronizatiompurposes Subsequent)ythe kinematicLEO positionssene aspseudo-obseatiors for
a first orbit determination/inigraion with six initial conditionsanda few dynamicalparametersThis
first orbit solutionentersasreferencdrajectoryinto the dual-frequeng phasepre-processingchemes
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Figure7.5: Flow chartof theinitial LEO orbit determination.

searchindor outliersandcycle slipshasedntheionosphere-freeC (seeSect.7.5.1),andasapriori or-
bit into the orbit improvementwith theionosphere-frephaseobseration equation(4.5). Theimproved
orbit parameterarethenusedto updatethe a priori orbit andthe correspondingartialderivativesof the
orbitwith respecto the orbit parameterdy numericalintegration.

The very first LEO orbit basedon kinematicLEO positionsfrom the codepre-processings not of the
highestguality dueto the modesbrbit modelandtheaccurag of theunderlyingcodeobsenrations.As a
consequencenary GPSphaseobserationsarerejectedn the datascreeningpasedon theionosphere-
free LC containingthe geometridnformation. It is thusnecessaryo repeatthe searchfor outliersand
cycle slipswith the bestavailable orbital information,i.e., with the updateda priori orbit from the first
run, to obtaina larger amountof cleanphasedata. More preciseorbital information canthenbe de-
rived from the newly acceptedohasedata. Otherapproache$or phasedatascreeningge.g.,usingthe
Melbourne-Wibbena.C [Springer, 2000],have notbeenappliedto LEO POD.
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Figure7.6: Numberof acceptedCHAMP GPSphaseobsenrationsfor 30s samplingand24h arcsafter
thefirst, secondandthird screeningteration.

Theflow chart7.5impliesthatthedatascreeningtheorbitimprovementandtheorbit integrationshould
be repeatedo obtainthe maximumamountof cleanphasedata. Despitethe geometricinformationof
theionosphere-fre&C, it is importantto point out thatnot the mostpreciseorbit modelis necessaryo
achieve this goal. Experiencewvith CHAMP and GRACE datahasshavn thata reduced-dynamiorbit
parametrizationvith pulsesg.g.,setup every 15min, is sufiicientto obtaincleanphaseobsenationfiles
in threeiterationsteps.

Figure7.6 shavs the numberof acceptedsPSphaseobserationsafterthefirst, secondandthird itera-
tion, respectiely, for 75 daysof CHAMP dataprocessedvith 30sin arcsof 24h. This numbershavs
large variationsin the first iterationstep,rangingfrom only 1548 obserationsto 20270, which makes
it necessaryo performatleasta secondteration. It canberecognizedhattwo iterationswould be suf-
ficientfor the majority of the daysdisplayed pecausehe numberof additionallyacceptedbserations
afterathird iterationis, with a few exceptionsonly small. The meannumberof acceptedbsenrations
perday afterthreeiterationsis foundto be 17882for the 75-dayperiod. Onehasto be aware,however,

thatthe trackingperformancemay be subjectto considerablevariations,seeFig. 7.7 for the GRACE A

andB recevers. The almosthorizontalline at a numberof approximatelyl0000 obserations,e.g.,is

causedy alarge datagapon DOY 174,2002,whereadhe lowestline is causedy baddataquality on
DOY 107,2002.

7.5.1 GPS Data Screening

It is of crucialimportancdor GPSbasedreciseorbit determinatiorio have GPSdataof goodquality at
ourdisposal As badmeasuremen@refrequentlyencounteredvenin dataobtainedrom geodetic-type
recevers, robust methodshave to be usedin orderto reliably detectand rejectbad measurementi
pseudo-rangandcarrierphasedataprior to the (final) orbit determinatiorstep.

A first quality checkof the GPScodemeasuremenis performedsimultaneouslyvith the estimationof
thekinematicpositionsin orderto detectoutliers. For this purposethequality of the positionsolutionis
examinedat eachepoch.Wheneer the RMS of theassociatedesidualsexceedsa predefinedhreshold,
the code obseration that contrilutes the dominatingerror is identified and removed from the set of
obsenrations. If necessarythe procedurds iteratedto rejectmultiple outliersat the sameepoch. The
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recever clock offsetsemeping from the sameprocedureare usedlater on asa priori valuesin the orbit
determinationaccompaying the carrier phasecleaning,but are re-estimatedafter the screeningoop
with thelatestavailableorbit in orderto guarantee correctrecever clock synchronizatiorfor thefinal
orbit determination.

Carrier phasedatahave to be screenedor both outliersand cycle slips (suddenjumps of the size of
an integer numberof cyclesthat may occurin the carrier phasedata). Sincethe carrier phasebiases
shouldbe constantin time, suddenjumps can be detectedand separatedrom outliers by analyzing
time-differencedcarrier phaseobserations betweenconsecutie measuremergpochs. Similar to the
procedurefor code obserations, the quality of the position differencesolutionis examinedfor this
purposeusingthe availablea priori orbit. The estimatedime-differencedpositionsandrecever clock
offsetsfrom time-differencedonosphere-frephasemeasurement@reusedto derive (time-differenced)
residualsAr; and Arq of the original dual-frequeng obserationsin orderto testthe no-gscle slip
hypothesion theoriginal carriers,see[Dacdh etal., 2007]. TheassumptiodAN; = 0 andAN; = 0 in
theresiduals

Ar1 = MAN+ AT

Arg = X ANy +EAT (74)

is usedto computethe ionosphere-freeesidualArs andthe ionosphericchangeAI. Wheneer these
valuesexceedpredefinedthresholdsa searchfor more appropriatevaluesAN; and ANs is started
around

AX; = NINT(42) 75
AX; = NINT(42)
within predefinedsearchranges.If exactly onepair AN; and AN, is foundwhich passedoththresh-
olds, it would be possibleto correctthe carrier phasedatafor the cycle slips AN; and AN,. Often,
however, morethanonepairis founddueto thedifficulty to setthethresholdsmallenoughto guarantee
noundetectedycle slipsandlargeenougho avoid mary (small)cycle slipswhichareprobablynotreal.
Therefore ho attemptwasmadein this work to correctthe cycle slipsduringthe pre-processingyut to
setup a nev phasebiasparametewhen&er oneor morepairsAN; and AN, arefound passingooth
thresholds.This conserative stratgy eliminatestherisk to incorporatenrong cycle slip correctionsn
the carrierphasedata. If noneof the pairs AN; and AN, passedoththresholdsan outlier hasto be
suspecteth thecarrierphasedataandthe satellitethatcontributesthedominatingerroris identifiedand
the procedurés repeatedvithout this obseration. In ordernotto deleteall obserationsof onesatellite
from a certainepochonward,e.g.,becaus@a suspectedutlierwasnot correctlyidentifiedasacycleslip,
it is safeto setup anew biasparameteaftera predefinedime span.

Despitethe additionalburdenon the overall POD processcausedyy the GPSdataediting, in particular
for theiterative zero-diferencedatascreeningvith only poora priori orbit knowledgediscussedh this
chapterdataeditingis oneof themostimportantstepsn theprocessingchemef Fig. 7.5. Experiences
gainedwith real GPSdatafrom CHAMP andGRACE have shavn that“clean” obserationscanbe ob-
tainedundermostcircumstancesyhich malkesit unnecessario screeralsothe postfitresidualsof the
final orbit determinatiorstep.

Figure7.7 documentshe outcomeof the GPSdatascreeningor GRACE A (top) and GRACE B (bot-
tom) for the2003datasetof thefirst GRACE releaseseeSect.7.4. Thedaily numbersn Fig. 7.7 reflect
the total amountof available GPSobserationsper day for a samplingrate of 30s. The colors shav
the distribution betweerthe numberof acceptedlight grey) andrejected(dark grey) obserations. We
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Figure7.7:Numberof acceptedlight grey) andrejected(dark grey) GPSobserationsfor GRACE A
(top) andGRACE B (bottom)for 30s samplingand24h arcs.

noticea largeramountof availableobserationsfor GRACE A dueto a generallybettertrackingperfor
manceof its recever [Dunnetal., 2003]. At the sametime it canbe recognizedhata largeramountof
datahasto berejectedior GRACE A (6.7%)thanfor GRACE B (3.1%),which mainly originatesfrom
the rejectionof low elevation databelov a cut-of angleof 0°. NeverthelessGRACE A offers more
accepteabsenrationsfor orbit determinatiorthanGRACE B asindicatedby meanvaluesof 22664 and
20956 0bserationsperday respectrely.

It is interestingto noticethatthenumberof available GPSobserationsshavs considerableariationsin
time, thatarecorrelatedbetweerboth satellites. The mostobvious correlationsge.g.,a suddernincrease
of rejectedobserationson DOY 46 or a sudderdecreasen DOY 206, areprobablycausedy simul-
taneouslyexecutedchangesn bothrecever configurations.The besttrackingperformances obsered
for DOY 243-298for both recevers, wherethe meannumberof acceptebsenrationsis 23759 for
GRACE A and22165for GRACEB. It is importantto remembethis time periodwhenanalyzingthe
orbit resultsin Sect.7.9, becausea goodtracking performancds a prerequisiteto determinesatellite
orbitsmostprecisely

7.6 Final Orbit Improvement and Validation

Thefinal LEO orbit improvementandvalidationaimsat obtainingandvalidatingthe final LEO orbits.
A simplifiedflow chartof the stepsinvolved is shawn in Fig. 7.8. First, several reduced-dynamiorbit
solutions(anda kinematicsolution)arecomputedn parallelwith theionosphere-frephaseobseration
equation(4.5). Theflow chart7.8impliesthateachof the reduced-dynamisolutionscould be iterated
onrequestjf it is suspectedhat convergencehasnot yet beenreached .t is worth to mentionthatthis
optionwasnotusedsofar for CHAMP andGRACE POD, althoughthea priori orbit wasonly modeled
with six initial conditionsandthreeconstantccelerationsver the entireorbital arc. For theupcoming
GOCE satelliteandthe decayingorbits of the CHAMP and GRACE satellites,however, the situation
mightbedifferentdueto theverylow altitudes which reducethequality of thea priori trajectoriesvhen
usingthe samesimpleorbit modelwith only threedynamicalparameters.
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Figure7.8: Flow chartof thefinal LEO orbitimprovementandvalidation.

7.6.1 Internal Orbit Validation

Figure7.8 shavs that severalinternalvalidationstepsare performedin orderto assesshe precisionof

the estimatedrajectories Apart from computingtheionosphere-fre6&PSphasdrackingresidualsthe

differentsolutionsmaybecomparede.g.,by formingorbit differencesTherebythedifferencedetween
thevariousreduced-dynamisolutionsandthe kinematicsolutionareof particularinterestfor checking
theinternalconsisteng betweerseveraltypesof solutions.Furthermoreformal orbit accuraciesglong
the trajectoryand orbital overlapsbetweenconsecutie solutionsprovide additionalindicatorson the
internalquality of theorbits.

7.6.2 External Orbit Validation

Only measurementsot usedfor POD are usefulto independentlycheckthe GPS-basedrbit results.
All availableobserationsareusedin an attemptto obtainasmary indicatorsaspossibleto assesshe
“true” orbital accuraciesFor this purpose SatelliteLaserRangingdataare usedto comparethe com-
putedmicrovave-basedangedetween.EOsand SLR groundstationswith the measuredangesand
accelerometedlataareusedto compareghe computednicrovave-basedccelerationsgvith themeasured
non-graitational accelerationsFor the two GRACE satellitesjntersatellite K/ K a-bandobserations
areusedto validatethe computedine-of-sightrangeandrange-ratalifferencesvith themeasureanes.

Satellite Laser Ranging

SatelliteLaserRanging(SLR) obserationsare collected,mewged, and distributed by the International
LaserRangingService(ILRS) [Pearlmanetal., 2002]. They representinambiguousangenormalpoints
which areconstructedrom the original roundtrip (two-way) time-of-flight measurementsf shortlaser
pulses(< 200 ps) betweenthe SLR groundstationtelescope andthe satellitek equippedwith retro-
reflectorarrays.Shortlaserpulsesarerequiredto measurehe unbiasedangebetweerthe emittingand
the reflectingphasecenterlocationwith 1 to 2mm normal point precision. BecauseSLR stationsare
usuallyco-locatedvith GPSpermanenstations SLR obserationscanbe easilytime-taggedvith GPS
systemtime. The SLR (one-way) rangeobsenation equationmay thusbe formulatedin closeanalogy
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to the GPScodeobserationequation(4.3),andreadsat GPStime ¢; as
SE = pf + Dpfirop +€F (7.6)
where
Sk is the SLR normalpoint rangeobseration, expressedn unitsof length,
pF istheslantrangebetweerthelasertelescope andtheretro-reflectoequippe satellitek,
Api{tmp is thesignaldelaydueto thetropospheregxpressedn unitsof length,and

e® istheresidual.

7

Thetermpf includes(in principle)the geometriadistancebetweerthetelescopeeferencepointandthe
centerof masgpositionof thesatellite aswell asphasecenternffsetsandvariationsfor thetelescopend
theretro-reflectorarray The adoptedCHAMP and GRACE phasecenteroffsetsaregivenin Table7.2
accordingo [Shwintzeretal., 2002]and[Caseet al., 2002],respectiely. Phaseentevariationshave
not beentakeninto accountsee[Neubertetal., 1998]for the CHAMP retro-reflectorarray

SLRobsenrationshave to becorrectedor theatmospherisignaldelay Mostof theSLR stationgerform
theirobsenationsin thevisible partof the electromagnetispectrume.g.,at532nmfor aNeodym-YAG

laseror at 423nm for a Titanium-Sapphiréaser Therefore SLR obserationsarecomparablyinsensi-
tive to the wet partof thetropospherandthereis noionospheriaefraction,which makesit possibleto

modeltheremainingpartApﬁtrop of thetropospheridelayvery accuratelyffMarini and Murray, 1973].
Local meteorologicatiatasuchaspressuretemperatureandhumidity areneededor this purpose.

For the actualSLR validationthe slantrangep? is computedrom the knovn SLR stationcoordinates,
the centerof masspositionof the satellite,andthe knovn SLR phasecenteroffset. BecauseSLR obser
vationsare unambiguousthe computedrangep! andthe modeledtropospheriadelayscanbe directly
comparedvith themeasuredangeS¥ withoutestimatingary calibrationparametersThe RMS error of
the SLRresiduals?, e.g.,perdayor singlepassof the satellitek over thelaserobseratoryi, provides
anunambiguousneasuref the 1-D accurag of theline-of-sightdistanceduringthe pass.

Accelerometer

The CHAMP STAR accelerometenbserationsarepartof the Level 2 CHAMP datadistributed by the
GFZ.They represeniOs normalpointsof the pre-processedndcorrectedoriginal Level 1 accelerom-
eterdata[Forsteand Choi, 2004]. The pre-processings necessarpecausef variousdisturbanceén
the original data[ Grunwaldtand Meehan 2003], whereasadditionalcorrectionsareneededo account
for the Lorentzforce of the Earthmagneticfield, andfor the anomalousehaior of oneelectrodein
theradial direction[Perosanzet al., 2003]. The Level 2 accelerometedatarepresenpreciseobsenra-
tions of the sumof the non-graitational accelerationgctingon the satellite(seeSect.2.3.2),but only

Table7.2: SLRretro-reflectophasecenteroffsetsgivenin the correspondingF coordinatesystems.

| Satellite || z1(m) | 2o (m) | 23 (M) |
CHAMP 0.0000| 0.0000| 0.2500
GRACEA || -0.6000| -0.3275| 0.2178
GRACEB || -0.6000| -0.3275| 0.2178
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within a measuremenandwidthrangingfrom 10s to slightly more than one orbital period. As the
STAR instrumentis not sensitve outsideof the specifiedbandwidth,additionalcalibrationparameters
arenecessario relatethemeasure@dccelerometetatato theactualnon-graitationalaccelerationsThe
accelerometesbsenration equatiorfor onespecificdirectiond thusreadsas

Ai=aq- fa+bat+eq, (7.7)
where
A, isthe STAR accelerometemormalpoint obseration,
oy istheSTAR accelerometescalefactor
fa isthenon-graitationalacceleration,
bg istheSTAR accelerometebias,and
€q Istheresidual.

The calibrationparametersy; andb,; may be subjectto long periodicvariations which makesit neces-
saryto adjustthemfrequently e.g.,onceperday [Perosanzetal., 2004] even proposeto adjustthem
onceperrevolution.

For the actualaccelerometevalidation the non-graitational accelerationf, is simply identified with
the estimatedpseudo-stochasticceleration.The satelliteattitudemay even be neglectedfor this pur
posebecauseof the relatively large errorsin single estimatesof pseudo-stochastiparameters.Pro-
vided that state-of-the-armodelsfor the gravitational accelerationsre used,and no modelsfor the
non-gr&itational accelerationshis representan easyway for an approximatre validationof the esti-
matedpseudo-stochastaccelerationsOneshouldkeepin mind, howvever, thatthis procedurés only an
approximationevenif a close-to-perfecgravity field modelis used. Moreover, only the (scaled}time
variationscanbe comparedbecausef the estimationof calibrationparameters.

Similarproceduresanbeappliedto GRACE accelerometeattatawhicharepartof theLevel 1B GRACE
datadistributedby JPLs PhysicalOceanographiistributed Active Archive Center(PODAAC). How-
ever, thiswasnotdonehere.

K/Ka-Band

The GRACE K/ Ka-BandRanging(KBR) systemobserationsare partof the Level 1B GRACE data
and are distributed by JPL's PODAAC at 5s intenals. They represenionosphere-freearrier phase
obserationswhich are constructedrom the original Level 1A dual-frequeng one-vay K- and Ka-
bandrangingobserationson carrierswith frequencieof 24.5GHz and32.7GHz, respectiely [Case
etal., 2002]. The shortwavelengthsof about1.2cm and0.9cm of both carriersare a prerequisiteto
measureghe biasedrangebetweenboth GRACE satellitesultra-preciselywith about10 um ata 1Hz
samplingrate[Dunn et al., 2003]. Becausehe digital signal processinghardware and CPU hostare
sharedwith the GPSfunction on the InstrumentProcessindJnit (IPU), the KBR obserationscanbe
time-alignedwith GPSdatawith picosecondiccurag. The KBR carrierphaseobseration equationis
thuscloselyrelatedto the GPScarrierphaseobserationequation(4.5),andreadsfor anionosphere-free
KBR obsenrationcollectedat GPSsystentime t; as

Lg =pap+ Arx +Bg + €k, (7.8)

where
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L istheKBR ionosphere-freebseration, expressedn unitsof length,

pap isthegeometridistancéetweerthephasecenterf theemittingandthereceving KBR antennas,
A,k istheKBR distancecorrectiondueto the KBR signaltraveling time,

By istheKBR biasrelatedto theinitial carrierphaseambiguity and

ex istheresidual.

Thetermp 4 g includes(in principle)thegeometriadistancebetweerthe centerof massof bothGRACE
satellites,the KBR antenngphasecenteroffsetswith respecto the centerof gravity, andthe antenna
phasecentervariationswith respecto the phasecenteroffsets. The lattertwo termsareprovidedin the
Level 1B KBR datafiles, aswell astheterm A, x [Caseetal., 2002].

The KBR obsenrationsrepresenhighly accuratgphaseor biasedrangeobserations.In orderto validate
therelatve GRACE positionswith the KBR obserations,the biasterm B in (7.8) hasto be estimated
for eachcontinuousarcof KBR measurementsSincethe Level 1B KBR datafiles areprovidedin 24h
(daily) periods,onebiastermhasto be calibratedfor eachday, if nolossof the signallock occursin the
KBR data.If alossof lock occurredgycle slipshave to beaccommodately the estimationof multiple
biasterms. This canbe accomplishe@asily becauseycle slip epochsor badmeasuremergpochsare
flaggedreliablyin theLevel 1B KBR datafiles[Caseetal., 2002]. An additionalpre-processingf KBR
obsenrationsfor cycle slip detectioris notnecessary

For theactualKBR validationtherelatve GRACE positionis computedassimply as

paB = |rB(t;) —ra(ti)|, (7.9)

wherer 4(t;) andr g(t;) aretheorbit positionsat GPSsystenmtime ¢; of GRACE A andB, respectiely.

The meanKBR antenngphasecenteroffsetsandthe satelliteattitudeare neglectedbecausehe KBR

measurementareonly ableto validatethe changeof the relatve GRACE orbit positionsin theline-of-
sightdirection. Dueto thevery smallKBR obseration noise,the RMS errorof the KBR residualghus
providesadirectmeasuref the 1-D precision(standardleviation) of therelatve GRACE orbit solution.
Oneshouldkeepin mind, however, thatthe KBR RMS error could reflecta too optimistic quality, if

multiple biaseshave to be calibratedover a24h arc.

The Level 1B KBR datafiles alsoreport KBR range-rateand range-accelerationbserations[Case
etal., 2002]. Both quantitiesarederived from the KBR phaseobserationsby numericaldifferentiation
andmay be used,e.qg.,to directly measurehe precisionof the line-of-sightcomponenbf the relative
GRACE orbit velocities

TBTTA

rp—ral’
wherery, 74 andrpg, 7 g arethe orbital positionsandvelocitiesat GPSsystemtime ¢; of GRACE A
andB, respectrely.

vaB = (B —7T4) (7.10)

7.7 CHAMP Orbit Comparison Campaign

Until todayit is possibleto validateCHAMP orbit resultsin the context of the CHAMP orbit comparison
campaignBoomkamp2003], which wasstartedin October20010n aninitiative within the IGS LEO
Pilot Projectwith the goalto assistthe IGS LEO centersto develop their POD methodsby providing
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externalreferencerbits. Thecampaigrattractednuchattentionn CHAMP PODin thefirstfew months
andreachedhe maximuminterestwhenthe First CHAMP ScienceMeetingwas held at the GFZ in

PotsdamGerman (21-24January2002[Reigber 2001]). Sincethen, CHAMP orbit solutionswere
submittedonly sporadicallyby somelGS LEO centerdo monitorthefine-tuningof their POD methods.

After the startof our work in Octobey 2002, we recomputededuced-dynami€HAMP orbit solutions
basedon piecavise constantaccelerationdor the period from May 20 to May 30, 2001 (DOY 140

to 150) of the CHAMP orbit comparisorcampaign.The orbitswerepresentedn July 2003at the 23th

GeneralAssemblyof thelnternationalUnion of GeodesyandGeophysic$lUGG) in Sapporo,Japansee
[Jaggi etal., 2005b],andwere submittediater on to the IGS LEO AC coordinatorfor furtheranalysis
[Boomkamp2004]. In the following, we presentthe outcomeof this analysis,but we emphasizehat
utmostcautionhasto betakenwheninterpretingtheresults becaussomeof theoldersubmissiongrom

otherinstitutionsmightnothave fully exploitedthe GPSdataatthetime of theircreation.Thereforepnly

thebetterperformingsolutionsfrom eightIGS LEO centersareincludedin thefollowing discussionbut

valuingconclusionsboutthe quality of thesesolutionsshouldbe omittedaswell, because¢hey possibly
do notreflectthe state-of-the-artapabilitiesof orbit determinatiorattheseinstitutions.

7.7.1 Individual Orbit Solutions

The CHAMP orbit solutionsof the eight LEO centerspresentedelov areall basedon differentreal-
izationsof the reduced-dynamimethodology They all rely on the mostrecentgeopotentiamodelsof
thattime, EIGEN1-Sor TEG-4 [Tapley et al., 2000], which both alreadyincorporatedCHAMP data.
The processingtratgiesandthe POD software packagesisedat the individual LEO centershowever,
differ considerably Below we provide informationaboutthe key elementsf the POD methodologies
(if available),andin addition,we referto newver and newestdevelopmentswith respecto LEO orbit
determinatiorat theseinstitutions. Our solutions,labeledAIUB, aredescribedn full detail,including
the“secrets”of an“optimal” tuning.

AIUB

LEO orbit determinatiorat the Astronomicallnstitute of the University of Bern (AIUB) hasbeenper
formedwithin adevelopmentenvironmentof the BerneseGPSSoftware[Dacdh etal., 2007]. The exten-
sionsdiscussedn this work have beenimplementedn this version,andwill be usedin the nearfuture
for the official PreciseScienceOrbit (PSO)determinationof ESAs upcomingGOCE satellitein the
frameawork of the High-level Processindracility (HPF),seeChapter2. It is importantto acknavledge
that major partsof the LEO implementation$ave beencarriedout aswell by the scienceteamof the
Institutefor AstronomicalandPhysicalGeodesyIAPG) atthe TechnicalUniversity of Munich (TUM),
in particularby Draienévehla.Theircooperatiorandsupportvvasessentiafor thesucces®sf ourwork.

The reduced-dynami@4h solutionscomputedfor the CHAMP orbit comparisorcampaignare solely
basedon GPScarrierphaseobserationswith a samplingof 30s. The GPSpseudo-rangebserations
areonly usedfor synchronizatiorpurposes. Data screeningand processingollows the schemesie-
scribedin Sects.7.5and7.6, andrelieson equallyweightedphaseobserationsfrom all in view GPS
satellitesabore 0° elevation. Full useis madeof the orbit andhigh-rateclock solutionsfrom CODE as
summarizedn Sects.7.1 and7.2, andof attitudedatafrom GFZ. The gravity field modelEIGEN-1S,
but no non-graitational models,are usedfor the pseudo-stochastiCHAMP orbit modelingbasedon
pieceavise constanticcelerationsseeSect.5.3.
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Figure7.9: PostfitRMS errorsof theionosphere-frephaseresidualqscaledto L;) on DOY 141,2001
plottedasa functionof the constraintsaappliedto piecevise constantaccelerationsr pulses
which aresetup every six minutesfor reduced-dynamiOD (left). Formalerrorsof postfit
orbit positionsasa functionof time for differentsolutions(a), (b), (c), and(d) (right).

Thesettingof thepseudo-stochastinodelingsuchasthenumberanda priori standardieviationsof the
estimategarameterareoptionswhichmaybevaried.It is to someextenttheanalysts responsibilityto
select'reasonable’settingsor the pseudo-stochastimodelingof a LEO trajectory This choicemaybe
completelydifferentfor differentLEOs,reasonablyifferentfor thesameLEO if differentapriori force
modelsareused or slightly differentfor thesamelLEO if datafrom differenttime periodsareanalyzed.

Figure 7.9 (left) shaws fitted curvesfor the postfit RMS errorsof the ionosphere-fre@haseresiduals
(scaledto L;) on DOY 141, 2001 asa function of the constraintsappliedfor the radial, along-track,
andcross-tracldirection(equalperdirection)for piecavise constantaiccelerationsr pulsessetup every
six minutes. The subinteral lengthof six minutesis selectedsomevhat arbitrarily In principle, it is
a compromisebetweerthe longestperiod of anunmodeledlisturbingacceleratiorto betolerated,and
the actualsensitvity of the GPSdatato have accesgo suchan acceleration.n practice,the subinter
val length of six minuteswas simply found to be adequaté¢o modelthe GPSdatafrom the CHAMP
(andGRACE) satellite(s) becausappropriatea priori standarddeviationsof the pseudo-stochastjza-
rametersxist to compute”similar” orbitswhenusingdifferenttypesof pseudo-stochastjgarameters.
Section7.8will confirmthis statement.

Figure7.9(left) shavsthattheselectiorof theapriori standardleviationshasasignificanimpactonthe
postfitRMS error of the GPSdata.Symbolicallyspeakingthe curnvesreflectperpendiculatransections
tothe (# Par) axisin Fig. 5.2. ThepostfitRMS errorsin the upperleft-handcornerof Fig. 7.9 (left) are
theresultof adynamicorbit determinationywherebothtypesof pseudo-stochastgarameterareheavily
constrainedo zerowith very smalla priori standarddeviations. In contrastthe postfitRMS errorsin
thelowerright-handcornerresultif a“kinematic-like” reduced-dynamiorbitis determinedyhereboth
typesof pseudo-stochastigarametersire estimatedreely with very large a priori standarddeviations.
The areain-betweerrepresentshe kind of reduced-dynami®OD which will usuallybe performedin
this work to obtainhigh-qualitytrajectories Note thatthe shift betweerthetwo cunesis aresultof the
differentunits of piecavise constantaccelerationandpulses;t is not causedy a differentresponse¢o
theconstraining.
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Thesizeof thepostfitRMS errorsof thedynamicsolutionsn theupperleft-handcornerindicateghatthe
dynamicmodelsareinsuficientto modelthe GPSobsenrations. Thisis mainly causedy notmodeling
thenon-graitationalforcesin the orbit determinationyhich shallbe absorbedy the pseudo-stochastic
orbit parametersThereforejt is necessaryo selectmuchlargera priori standardleviationsfor the solu-
tionsdiscussedh thefollowing, e.g.,5 - 10~8 m/< for thesolution(a), 1 - 10~8 m/<* for thesolution(b),
5-10~? m/g for the solution(c), and1 - 10~? m/s’ for the solution(d). It canberecognizedn Fig. 7.9
(left) thatall of thesefour valuesare closeto the kinematic-litle reduced-dynamiorbit solutions,as
the pseudo-stochastiarbit parameterfiave to be ableto absorbratherlarge accelerationssuchasthe
unmodeledair dragin the along-trackdirection. One shouldkeepin mind, however, thatthe marked
solutionsaswell asthe kinematic-like reduced-dynamiorbit solutionsin the lowerright-handcorner
still differ significantlyfrom a kinematicsolution,becaus®f the subinteral lengthof six minutes.

Figure7.9 (left) shaws thatbetterpostfitRMS errorsoccurfor larger a priori standarddeviations. The
samestatemenis true if the numberof pseudo-stochastiparameterss increased. This does,how-
ever, not necessarilyindicate a betterquality of the estimatedorbits, becausehey might be “over-
parametrized”. This might easily occurif one estimatetoo mary pseudo-stochastiarbit parameters
with too large a priori standarddeviations. In orderto avoid “over-parametrization”a betterquality
indicatoris neededsuchasthe formal accuracie®f the orbit positionsin the radial, along-track,and
cross-traclkdirections. They arecomputedrom the covariancematrix of the estimatedparametersic-
cordingto the generallaw of error propagation(4.32). Besideghe scalingwith the estimatedstandard
deviation of unit weight,they couldbe computeda priori asthey only dependonthe completeobsena-
tion scenarioput not ontheactualobserations.

Figure7.9(right) shavs the formal accuracie$3-D) of the orbit positionson DOY 141,2001asa func-
tion of time for the four acceleration-basesblutionsmarkedin Fig. 7.9 (left). A few commonpatterns
may beimmediatelyrecognizede.g.,thelessaccurateositionsat the arcboundarieaswell asaround
02:53:00and09:35:00. The boundaryeffects have to be expectedbecausehe orbital positionsat the
arcboundariesarelessconstrainedy the obserationsin a least-squaresstimation.A first indication
for this factwasalreadyfoundin Fig. 6.5 by comparinga completdeast-squaresolutionwith different
filter solutions. The lessaccuratepositionsaround02:53:00and 09:35:00,however, may be attributed
to mary marked obserationsby the GPSdatascreeningandto a lessfavorableobsenration scenario
including a datagap, respectiely. Both situationsare governedby a strongreductionof useableGPS
obsenrations,which is reflectedin the formal accuracie®f the orbit positions. Becausdhe BlackJack
recever wasableto trackonly up to 8 satellitesat thattime, a few missingsatellitesmay considerably
influencethe quality of the orbit positionseven for reduced-dynami®OD. It canbe recognizedhat
the “most” kinematicsolution(a) suffers mostfrom the unfavorableobseration scenarioswhereaghe
“most” dynamicsolution(d) is lessaffectedand,e.g.,almostignoresthe outagearound09:35:00which
lastsonly for 8 min. Moreaver, it canbe recognizedhatthe formal positionaccuracie®f solution(d)
exhibit a muchsmoothetime behaior thanthoseof the solution(a). Thisis a characteristiof the dy-
namicmodelswhich preventa“more” dynamictrajectoryto bechangedismuchasa“more” kinematic
orbit by individual obserations.

Figure7.9 (right) shavs that neitherthe solution (a) nor the solution (d) exhibit the lowestlevel in the
formal accuracie®f the orbit positions.Accordingto Fig. 7.9 (right), it is the solution(c) for whichthe
CHAMP orbit is determinednostpreciselyon DOY 141,2001. The sameperformances obsered for
the otherdaysof the CHAMP orbit comparisorcampaign(DOY 140-1502001)whenusingthe same
constraintsn theradial, along-track andcross-traclkdirection. This type of solutionwasgiven prefer
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enceamongvariousother CHAMP orbit solutionsbasedon 6-minutepieceavise constantccelerations,
andwassubmittedasthe“optimal” solutionto the CHAMP orbit comparisorcampaign.The “optimal”
settingshowever, mightbedifferentfor CHAMP datafrom adifferenttime period,e.g.,dueto upgrades
in therecever firmware,andshouldbe checled from time to time. Moreaover, oneshouldkeepin mind
thata furtherfine-tuningof the pseudo-stochastirbit modelingis still possiblejf differentconstraints
areappliedto the piecevise constaniaccelerationin theradial, along-track andcross-tracldirections.
This would much bettercharacterizeéhe differentamplitudesof the perturbingaccelerationghat are
presenin thesedirections.

It shouldalsobementionedhatthealong-trackcomponenexhibitsthelargestformal uncertaintiesf all
of thefour solutionsdiscussedThis hasto be expectedior reduced-dynamitrajectoriesandillustrates
(oncemore)thateventhe“most” kinematicsolution(a) significantlydiffersfrom akinematicorbit where
theradialcomponents determinedveakly Additional informationaboutthe orbit solutions,including
avalidationwith independenSLR obserations,maybefoundin [Jaggi etal., 2005b].

TUM

LEO orbit determinatiorat the TechnicalUniversity of Munich (TUM) is alsoperformedwithin a de-
velopmenternvironmentof the BerneseGPS Software, becausemajor partsof the LEO implementa-
tions have beencarriedout aswell by the scienceteamfrom the Institutefor Astronomicaland Phys-
ical GeodesyIAPG). Apart from their commoninterestin reduced-dynamiorbit determinationg.g.,
[Svehlaand Rothaher, 2002] and [Svehlaand Rothater, 2003b], their researcHocuseson the de-
terminationand promotionof precisekinematicLEO positionsfor gravity field recovery, see[Svehla
and Rothater, 2003a],[Svehlaand Rothader, 2003c], [Svehlaand Rothater, 2004a],[Svehlaand
Rothater, 2004b], and [Svehlaand Rothater, 2005a]. The successfubpplicationof kinematicor-

bits for gravity field recorery basedon kinematicorbitsis well documentedby [Gerlach etal., 2003c],
[Foldvary etal., 2004],and[Wermuthetal., 2004].

The reduced-dynami24h solutionscomputedfor the CHAMP orbit comparisorcampaignare solely
basedon doublydifferencedGPScarrierphaseobserationswith a samplingof 30s. The GPSpseudo-
rangeobsenrationsare only usedfor synchronizatiorpurposes.The GPSfinal orbits from CODE and
the attitudedatafrom GFZ areusedasthe necessargxternalsourcedor POD. Reduced-dynamiorbit
determinatiorbasedn pulsesat6-minuteintenalsis performedvith the EIGEN-1Sgravity field model.

DEOS

LEO orbit determinatiomat the Departmenbf EarthObsenration and SatellitesystemgDEOS) of the
TechnicalUniversity of Delft is performedwith the GEODYN [Rowlandstal., 1995]or the GPSHigh
precisionOrbit determinatiorSoftware Tools (GHOST),e.g.,[van Helleputte 2004]. Apart from their
commoninterestin reduced-dynamiorbit determinationfvan denlJsselet al., 2003], their research
focuseson GPS-basedccelerometry{vandenlJsseland Visser 2005]and[vandenlJsseland Visser,
2007],andonthe exploitation of the formationflying GRACE constellatiorfKroes 2006].

Thereduced-dynami80h solutionscomputedor the CHAMP orbit comparisorcampaigrarebasecn
triply differencedGPScarrierphaseobserationswith a samplingof 30s betweerthe CHAMP satellite
andagroundnetwork of about40 GPSstationdvandenlJsseletal., 2003],andarecomputedvith the
GEODYN software. The GPSpseudo-rangebserationsareonly usedfor synchronizatiorandfor the
screeningf theundifferencedGPSobserationswith the Melbourne-Wibbendinearcombination.The
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GPSfinal orbitsfrom IGS andthe attitudedatafrom GFZ areusedasthe necessargxternalsourcegor
POD. Reduced-dynamiorbit determinatiorbasedon piecavise constantaccelerationgver 20min is
performedwith the EIGEN-1Sgravity field modelandmodelsfor non-graitational accelerations.

CSR

LEO orbit determinatioratthe Centerfor SpaceResearcliCSR)of the University of Texasat Austinis
performedwith the Multi SatelliteOrbit DeterminatiorProgram(MSODP).Latestresultsachievedwith
this softwarepackagdor GRACE orbit determinatiormaybefoundin [Kangetal., 2006].

The reduced-dynami80h solutionscomputedfor the CHAMP orbit comparisorcampaignare based
on doubly differencedGPSpseudo-rangandcarrier phaseobserationsbetweerthe CHAMP satellite
and a groundnetwork of about50 GPSstations[Rim et al., 2002]. The GPSfinal orbits from IGS
andthe attitudedatafrom GFZ are usedasthe necessargxternalsourcedor POD. Reduced-dynamic
orbit determinationbasedon once-petrevolution accelerationgstimatedevery 48 minutesand drag
coeficientsestimatedvery 90 minutesis performedwith the TEG-4 gravity field modelandmodelsfor
non-gr&itationalaccelerations.

GFZz

LEO orbit determinatioratthe GeoForschungsZentruGFZ) Potsdams performedwith the EarthPa-
rameter& Orbit System(EPOS)software,e.g.,[Angermannetal., 1997]. A selectionof recentresults
for CHAMP orbit determinatiorwith this software packagemay be foundin [Konig etal., 2004]. Ad-

vancedstudieson combiningGP Strackingdatafrom groundstationandLEO receversmaybefoundin

[Zhuetal., 2004]and[Kdnig etal., 2005].

Thereduced-dynamisolutionsof the rapid scienceorbits (RSO)computedor the CHAMP orbit com-
parisoncampaigrarebasedn undifferencedCHAMP GPSpseudo-rangandcarrierphasedata. They
consistof two overlappingl4h arcsperday The GPSorbit positionsandhigh-rateclock corrections
neededor undifferenced.EO PODarederiedin aseparatstepprior to LEO orbit determinatiorwith-
out makinguseof the IGS core products.The reduced-dynamit EO orbit determinations performed
with the EIGEN-1Sgravity field modelandattitudedata. Details aboutthe orbit parametrizatiorare,
unfortunatelynotknown to us.

GRGS

LEO orbit determinatiorat the Groupede Recherchede GéodesieSpatiale(GRGS)of the CentreNa-
tional d’'EtudesSpatiale{CNES)is performedwith the GINS software packagewhich wasdeveloped
at GRGS/CNESEarly resultsof CHAMP orbit determinatiorwith this software packagemaybe found
in [Bruinsmaetal., 2003].

Thereduced-dynamisolutionsof the rapid scienceorbits (RSO)computedor the CHAMP orbit com-
parisoncampaignare basedon undifferencedCHAMP GPSpseudo-rangandcarrierphasedata. The
IGS GPSfinal orbits, the high-rateGPSclock correctiondrom CODE, andthe attitudedatafrom GFZ
areusedasthe necessargxternalsourcedor POD.Detailsof thereduced-dynamitEO orbit determi-
nationare,unfortunatelynotknown to us.
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Table7.3: RMS (cm) of thenormof the differencebetweerorbitsfrom seseral IGS LEO centers.

[ Satellite[ DEOS AIUB_ TUM JPL CSR GRGS GFZ NCL |

DEOS *

AlUB 6.85 *

TUM 7.67 5.33 *

JPL 9.63 1045 10.71 *

CSR 8.22 9.52 10.43 8.94 *

GRGS || 9.10 9.33 9.82 10.96 10.57 *

GFZ 9.11 10.09 10.09 9.91 10.86 11.48 *

NCL 996 10.86 11.39 8.44 859 11.75 11.07 *

JPL

LEO orbit determinatiorat the JetPropulsion_aboratory(JPL)is performedwith the GIPSY/QASISII
softwarepackage.

The 30h solutionscomputedfor the CHAMP orbit comparisorcampaignare basedon undifferenced
GPSpseudo-rangandcarrierphaseobserations. The neededsPSsatellitehigh-rateclock corrections
arederivedin aseparatstepfrom the JPLorbit andclock productsfor the IGS. The LEO orbit determi-
nationis basedon a two-stepmethod ,whereanorbit basedn a few dynamicparameterss determined
first. Basedon this dynamicsolution,areduced-dynamifiltering is performedby introducingstochastic
accelerationgto the orbit determinatiorprocess.

NCL

LEO orbit determinatiorat the Schoolof Civil Engineeringand Geoscienceat the University of New-
castleuponTyneis performedwith the GIPSY/QASIS Il softwarepackage.

The 13.5h solutionscomputedor the CHAMP orbit comparisorcampaigrarebasedon undifferenced
GPSpseudo-rangandcarrierphasebsenrations.Similarto theJPLsolutionstratey, atwo-stepmethod
basedndynamicPOD(TEG-4gravity field model)with additionaliterationsbasecdn stochasti@accel-
erationsgs applied.The GPSsatelliteorbitsandthe high-rateclock correctiondrom JPLareused.

7.7.2 Orbit Comparison Results

The ultimate goal of the CHAMP orbit comparisorcampaignwasto estimatethe 3-D orbit error for
eachof the submissionsi.e., to estimatethe RMS ¢, of the norm of the differencevectorbetweena
CHAMP trajectorycomputeddy theIGS LEO center‘z” andthetrue CHAMP orbit. As thiserroris not
directlyaccessibleit mustbeinferredfrom theentiresetof availablesubmissiongpossiblyby including
otheravailable information. Table 7.3 summarizeshe RMS o,, of the norm of the differencevector
betweenorbit solutionsfrom the differentlGS LEO centersfor the eleven-dayperiod of the CHAMP
orbit comparisorcampaign.ThesmallesRMS, 5.33cm, is foundbetweenTUM andAIUB. Thelargest
RMS, 11.75cm, resultedbetweerNCL andGRGS.

We have anumberof RMS valuesrelatedto the differencesetweerindividual CHAMP orbit solutions
atour disposal.lf we assumehattheindividual solutionsareindependentgachRMS o, of Table7.3

may bewritten as (o2 + 05)%, whereo,, ando, denotethe unknavn RMS errorsof the orbit solutions
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Table7.4: SLRvalidation(cm) for orbitsfrom differentiGS LEO centers.
| Satellite| RMS MEAN SIGMA Dateof submission|

AlUB [ 3.00 093 286 Feb 2004
CSR || 3.12 017 311 Jan.2002
DEOS | 359 1.30  3.35 Jun.2002
TUM | 367 177  3.22 Feb 2003
GRGS || 397 166  3.60 Sep.2002
GFz || 462 076 456 Sep.2002
NCL | 483 131 465 2002
JPL || 492 242 428 2002

” “w_on

from the centers'z” and“y”, respectiely. Expresseasvariancesthe relationshipagy =02+ 05 is

linearandcouldthusbe usedto adjustthe 8 individual RMS valuesin the least-squaresenserom the

28 pairwise RMS valuesfrom Table7.3. The descriptiorof theindividual solutions however, indicates
that the solutionsarein generalnot independent.The very small RMS valueresultingfor TUM and
AIUB, e.g.,indicatesthat their orbit solutionsare highly correlatedas both institutionsusethe same
POD software. A similar underestimatiomasto be expectedif the samesystematicerrorsare present
in two or moresolutions. The RMS errorsfrom Table 7.3 thereforeestimatea lower limit of the true

pairwiseorbit errors.

7.7.3 SLR Validation

The individual submissiongo the CHAMP orbit comparisorcampaigrareall derived from GPSdata.
Theanalysisof SLRresidualgseeSect.7.6.2)thusprovidesanindependentalidationof the quality of
eachorbit solution. Thereforethe SLR validationwastakeninto accounfor the CHAMP orbit compar
isoncampaigrto derive the orbit quality not only from the pairwise orbit comparisorresultsshavn in
Sect.7.7.2,but (mainly) from the SLR validationin orderto provide morereliableestimate®f the 3-D
orbit quality.

1716differencef computedandobsered rangesetweerthe CHAMP satelliteandthe SLR obsenra-

toriescould be formedfor the 11-dayperiodof the CHAMP orbit comparisorcampaign. TheseSLR

residualsverecomputedwithout the estimationof ary additionalparameter$ike rangeor time biases.
Despitetheratherlarge numberof collectedSLR obserationsduringthe 11-dayperiod,thedistribution

of the available SLR obsenrationsin spaceandtime is still very sparse.The 1716 SLR residualsare
momentarysnapshotef the projectionof the total orbit error onto the line-of-sightvectorbetweerthe

SLR obseratory andthesatellite.

Table 7.4 shaws the validationresultsfor the eight bestsubmissionsThe smallestRMS of 3.00cm is
foundfor AIUB, thelargestRMS with 4.92cm resultedfor JPL. Despitethe goodresultsfor all eight
solutions,it mustbe pointedout that morerecentsubmissionse.g.,from JPL, might be betterthanthe
availablesolutions.Thisis alsothereasorwhy only eightof atotal of thirteensolutionsaregivenin the
tablesof theseparagraphspthersolutionsdo notfully reflectthepotentialof reduced-dynami€HAMP
PODwith GPSdata.

Table7.4 separatethe SLR RMS for the eight submissionénto a meanoffsetanda standardleviation
aroundthe mean.lt is striking thatall solutionsshav a positive SLR offset, evenif the scattehetween
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Table7.5: Pair-wise RMS (cm) of SLR residualsbetweendifferentlGS LEO centergtop triangle)and
ratiosof RMS errorsfrom Table7.3andfrom this Table(bottomtriangle).

| Satellite| AIUB CSR DEOS TUM GRGS GFZ NCL JPL |

AlUB * 433 468 475 497 551 569 5.76
CSR 2.20 * 476 482 504 557 575 582
DEOS | 146 1.73 * 514 535 585 6.02 6.09
TUM 1.12 217 1.49 * 541 590 6.07 6.14
GRGS | 1.88 210 1.70 1.82 * 6.09 6.25 6.32
GFZS 183 195 156 171 1.87 * 6.68 6.75
NCL 191 150 166 188 188 166 * 6.89
JPL 181 154 158 175 174 147 123 *

the individual solutionsis ratherlarge. By far the smallestmeanvalue canbe found with 0.17cm for
the CSRsubmission.This might be dueto the factthat CSRsolvesfor a daily centerof-masszs-offset
parametetogetherwith the otherorbit parametersvithin the POD process.Sucha parameteaccounts
for apossiblywrongoffsetof the GPSantennghasecentey which would causeanalmostperfectradial
orbital errorasthe CHAMP satelliteis well alignedto the nominalattitude(seeFig. 7.2). A radial orbit
errormapsinto the SLR residualsandshavs up mainly asan offset. As CSRis the only centersolving
for azs-offsetwithin their PODprocesstheobsered SLR offsetsin Table7.4are,if atall, rathercaused
by anerroneoussPSphasecenteroffsetthanby anerroneousSLR phasecenteroffset,which would af-
fectall submissionsn the sameway. Concerninghe SLR offsetof 0.93cm for the AIUB submission,
it will beshavn in Sect.7.8.2thatno significantoffset canbe detectedver longertime spans.Eleven
daysthusseemnto betoo shortto draw firm conclusionsaboutwrong sensoiffsets.

In orderto correlatethe pairwise RMS orbit errorsfrom Table7.3with theindividual RMS errorsof the
SLRresidualdrom Table7.4, pairwise SLR RMS valuescanbe computedrom the valuesprovidedin
Table7.4, assuminghattheindividual contritutionsareindependentTable 7.5 (top triangle) summa-
rizesthesepairwise SLR RMS values aswell astheratios(bottomtriangle)betweerthe pairwise orbit
errorsignalfrom Table7.3andthepairwise RMS of SLRresidualsTheratiosin thebottomtriangleare
well suitedto recognizedependencielsetweenndividual solutionswhichis the caseif thecomparison
for a singlecentershavs a significantdifferencefrom comparisonsvith the othersolutions. Theratios
of 1.12for the pair AIUB+TUM and1.23for the pair NCL+JPL suggestge.g.,correlationanducedby
theuseof thesamePOD software.

A “proper” eliminationof suchoutliersyields57 ratios(stemmingalsofrom 4 LEO centersotlistedin

thetables)which wereacceptabldéor the computatiorof a meanratio of 1.81with a standarddeviation

of 0.16.[Boomkamp2003]shavedthatthe meanvalueof theacceptedatiosfrom Table7.5 (indicated
by non-italics)is identicalto the ratio for single orbit results,which is the single-solutionorbit error
dividedby the single-solutiorRMS of the SLR residuals As the sameis truefor the standardieviation,

theabsoluteorbit errormay be estimatedy the empiricalrelation

RMSgpit = (1.81 % 0.16) - RMSg| R - (7.11)

Table7.6 shaws theindividual orbit error estimateswith their errorsaccordingto relation(7.11)for the
solutionsof the CHAMP orbit comparisorcampaign.Therankingof theindividual solutionsis uniquely
determinedy the SLR validationresultsfrom Table7.4. It shouldbementionedhat[Boomkamp2003]
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Table7.6:3-D orbit errorestimategcm) for orbitsfrom differentiGS LEO centers.

[Satellite | RMS_SIGMA |

AlUB 545 0.48
CSR 5.65 0.50
DEOS || 6.52  0.58
TUM 6.67 0.59
GRGS || 7.20 0.64
GFz 838 0.74
NCL 8.76  0.77
JPL 8.93 0.79

foundameanratio of 1.52with a standardleviation of 0.18in ananalysisof earliersubmissionsyhich
is closerto v/2 andnotto v/3 asthevalueof 1.81from [Boomkamp2004]usedin this section.

7.7.4 Discussion

Theassessmenmtf theabsoluteorbit errors,i.e., thedeterminatiorof theratiosbetweerthe pairwise or-
bit errorsandthe pairwise SLR errorsis notfreefrom assumptionfBoomkamp2001]. Let ustherefore
briefly discusssomeof the centralissues.

As mentionedn the previous paragraphseveral ratiosfrom Table 7.5 (bottomtriangle)wereexcluded
in orderto justify to someextentthe assumptiorof independencbetweernindividual solutions.This is
probablythe wealestpoint of thatkind of analysis becausehe individual solutionsarenot at all inde-
pendentinduncorrelatedIf all submission$rom the LEO centerswere,e.g.,kinematicorbit solutions,
they would tendto be evenmorecorrelatedhanthe reduced-dynamiorbit solutions,becausenly the
GPSdataselectiorandmodelingwould differ from solutionto solution. The pairwise orbit errorsfrom
Table 7.3 would thusdecreasegven while the actualorbit errorwould increase.Obviously, the ratios
in Table7.5 (bottomtriangle)areaffectedby the POD stratgy aswell andneednotto be equal,which
guestionghe computatiorof onemeanratio. Individual error sourcedn oneof the solutions,e.g.,are
evenly distributedto the errorestimate®f all solutionsif onemeanratiois computed.

The abare mentionedpointsillustrate someof the difficulties which limit our ability to reliably assess
the 3-D orbital errorsof theindividual submissionso the CHAMP orbit comparisorcampaign.

7.8 CHAMP Orbit Determination with Improved GPS Tracking

This sectionpresentCCHAMP orbit determinatiorresultsobtainedwith GPSdatacollectedafter the
recever firmwareupdateon DOY 064,2002. On thatday the GPSBlackJackrecever wasenabledto
simultaneouslyrack up to ten GPSsatellites(seeSect.2.3.2). In orderto studypossibleimplications
on the settingsandresultsof pseudo-stochastirbit modeling,a time periodof 201 daysbeaginningon
March1, 2002(DOY 060to 260) hasbeenselectedor processingThefirst five daysat the beginning
wereintendedto visualizedifferentorbit qualitiesbeforeandafter DOY 064, if they shouldexist. The
gravity field modelEIGEN-2wasusedfor the processingsit representethe state-of-the-arCHAMP-
only gravity field modelatthattime.
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Figure7.10:Formalerrorsof postfitorbit positionson DOY 198,2002asa functionof time for different
solutions(a), (b), and(c) (left). Variationsof thenumberof usedGPSsatellitesandoverlaid
variationsof theformal positionerrorsof the solution(b) (right).

7.8.1 Tuning CHAMP POD: Some Words On ...

It hasbeendiscussedn the contet of the CHAMP orbit comparisorcampaignin Sect.7.7 how the
“best” processingptionswerefound for the CHAMP 2001 dataset,andthatthey shouldbe checled
eachtime whena new setof spaceborn&PSdatais analyzed.The following paragraphseview these
optionsfor oneselectedveek of GPSdata(DOY 195-201,2002)within the newly analyzeddataset.
They illustrate that changesn the subinteral lengthsandthe a priori standarddeviations of pseudo-
stochastigparametersnay have, within certainlimits, almostthe sameimpacton the orbit positions.
Thesamestatemenis alsotruefor the differenttypesof pseudo-stochastgarametergyrovidedthatthe
lengthof the subinteralsis shortenough.

... A Priori Standard Deviations

Figure7.10(left) shawvs theformalaccuracie$3-D) of theorbit positionsachi&zedon DOY 198,2002as
afunction of time for threeout of the four 6-minuteacceleration-basesblutionsdefinedin Sect.7.7.1.
Thescaleof Fig. 7.10(left) indicateghattheaccuraciegsregenerallybetterthanthoseshavn in Fig. 7.9

(right) for DOY 141,2001. Insteadof 12.2mm we nowv obsere a meanlevel of 8.3mm. Thereason
for this improvementmay probablybe attributedto theimproved trackingperformancef the CHAMP

BlackJackrecever, causedby the firmware update. Anotherpieceof evidencefor this conclusionis

givenby the solution(a) which now hasformal accuraciesomparabléo the othersolutions(whichwas
notthecaseon DOY 141,2001,seeFig. 7.9(right)). Becausesolution(a) is the“most” kinematicsolu-

tion, it benefitamostfrom the betterreceiver performancasit is nicely reflectedby theformal position
accuracies.

Figure7.10(right) shavs the correlationbetweerthe numberof simultaneouslypbsered GPSsatellites
andtheformal positionaccuray. Thepositionerrorsoftentendto belargerwhenonly afew GPSobser
vationsare available,andvice-versa,see,e.g.,around09:30:00and 13:00:00. Keepin mind, however,
that thereis no one-to-onecorrelation,becausetherfactorssuchasthe viewing geometryinfluence
formal positionerrorsaswell.

Figure7.10(left) shaws thatit is nolongersolution(c) having the lowestlevel in theformal accuracies
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Figure7.11:Along-trackdifferenceson DOY 198, 2002 betweenan orbit basedon piecavise constant
accelerationandorbitsbasedn pulsesandpiecevise linearaccelerationgespeciely.

of the orbit positions(asit wasfoundfor the time periodof the CHAMP orbit comparisorcampaign).
Solution(b) now shaws the bestperformancewhich is alsothe casefor the entire GPSweek1175. As

theconstraintsverel - 10~8 m/s for solution(b) and5 - 10~2 m/s* for solution(c), our resultfavorsthe

“more” kinematicsolutions,possiblydueto theimproved GPStracking. An orbit comparisorbetween
thesolutions(b) and(c) on DOY 198shaws, however, thatthe differencesetweerthetwo solutionsare
notdramatic(with a 3-D RMS errorof 7.9mm).

... Different Types of Pseudo-Stochastic Parameters

Figure7.11zoomsonaspecifictimeintenal includingthefirst threehoursof DOY 198,2002,andshavs
the along-trackdifferencesdetweena 6-minutepulse-basedrbit with respecto solution(b), which is
basedn 6-minutepiecavise constanaccelerationsln addition,the differencedetweeran orbit based
on 6-minutepiecavise linear accelerationgndsolution(b) aredisplayed. The scaleof Fig. 7.11indi-
catesthatthedifferencesnducedby the differentkinds of pseudo-stochastirbit modelsaremamginal,
provided thatthe subinteral lengthof the underlyingparametersrenot too long andthatthe a priori
standardleviationsarechoserfmost” appropriately Thelatterissueis of particularimportanceasshavn
in thepreviousparagraphFigure7.11illustratesthatfrom thepointof view of orbit (position)modeling
thereis no significantgainto be expectedwhenusingmorerefinedpseudo-stochastigarameterse.g.,
piecaviselinearaccelerationgsteadof piecavise constanaccelerationsEventhedifferencedetween
the pulseandthe acceleratiorsolutionarevery small, althoughthe effect of the instantaneouselocity
changesanbe well obsered as sharppeaksat the pulseepochsevery 6 min. Figure7.11givesone
importantreasorfor selectingpiecavise constanticcelerationfor mostof theapplicationgdiscussedn
this work: they avoid “unphysical”phenomenan the orbits, but areeasierto usethanpiecevise linear
accelerations.

Figure 7.12 shaws the formal accuracieg3-D) of the orbit positions(left) and orbit velocities(right)
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Figure7.12:Formalerrorsof postfitorbit positions(left) andorbit velocities(right) on DOY 198,2002
asafunctionof time for pulsespiecavise constantandpiecaviselinearaccelerationsThe
bottomrow shaws detailsfor atwo-hourintenal of thetop row.

obtainedfor the almostidentical orbit solutionsdisplayedin Fig. 7.11. The formal positionerrorsin
Fig. 7.12(left) underlinethealmostidenticalqualitiesof the estimategositions.Only thezoomreveals
the sharppeaksfrom Fig. 7.11 for the pulse-basedolution. It is interestingthat piecavise constant
accelerationshav anoppositebehaior with a slightly lower quality aroundthe middle of the subinter
vals,whereagheformalaccuracie$or pieceviselinearaccelerationarealmostfreefrom intra-intenal
excursions.

As expected the differencesetweernthe pseudo-stochastiorbit modelsbecomemore pronouncedat
the velocity level. Figure7.12 (right) shaws a high-frequeng patternwith sizeableamplitude,which
however, cannotbe separatedrom the othercurvesin thefigurefor the entireday, but the detailedview
nicely resohesthe different patternsand assignghemto the threepseudo-stochastiarbit models. It
canbe seenthatthe orbital velocitiesderived from the pulsesolutionareformally determinedwith the
lowestaccuray, followed by thevelocitiesderived from piecavise constanaindpiecevise linearaccel-
erations.Apart from the (expected)discontinuitiesat the intenal boundariesthe formal accuracie®f
the pulse-basedelocitiesdo not shav very large variations. A similarly smallvariationis obsered as
well for the solutionbasedon piecavise linear accelerationsln contrastthe solutionbasedon piece-
wise constantccelerationshavs very pronouncedntra-intenal oscillationsbetweerthe quality level
of orbitalvelocitiesderivedwith pulsesandorbital velocitiesderivedwith piecaviselinearaccelerations.
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Figure7.13:Daily SLRRMS errorsfor GPSweek1175for reduced-dynamiorbitsbasedn differently
constrainegulses(left) or piecavise constantccelerationgright). SolutionlDs with and
without primesindicatesubinteral lengthsof 15and6 minutes respectiely.

Comparingrig. 7.12(right) and(left) shavs thatpiecavise constanticcelerationgctlike pulsesonthe
velocity level.

... Different Subinterval Lengths

For ary givensubinteral lengthof pseudo-stochastjgarameterst is ratherstraightforvard to find the
“optimal” a priori standarddeviationsusingthe criteriaoutlinedin the previous sections.The selection
of thesubinteral lengthitself, however, is arbitraryto a certainextent. Throughouthiswork, anominal
subinteral lengthof six minuteshasbeenadoptedwhich is a compromisebetweerthe computational
effort andthe capabilityto resole short-termperturbationsFigure7.11shaved, morewer, thatalmost
identical orbits can be obtainedwith differentpseudo-stochastigarametrization®asedon six minute
time intenals. This is onemorereasorto selectthe rathershorttime intenals, althoughmorerefined
parametrizationsuchaspiecavise linearaccelerationsouldcopeaswell with muchlongersubinteral
lengths.

Figure7.13shaws the daily SLR RMS errors(DOY 195-201,2002)for CHAMP orbit solutionsbased
on pulseg(left) andpiecavise constantaccelerationgright), whenusingdifferenta priori standardlevi-
ationsandsubinteral lengths.Thea priori standardleviationsfor the piecavise constanaccelerations
are5 - 10~8 m/g for solution(a), 1 - 10~8 m/g for solution(b), and5 - 10~ m/<’ for solution(c). The
apriori standardieviationsfor the pulsesreadas1 - 10~5 m/sfor solution(A), 5 - 10~¢ m/sfor solution
(B), and1 - 10~¢ m/sfor solution(C). Thefirst threebars(from left) on eachday represenbrbit solu-
tionsbasedn 6 min subinterals, thelastthreesolutionsarebasedn 15min subinterals. A screening
thresholdof 0.3m wasusedfor computingthe SLR residuals.

The bestperformancevith respecto the SLR residualss obtainedfor the 6-minutesolutions(B) and
(b), respecirely, whichwerefoundto be optimal,aswell, from the analysisof theformal positionaccu-
racies.Thisjustifiesour selectiorcriteria. Over the sevendays,the solutions(B) and(b) shav analmost
identicaloverall SLR RMS of 3.4cm. In view of the almostidenticalorbitsin Fig. 7.11, it hasto be
expectedhatthe SLR validationis almostthe sameaswell.

Whencomparinghefirst threebarswith the lastthreebarson eachdaywe getthe (correct)impression
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thatit is sometimedglifficult to decidewhichsubinteral lengthis actuallymoreappropriateThisreflects
the difficulty whenvalidatingmicrowvave-basedrbitswith sparseSLR obserations. Strictly speaking,
firm conclusionganbeobtainednly by analyzingnuchlongerresiduakeries- whichindeedsupported
our decision.

7.8.2 SLR Validation

SatelliteLaserRanging(SLR) is the only spacegeodetictechniquewhich canprovide anindependent
validationof the CHAMP satelliteorbitsin anabsolutesense Unfortunately SLR measurements LEO
satellitesareusuallysparsemainly dueto the shortandraretrackingpassesbove the individual SLR
stations.In orderto bestmeetthe mostimmediatedataneedsthe ILRS assigngriorities for tracking
specificsatellites.In April 2001,e.g.,CHAMP wasgiventhe highesttrackingpriority amongall taget
satellites[Pearlmanet al., 2002], which significantly contrikuted to the successfutonductionof the
CHAMP orbit comparisorcampaigmonemonthlater Despiteall theseefforts, CHAMP SLR obsera-
tionsusuallyremainsparse.

For the SLR validationof our CHAMP reduced-dynamiorbits,we usedall available SLR obserations
of CHAMP for the periodbetweerDOY 060and260,2002,whichresultedn atotalof 21 SLR obsera-
toriesinvolved. In orderto obtainareliablestatisticswe rejectedSLR residualdargerthan0.3m which
reducedthe amountof available databy about3%. Suchan outlier eliminationis necessarybecause
unrealisticlylarge andobviously erroneousiormalpointsmaystill bepresentn the SLR data.However,
it is clearthatsucha proceduranay alsorejectresidualswhich arenot bad, but large dueto problems
with the orbit determination.In orderto derive areliable estimateof the orbit quality under‘normal”
conditions we completelyeliminateddaysfrom the comparisorwhich shaved ary indicationof anex-
ceptionalbehaior. This conserative approaclremoved asmary as20 daysfrom the comparisordue
to alarge variety of reasonsincludinglarge gapsin the GPSdata,large amountsof GPSobserations
markedasunusabléy the screeningprocedureorbit maneuers, missingattitudeinformation,etc.

Figure7.14(left) shavs the daily SLR RMS errorsfor the CHAMP reduced-dynamiorbits of the “op-
timal” solution(b). Thedaily valuesshawv a considerablscattebetweerD.63cm and8.45cm for DOY
76 and178,respectiely. Both daysareextremeinsofar asonly the smallnumberof 38 and67 residuals
contritute to the mentionedRMS errors. The numberof acceptesLR residualgperdayvariesbhetween
6 and 334. The majority of the errorsis between2 and4cm with a meanvalue of 3.2cm, which is
closeto the3.0cmfoundfor themuchshortertime periodof the CHAMP orbit comparisorcampaigrin
Sect.7.7.3.

It is interestingthat no significantdifferenceexists betweenthe SLR validation of reduced-dynamic
CHAMP orbitsbeforeandafterDOY 064,2002,whichcanbeseerby lookingattheleft partof Fig. 7.14
(left). Unlike to kinematicorbits,which arevery sensitve to the numberof available GPSobsenrations,
the changedracking conditionsdo not significantlyinfluencethe quality of the reduced-dynamiorbit
solutions,at leastnot on a level seenby the SLR validationif the solutionsare properlytuned. This
confirmstherobustnes®f thereduced-dynamisolutions althoughthe needto adaptthe settingsof the
pseudo-stochastiarbit parameterseflectsthatthereis, of course,a certainsensitity to the tracking
conditions.

Figure7.14(right) shavsthedaily meanvaluesof the SLRresidualsisedo obtainFig. 7.14(left). A few
of thelargeerrorscanbecorrelatedo large offsets,e.g.,onDOY 178. Apartfrom thesdargevalues,one
fortunatelydoesnotrecognizglarge) meanvaluesover the 201 day period,but onegetstheimpression
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Figure7.14:Daily SLR RMS errors (left) and offsets (right) for DOY 060-260,2002 for CHAMP

reduced-dynamiorbitsbasedn piecavise constanficcelerationsetup every six minutes.

thatsomesystematigatternsareoccasionallyisiblein Fig. 7.14(right). Thismight beareasorfor the
somevhatlarger SLR offsetfoundin the context of the CHAMP orbit comparisorcampaignwvhereonly
alimited time spanof elevendayswereanalyzedseeSect.7.7.3).No attempthasbeenmade however,
to furtherinvestigatehisissue.

7.8.3 Validation with Accelerometer Data

The STAR accelerometestboardCHAMP directly measureshetotal non-graitational acceleratioract-
ing on the spacecraf{seeSect.7.6.2). Becausedhe very precisemeasurementsre band-limitedto the
high-frequeng partbetweenl0—* to 10~! Hz of the measuredsignal[Grunwaldtand Meehan 2003],
they needto be calibratedfor the low-frequeng part beforebeing usefulfor further applications. In
the following, this is achieved by applyingthe calibrationparametergrovided as part of the Level 2
CHAMP datadistributedby the GFZ.

It is clearthata comparisorof accelerometedatawith estimatedacceleration$rom GPSobserations
is nota strict validation,e.g.,[vandenlJsseland Visser 2005], becausg@seudo-stochastiurbit param-
etersmaycompensatéor ary deficienciesn thedynamicmodels but not only for the non-graitational
partof themodels.Evenif a CHAMP state-of-the-argravity field modellike EIGEN-2is usedwithout
modelsfor thenon-graitationalaccelerationfor thereduced-dynamiorbit determinationpnemaynot
hopeto strictly validate*GPSaccelerometryWith accelerometedata.Neverthelessaccelerometedata
arethe only independenmeasurementior CHAMP, which have the potentialto provide a roughbut
continuousrerificationof theestimatedaccelerationfrom GPS.Olviously, this alsovalidateshe orbits
to a certainextent.

Figure7.15illustrates for a specifictime intenal of aboutthreeorbital revolutionson DOY 198,2002,
how thealong-tracks-minutepiecavise constanaccelerationgsolution(b)) andthe 6-minutepiecavise
linearaccelerationagreewith themeasuredccelerationfomtheSTAR accelerometeiTheaccelerom-
eterbiasandscalewereremaved by applyingthe valuesprovided by the GFZ, which are-3555nm/g
and0.833for the along-trackbiasandscale,respectiely. The generallygoodagreemenin Fig. 7.15
underlineghe quality of the EIGEN-2gravity field modelfor the CHAMP orbit on this day whichwas
not part of the dataperiodusedfor the generatiorof the EIGEN-2 model. Apart from the well repro-
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Figure7.15:Along-trackcomparisoron DOY 198,2002(1-5.5h) betweenSTAR accelerometemea-

surementgbias and scaleremoved) and estimatedaccelerationsising the gravity field
modelEIGEN-2.

ducedonce-petrevolution signaturecausedoy air drag, additionalstructuresare occasionallytracked
by the estimatedaccelerationaswell, e.g.,the striking peakat 230min during a North pole passage.
Someolviousdisagreementsiayberecognizedswell, e.g.,aroundéOmin. Bothfeaturesareprobably
realasthey couldbereproducedswell with accelerationslerived from the air-densitymodelMSIS-86
[Hedin 1987].

Figure7.15shaws thatsingleacceleratiorestimatesrom GPSdataarenot very sensitve to mary fluc-
tuationstracked by accelerometedata. It is clearthat GPSaccelerometrjasa time resolutionof the
subinteral lengthsof the piecavise constantor pieceavise linear accelerations.However, evenif the
subinteral lengthis reducedthe singleacceleratiorestimatesio not containmuchinformationabout
thehigh-frequeng conteniof the perturbingaccelerationAlso in thecaseof therelatively long 6-minute
intenals usedfor Fig. 7.15,a goodpartof theagreemenis causedy theinformationintroducedoy the
a priori standarddeviationsof the pseudo-stochastigarametersThis is alsothe reasonfor the devia-
tionsobseredaround60min in Fig. 7.15. As soonasthe constraintggetmorerelaxed, the acceleration
estimatesstartfollowing the featurearound60min, but otheraccelerationstartdeviating from the ac-
celerometercurve, aswell. This behaior illustratesthat the single acceleratiorestimatesare highly
dependenbn the settingsof the pseudo-stochastigarameters.A discussiorof the contritution of a
priori informationto GPSaccelerometrynay befoundin [vandenlJsseland Visser, 2007].

We correlatedhe accelerationgstimatedrom the GPSobserationswith the accelerometedata. The
correlationcoeficientr,, of two (daily) time seriesz andy maybeempiricallyderved by

> ST
YV @i -1 (i — 9%

(7.12)

where

z;,1y; arethevaluesof thetwo time seriesreferringto thesameepochnumbers,
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Figure7.16:Daily correlationcoeficientsfor DOY 060—260,2002betweenSTAR accelerometedata
andestimatedhlong-tracKtop, left) andcross-tracKtop, right) accelerationasingthegrav-
ity field modelEIGEN-2. Daily along-trackbiascorrectiongbottom,left) andcorrelation
coeficientsbetweercross-trackaccelerometedatawith andwithouttheLorentzcorrection
(bottom,right).

z,y arethearithmeticmeanvaluesof thetwo time seriesand

n  isthenumberof commonepochs.

Figure 7.16 (top row) shaws the daily correlationcoeficients betweenthe estimateds-minute piece-
wise constantor piecavise linear accelerationgindthe measurediccelerationsor the considered201
day period. The daily valuesof (7.12) arebasedon all available 10s normal pointsfrom the Level 2

accelerometedatafiles and are given for the samedaysasshavn in Fig. 7.14. Accordingto (7.12),
they do notdependntheaccelerometescaleandoffset,which makesthemappropriatdo measurehe
(dis)agreemerbetweenSTAR andGPSaccelerometryNote thatthe radial comparisoris not givenin

Fig. 7.16(top row) dueto thewell known failurein oneof theaccelerometeglectrode$Perosanzetal.,

2003]. The correctedradial accelerometemeasurementstill suffer from residualinstrumentaldrifts

[Perosanzetal., 2004].

Figure 7.16 (top, left) indicatesthat the along-trackaccelerationsre, almostwithout exception,well
representedy pseudo-stochastigarametersvith a time resolutionof 6 min. The scaleof Fig. 7.15
shavedthatthemainalong-tracksignalis very pronounceavith anamplitudeof upto 200nm/<, which
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facilitatesa goodrecorery asit is reflectedby Fig. 7.16 (top, left). Neverthelessnoticeablevariations
overtime maybeobseredaswell, e.g.,areducedjuality andstability of thecomparisonresultsaround
DOYs 100and200. In particularfor thesecondperiodof instability, we noticeanevenmorepronounced
impacton the cross-trackcomparisorshavn in Fig. 7.16 (top, right). The correlationcoeficientssud-

denlydropfrom anormallevel of about82%to only 39%.

The SLR validationin Fig. 7.14did not indicatean inferior orbit quality aroundDQOY 200. Therefore,
we attribute this effect to the accelerometedataratherthanto the orbit. Another pieceof evidence
for this suspicionmay be foundin Fig. 7.16 (bottom, right), which shawvs the daily correlationcoefi-
cientsbetweercross-traclaccelerometedatawith andwithouttheapplicationof the Lorentzcorrection
provided with the Level 2 accelerometedata[Forste and Choi, 2004]. Obviously, both seriesshav a
striking discrepang from DOY 163onwards,which resultsin completelydifferentaccelerationfor the
cross-tracldirection. It is interestingto notethatthe startof this patterncoincideswith the termination
of an orbit maneuer sequencearriedout on DOYs 161 and 162 to raisethe perigeeby about20km
[Reigber 2002a].

Becauseheapplicationof theLorentzcorrectionwasfoundto significantlydegradethecross-trackcom-
parisonduringthistime period,we decidednhotto applythis correctionto theaccelerometedata,which
alsoholdsfor theresultspresentedn Fig. 7.16. Accordingto [Forsteand Choi, 2004]it shouldbe fur-
therstudiedwhetherit is necessargr notto applythe Lorentzcorrection.

Figure7.16(top, left) shavs thatthedifferencesn thealong-trackcorrelationcoeficientsbetweerboth

pseudo-stochasticceleratioomodelsarevery stableat almostthe sameevel of aboutl1.6%. A similar

level, althoughslightly lessstable,canbe obsered aswell in Fig. 7.16 (top, right) for the cross-track
direction.More pronounceeffectsfor bothdirectionscouldbeexpectedor longersubinteralslengths.
For 15min, e.g.,thedifferencesn the correlationcoeficientsincreasdo about8%, which is somevhat

largerthanthe effect foundfor a pureonce-peirevolution signal,4.2%,in simulationstudies.

In principle, pseudo-stochastecceleratiorparametergould be usedas pseudo-obseatiors to derive
approximateestimate®f the accelerometebiasandscaleparametersf the obseration equation(7.7)
in aleast-squareadjustmentSuchan “off-line” dervation, however, cannotbe competitve with other
availablecalibrationtechniquese.g.,[Perosanzet al., 2004] or [Gerlach et al., 2003c],dueto the lim-

ited precisionof the underlyingsingle acceleratiorestimates.Neverthelessan easymonitoringof the
accelerometeralibrationcanbefacilitatedin thisway. For afixedalong-trackscaleparameteof 0.833,
Fig. 7.16 (bottom, left) shavs daily correctionvaluesto the meanalong-trackaccelerometebias of
—3555 nm/$ provided by the GFZ. It canbe well recognizedhattherearedifferentregimeswith dif-

ferentstabilities. The obsered patternsare comparablewith thosegiven in [Bruinsmaet al., 2004],
andarearesultof the accelerometeanddatahandlingelectronicaboardCHAMP. Accelerometebias
parametersnay changee.qg.,if switchesoccurbetweerthe mainandtheredundantlectronics.

Figure7.16 (bottom, left) alsorevealsthatthe daily correctionshave a small offsetwith respecto the
meanalong-trackaccelerometdniasprovidedby GFZ, which mightbedueto differentdynamicmodels
usedat GFZandAIUB. Strictly speakingaccelerometetalibrationparameterareonly valid if exactly
thesamebackgrounanodelsareappliedfor PODasusedfor thederivationof thecalibrationparameters.
Notethatthe magnitudds too smallto beolviousin Fig. 7.15.
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7.8.4 Accelerometer Data as Additional Observations — A Simulation Study

If accelerometecalibrationparametersreknown at leastat the few percentlevel, dynamicorbit de-
terminationcanbe muchimproved by replacingthe non-graitational accelerationérom dynamicforce
modelswith themeasuredccelerationfrom the STAR accelerometdBruinsmaetal., 2003],e.g.,with
a best-fittingor smoothedunction obtainedfrom the Level 2 data. Of course the sameprocedures
alsoapplicableto reduced-dynamiPOD, but the usuallylarge numberof pseudo-stochastmarameters
heaiily reduceghe impactof the accelerometedata,which questionssucha procedure.The follow-
ing simulationstudyestimateghe level of improvementfor reduced-dynami®OD basedon piecavise
constantacceleration$y taking accelerometedataas additionalobserationsinto account. Thereby
we assumehatthe gravitational accelerationsire perfectlyknown from a state-of-the-argravity field
model.

In orderto facilitatea statisticallycorrectincorporationof accelerometedatain reduced-dynamiCEO
POD basedon pseudo-stochasti@ccelerationsyseis madeof the GPSobseration equationg4.3) or
(4.5),andthe accelerometenbsenration equation(7.7) for eachaccelerometecomponenthatshallbe
taken into account.The inherentsingularityof the accelerometeobseration equationds removed by
the pseudo-stochasti@ccelerationswhich are commonto the accelerometeandthe GPSobseration
equations. For the piecavise constantacceleratiormodel, f; may be simply identifiedwith A; 4 for
t;_1 <t <t;in(7.7). A dravbackof this combinations, however, thatthe accelerometeobseration
equation(7.7)is nolongerlinearin theunknavn parametersueto productsof thetypeay - A; 4. There-
fore, aniterative procedurds required.

Theimpactof the GPSandaccelerometedataon the resultingparameterslependon the weightratio
w betweenaccelerometeand GPSmeasurementsi-or w — 0, accelerometemeasurementisave no
impacton the commonpseudo-stochastigarametersand thus no impacton orbit determination.As
a consequencehe estimatedaccelerometecalibrationparametersare the sameasfrom an “off-line”
derivation using GPS-basedccelerationaspseudo-obseatiors, provided thatthe accelerometedata
arerepresentedly the samemodelasusedto representf; in (7.7), e.g.,the piecavise constanimodel.
Forw — oo, the estimatedpseudo-stochastccelerationseproducehe patternintroducedby the ac-
celerometedata. As a consequencehe estimatedaccelerometecalibrationparametersrethe same
asthosefrom a dynamicorbit determinatiorfrom GPSdatawherethe non-graitational accelerations
arereplacedby the accelerometedata,provided thatthey arerepresentethy the samemodelasused
to representfy in (7.7). Weightingaccelerometemeasurements thus,to someextent, equivalentto
constrainingoseudo-stochastaccelerationso theaccelerometemeasurements.

In orderto studythe impactof accelerometedataon reduced-dynamiorbit determinationreal ac-
celerometedatawereusedtogethemwith the physicalandmathematicamodelsof therealdataprocess-
ing to simulateundifferencedGPSphaseand accelerometeobserationsfor the CHAMP satellitefor
two differentaccelerometescenarios CHAMP orbits not affectedby the accelerometesignalssened
asa priori orbitsfor PODwith the simulatedGPSphaseandaccelerometenbserations.

Impact of Accelerometer Data

In afirst scenariothe GPSfinal orbitsanda CHAMP orbit basedntruepiecaviseconstanaccelerations
over15min, subsequentlgenotedhsthetrue CHAMP orbit, werethebasiso simulatethe GPSdatawith
awhite noiserandomerrorof 1 mm RMS. Consistenpiecavise constanticcelerometedataaffectedby
an arbitraryscaleandoffset were simulatedwith a white noiserandomerror of 1nm/s RMS. Finally,

112



7.8 CHAMP Orbit Determinatiorwith Improved GPSTracking

10

large weight small weight ——
small weight . largeweight -~

Along-track acc. deviation (nm/s"2)
d
’ll
i1
1
’
y
1
L
"i
1
Radial orbit deviation (mm)
o
T

-10 I I I I -4 I I
0 5 10 15 20 0 5 10 15 20

Time (hours) Time (hours)

Figure7.17:Along-trackdeviationsw.r.t. thetrue accelerationgleft) andradialdeviationsw.r.t. thetrue
orbit (right) in a combinedprocessingf GPSandaccelerometenbserationswhenusing
smallor large accelerometeweights(simulateddata,no modelingdeficiencies).

orbit determinatiorwasperformedwith the simulatedGPSphaseandaccelerometenbserationsusing
differentweights. Note that only along-trackaccelerometeobserationswere taken into accountto
performPODwith 15min piecavise constanticcelerationsTherefore along-trackaccelerometescale
andbiasparametertadto be solvedfor simultaneouslyvith the orbit parameters.

Figure 7.17 (left) shaws the deviations of the estimatedalong-trackaccelerationsvith respecto the
true piecavise constantalong-trackaccelerationgor the two extreme casesof weighting. As to be
expected,the inclusion of very precisealong-trackaccelerometeobserationsconsiderablyimproves
thequality of thealong-trackacceleratiorestimatesprovidedthatlarge accelerometewneightsareused.
No comparableeffect can be obsered for the radial and the cross-trackacceleratiorestimatesas no
accelerometeobserationsaretakeninto accountfor thesecomponentsn this simulation. Despitethe
considerablémprovementwith respecto the GPS-onlyalong-trackestimategsmall weight), the orbit
quality doesnot changedramatically Fig. 7.17 (right) shavs thatthe potentialfor animprovementis
confinedto a few millimetersfor theradialcomponentprovided againthatlarge accelerometeweights
areused. The sameorderof magnitudeis alsoobsenred for the along-trackandthe cross-trackorbit
components.

Impact of Accelerometer Modeling

In the first scenariothe true accelerationgvere piecavise constantin orderto avoid ary errorsdue
to aninaccurateaccelerometemodeling. In a secondscenariofealistictrue acceleration$n all three
directions stemmingrom realaccelerometetatawereusedo simulatehe GPSandaccelerometatata
in analogyto thefirst scenario.Only along-trackaccelerometenbserationsweretakeninto accounto
performPODwith 15min piecavise constantccelerations.

Figure7.18shavstheresultsof thealong-trackacceleratiomecorery andtheradialorbit recorery, which
shouldbe comparedo Fig. 7.17 from the first scenario. Obviously, a significantdegradationresults
dueto the insuficient modelingof the accelerationgcomparethe different scales). We noticedthat
evenfor the caseof a slovly varyingonce-petrevolution accelerationpiecavise constantaccelerations
may berelatedto the pointwiseacceleratiorvaluesonly at the few percentevel (seeSect.9.1.2). Due
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Figure7.18:Along-trackdeviationsw.r.t. thetrue accelerationgzoom)(left) andradial deviationsw.r.t.
thetrueorbit (right) in acombinedorocessingf GPSandaccelerometesbserationswhen
usingsmallor large accelerometereights(simulateddata,with modelingdeficiencies).

to more pronouncedime variationsin the usedaccelerometedata,even larger errorsare introduced
by the piecavise constantacceleratiormodel, which primarily mapinto the accelerometecalibration
parametershut alsointo the orbit parameterso a certainextent. Neverthelessthe piecavise constant
accelerationgre betterdeterminedor the large accelerometeweightsthanfor the small ones,which
might be difficult to recognize however, in Fig. 7.18(left) dueto the muchlargermodelerrors.Onthe
otherhand,Fig. 7.18(right) clearlyshavsthealarmingresultthattheorbit parameteraremoredegraded
for largeaccelerometereightsthanfor smallones.A similardeterioratiormayalsobeobseredfor the
along-trackandcross-traclcomponentshecausé¢he piecavise constanticcelerationareconstrainedo
incompatiblevalues. Obviously, accelerometemodelingerrorsmay easilydestry the (small) benefits
which could be expectedfrom a combinedprocessingpf GPSand accelerometeobserationsin the
absencef modelingerrors.

In orderto avoid this kind of errors,abetterparametrizatiomf the accelerationss required.Thealong-
trackacceleratioreviationsfrom Fig. 7.18(left) seemto indicatethatthe piecevise linearmodelcould
alreadybesuficientto remove thelargestpartof theobsereddiscrepanciesThisis furthersupportedy
thefactthatpiecavise linearaccelerationsnay be directly relatedat the level of 0.1%to the pointwise
acceleratiorvaluesof a slowly varying once-perevolution acceleratior(seeSect.9.1.2). We did not
perform sucha study becausedhe potentialbenefitsseemedo be too small, even when using large
accelerometeweights, which have to be put in relationwith the very stringentrequirementgor the
accelerometemodeling. One shouldnot forget eitherthat the pseudo-stochastiaccelerationsio not
only compensatéor non-graitational errors,which makesit even moredifficult to meetthe modeling
requirements.

7.8.5 Validation with Kinematic Orbits

Kinematic orbit determinationis not the primary scopeof this work, but a comparisonof reduced-
dynamicwith kinematicsolutionsshavstheconsisteng betweerpositiongelyingonapseudo-stochastic
orbitmodelingandpositionsderivedby purelygeometrianeans For thescientificuseof kinematicorbit
positions,we refer to the work performedat IAPG, e.g.,[Svehlaand Rothater, 2003c]and[Gerlach
etal., 2003c].
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Figure7.19:Daily RMS errors(1-D) of differencesbetweenkinematic CHAMP positionsderived at
AIUB (black)andreduced-dynami€HAMP orbits. Thecomparablalifferencesemeging
from kinematicCHAMP orbitsderivedat IAPG (grey) aredisplayedaswell.

Figure7.19shaws daily 1-D RMS errorsof orbit differencedetweenCHAMP kinematicandreduced-
dynamicorbit positionsfrom the“optimal” solution(b). As areferencewe includethevery similar dif-
ferenceemeging from kinematicCHAMP orbits derived at IAPG [Svehlaand Rothadier, 2003c]. We
do notcomparehetwo kinematicsolutions,anddo notgive aninterpretatiorfrom wherethedifferences
betweenreduced-dynamiand kinematicorbits originate, but refer to [évehlaand Rothader, 2003b]
for moreinformation. We like to emphasizehowever, thatthe outcomeof sucha comparisorstrongly
depend®n GPSdatascreenindaskinematicorbitsarevery sensitve to badmeasuremengnddataout-
ages)andevenmaoreon the subinteral lengthanda priori standarddeviationsof the pseudo-stochastic
parametersA “more” kinematicorbit like the reduced-dynamisolution(a) would shav significantly
smallerdifferenceghanthesolution(b) displayedhere.Thereforewe rathershawv Fig. 7.19to be aware
of time periodswith problematiaatathanto derive anestimateon orbital consisteng. Becaus¢hesame
GPSdataare usedfor bothtypesof orbits, we assumehat the reduced-dynamisolutionsareaswell
partly affectedby a degradedorbit quality if thecomparisorrevealsseriousproblems.

Apart from a few dayswith badquality, which aremainly causedy poor obsenration scenarioor by
largeamountf rejectedbbsenrationsby thedatascreeningFig. 7.19shaws significantvariationsin the
consisteng betweerboth orbitsover time. It canbe recognizedhatthe kinematicorbitsfit well to the
reduced-dynamiorbits, e.g.,aroundDOYs 200 and 350, which, however, is not representate for the
entireintenal. A detailedcomparisorwith the SLR validationresults(Fig. 7.14(left)) seemso indicate
asimilarvariationwhich, however, is muchmoredifficult to recognizedueto themuchlargerday-to-day
variationsin the SLR RMS errors. This underlineghe needfor auxiliary validationproceduresevenif
they arenot basedon independentlatalik e the comparisorpresentederewith lessprecisekinematic
orbits. Precisionestimatesor kinematicorbits (GRACE) maybefound,e.g.,in Sects7.9.2and7.9.3.

7.9 GRACE Orbit Determination

This sectionpresentrbit determinatiorresultsfor the 2003 datasetof the first GRACE datarelease
covering DOY 031-365.If not explicitly statedthe gravity field modelEIGEN-CG03Chasbeenused

for GRACE orbit determinatiorup to degreeandorder120, becausét was(oneof) the state-of-the-art
CHAMP/GRACE gravity field model(s)at that time. Of course,the CSR gravity field models,e.g.,

GGMO02C,would have beenalsowell suitedto perform state-of-the-arGRACE orbit determination
[Kangetal., 2006]. High-quality resultsof GRACE orbit determinatiormay alsobe foundin [Svehla
andRothader, 2004bJand[Kroes 2006].
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Figure7.20: K-bandrangeresidualson DOY 200,2003for reduced-dynamiorbits basedon 6-minute
piecavise constanticcelerationsvith differenta priori standardieviations.

7.9.1 Tuning GRACE POD

GRACE orbit solutionsmaybetunedin thesameway asdescribedor CHAMP in Sect.7.8.1,wherethe
formal accuracie®f the estimatedoositionsare considereahe primary indicatorfor the orbit quality.
For GRACE, however, anadditionalindicatoris availablethanksto the ultra-precisei -bandrangeand
range-rateobsenations, seeSect.7.6.2. Becausaheseobserationsare provided at 5s intenals, the
solutionscanbe (soto speak)continuouslyvalidatedby the K -bandresidualoobtainedrom therelative
positionsandvelocities,which maybeconstructedrom theindividual orbit solutions.

Figure 7.20 shawvs the K-bandrangeresidualsfor several identically parametrizededuced-dynamic
GRACE trajectoriedasen 6-minutepiecavise constanticcelerationsThevariouscurvescorrespond
to differenta priori standarddeviationswhich wereequallyappliedto theradial,along-trackandcross-
track piecavise constantaccelerationslefiningthe two GRACE satelliteorbits. All solutionsshav a
commonpatternwhich doesnotchanganuchif thesettingsof the pseudo-stochastinodelarechanged.
The K-bandrangeRMS errorsvary betweerll0.5mm for ana priori standardieviation of 5 - 1079 m/<
and15.2mmfor 5 - 10~8 m/s’.

Interestingly it is againsolution(c) with constraintsof 5 - 10~% m/s* thatyields the bestresults. This

solutionwasalreadyfoundto beoptimalfor the2001CHAMP datasetof theorbit comparisorcampaign
(seeSect.7.7.1),but it wasonly sub-optimafor the morerecentCHAMP dataprocesseih Sect.7.8.1.
Althoughthe GRACE receverswere ableto track up to ten GPSsatellitesaswell, seeSect.2.6.2,a

“less” kinematicmodelingis favored. Theformal accuraciesf theestimatedrbit positionsconfirmthis

finding.

Theperiodicvariationsof the K -bandrangeresidualsn Fig. 7.20aretypicalfor zerodifferencereduced-
dynamicGRACE orbit solutions.Spectrabnalysigevealsa pronouncedine attheorbital period. These
once-pefrevolution signaturesnay be seenevenmoreclearlyin Fig. 7.21 (left), wherethreeweeksof
K-bandrangeresidualsof the solution(c) are shavn asa function of the agumentof latitude (see
Fig.5.1). A periodicdependenconthepositionin the orbital planeis olvious.
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Figure7.21: K-bandrangeresidualsof the solution(c) asa function of the agumentof latitude (left)
andof thedeviation from the meangeocentriadistancg GPSweeks1234-1236).

What is the reasonfor the obsered variationsin the K-bandresiduals? On one hand, a once-per
revolution signatureis often an indication that the relative positioning solutionsheavily dependon
spacecraftdynamics. On the other hand, similar patternsmay be obsered for kinematicrelative po-
sitionsolutionsaswell, evenfor simulatedsolutionswith white noiseGPSdata.Theperiodicsignalmay
beexplainedby thefloatambiguityparametersshoseoccurrencés relatedto orbital motion,see Svehla
and Rothader, 2005a]. In an attemptto further constrainthe main error sourceobseredin Fig. 7.21
(left), we shav the sameresidualsasa function of the deviation from the meangeocentriadistancein
Fig. 7.21 (right). A clearpatternis expecteddueto the one-to-onerelationshipbetweenthe agument
of latitudeandthe geocentricdistance but it is interestingto seethat the mostnegative residualsend
to occuratthe lowestgeocentridistancesandvice-versa. This could be anindicationthatatmospheric
dragis oneof the mostimportantsourcef errors,asit is expected andthatthe signalis notabsorbed
entirelyby the pseudo-stochastarametersTheslightasymmetryin Fig. 7.21(right) seemdo support
this hypothesispecauseesidualsof larger sizetendto occurat the lowestgeocentriadistanceswhere
strongemperturbationareexpected.

7.9.2 Validation with K-Band Data

K-banddataprovide a preciseandindependenvalidation of the relatve GRACE orbit positionsand
velocities,becausé¢he K-bandnoiseis nggligible comparedo the orbit errors,seeSect.7.6.2. Because
thealong-trackcomponenof a satelliteorbit is difficult to validateby othermeasurements,g.,by SLR,
thisis auniqueadwantageor validatingGRACE orbit solutions.Any errorsin commonto bothGRACE
satelliteorbitscannotberevealedby the K-bandmeasurementsowever.

Weusedall K-bandrangeobserations,availableat5 sintenals,in theperiodbetweerDOY 031and365
to computedaily K-bandrangeRMS errorsfrom theresidualsobtainedusingthe individual GRACE A
andB reduced-dynamiorbit solutions(c). In orderto obtainrepresentate statisticswe hadto rejected
se/en daysfor which no high-quality orbit solutionscould be obtaineddue to a poor GPStracking
performancege.g.,on DOYs 68/69and 302/303which alreadyshaved a strangebehaior in Fig. 7.7.
Apart from theseoutlying days,Fig. 7.22 provides a representate estimationof the line-of-sight K -
bandvalidationfor GRACE zerodifferenceorbit solutions. The overall K-bandrangeRMS error is
12.5mm, if we take into accounthatthe numberof K-bandobserationsperdaymay fluctuateaswell
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Figure7.22:Daily K-bandrangeRMS errorsfor GRACE zerodifferencesolutionsbasedon 30s sam-
pling and24h arclength.

dueto datagapsin the Level 1B datafiles.

The overall K-bandrangeRMS error of 12.5mm doesnot representi generalline-of-sightprecision.
Figure7.22 shavs thatthe day-to-dayscatteris generallysmall, but thereclearly are periodsgoverned
by differentprecisions.The periodbetweerDOY 200and300,e.g.,shavs avery goodperformancein

particularthe periodbetweenDQY 243 and298which yields an excellentoverall K -bandrangeRMS
errorof only 11.4mmwithout ary outliers. Figure7.7 confirmsthatthe GPStrackingperformanceavas
excellentfor these56 days,aswell.

The large spikes occasionallyoccurringin Fig. 7.22 areusuallydueto extendedgapsin the GPSdata,
eithercausedy gapsin theoriginal GPSdataor causedy largeamountf GPSobserationsmarkedas
unusabldy thescreeningrocedureFor suchascenarioge.g.,onDOY 351for GRACEDB (seeFig. 7.7),

theorbit quality degradesonsiderablpecaus@o pseudo-stochastjiarametersanbe estimatedvithin

datagaps. Becauseno modelswere usedfor the non-graitational accelerationsgentimeteraccurag

canthenno longerbe achieved. As a consequencdy -bandresidualsn the decimeterangemay result
during datagaps,e.g.,on DOY 351wherea RMS errorof 32.2mm hasto be noticed(seethe lastand
largestspike in Fig. 7.22). One shouldalso be aware that even more of suchproblematicsituations
without GPSdataare presenthanthosereflectedin Fig. 7.22,becausayapsin the K-banddataoften
coincidewith gapsin the GPSdata,e.g.,on DOY 222whereabout5.5hoursof missingGRACEA GPS
dataremainunnoticedin the K-bandvalidation. This might be dueto the factthat K-bandand GPS
obserationsarecollectedby the samelnstrumeniProcessindgJnit, seeSect.2.6.2.

DOY 243-298

Dueto the goodperformancen the K-bandvalidation,the GRACE GPSdatafor DOY 243-298(GPS
weeks1234-1241have beenselectedor performingadditionaltestsolutions. Resultsbasedon zero
differencesarepresentedh thefollowing paragraphsjoubledifferenceresultsfollow in Chapter8.

In the courseof the preparatiorfor theupcomingGOCEmission,seeSect.2.9, zerodifferenceGRACE
POD hasbeenperformedwith settingssimilar to the plannedoperationalprecisescienceorbit deter
minationfor GOCE[Bod et al., 2007]. This includeschangeswith respectto the arclengthandthe
GPSsamplingrate. Insteadof 24h arcs,“daily” batchesf 30h lengthsshallbe processedior GOCEto
deliver 24 h orbital arcswithouta degradedorbit quality atthedayboundarie¢seee.g.,Fig. 7.10for the
degradationof 24h CHAMP arcsat the day boundaries) As a consequencall input datarequiredfor
POD,seeSects7.5and7.6,have to beconcatenatetb 30h. In particular the (re)-integrationexplained
in Sect.7.1hasto beappliedto the GPSephemeridesThe GPSsamplingratewill be1 Hz for the GOCE
mission.As the GRACE missionis restrictedo 10s GPSdata,only 10s GPShigh-rateclock corrections
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Figure7.23:Daily K-bandrange(top) andrange-rat€bottom)RMS errorsfor GRACE zerodifference
solutionshasedn 30h arcs.Thesolutionsarebasedn 10s (grey) or 30s (black)GPSdata
samplingusingthegravity field modelEIGEN-2(circles)or EIGEN-CGO03(Q(no circles).

hadto be generatedor theseexperimentgseeSect.7.2).

Figure7.23shawvs the daily K-bandrange(top) andrange-rat€bottom)RMS errorsfor four different
testsolutionsall basedon dataspanf 30h. Thevalidationcovers,however, only thecentral24h, and
is basedn all available K-bandobserationsat 5sintenals. Thegrey curvesdenotesolutionshasedn
10s GPSdatasampling,whereaghe black curvesreferto solutionsbasedon 30s GPSdatasampling.
As mentionedatthebeginningof Sect.7.9,thegravity field modelEIGEN-CG030s thenominalmodel
usedfor GRACE PODIn thiswork. Solutionsmarked with circles,howvever, denotethatthe CHAMP-
only gravity field modelEIGEN-2wasusedfor POD.Table7.7 summarizeshe solutions,andgivesthe
overall K-bandrangeandrange-ratdRMS errorsfor the analyzedeightweeksof data.

The K-bandrangeRMS errorsareall similarasopposedo the K -bandrange-rateesidualsvhich shav
acleardistinctionbetweerthesolutionsbasedn thegravity field modelEIGEN-CG03CandEIGEN-2.
Thisis simply dueto thefactthat K -bandrange-ratelatacontritutedto thegeneratiorof themorerecent
EIGEN-CGO03Qgravity field model,but notto thegeneratiorof the CHAMP-only modelEIGEN-2.De-
spiteof thesuperiorquality of the EIGEN-CG03C0modeldueto theincorporationof additionalGRACE
data,no improvementcanbe obseredin thefit to the K-bandrangeobserations(Table7.7 evenindi-
catesasmalldegradation) Thisillustrateshatimprovementomingfrom state-of-the-atGRACE grav-
ity field modelsare no longervery importantfor the determinatiorof high-quality (reduced-dynamic)

Table7.7: Overall K-bandrangeand range-rateRMS errorsusing different GPS samplingratesand
gravity field modelsfor DOY 243-2982003.

| 10s | 30s | Gravity FieldModel |

10.7mm | 11.4mm
EIGEN-CGO03C
14.0pm/s | 14.6pm/s
10.5mm | 11.2mm
EIGEN-2
21.5um/s | 21.9um/s G
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Figure7.24: K-bandrangeresidualsof a 30h kinematicsolutionat midnight. The setup of new ambi-
guitiesto all GPSsatellitesat midnightcauses jumpin theresiduals.

relative orbit positions,becauseahey arenot very sensitve to the improved high-frequeng contentof
therecentgravity field models.A similar remarkis valid for DOYs 263,264, and265whereunrealis-
ticly large K -bandrange-rateesidualsarecausedy spuriousantennaorrectionvaluesprovidedin the
Level 1B KBR datafiles, but almostno effectis obseredin the K-bandrangeresidualshanksto the
smoothingeffect of integration.

Table7.7lists a K-bandrangeRMS of 11.4mm for the solutionbasedn 30s GPSdatasampling.This
is identicalwith thevaluefoundfor the24h arclengthin thelastparagraphandindicateshatno degra-
dationcanbe detectedowardsthe arc boundariesn the 24h solutionby the K-bandrangevalidation.
This certainlyindicatesa goodquality of the24h solutions put it is notavery strongindication,because
acommondeviation atthearcboundariegannotberevealedby the K -bandobserations.A smallindi-
cationfor thepresencef aboundaryeffectmaybefoundin the K-bandrange-rateesidualsonly: Table
7.7lists a K-bandrange-rateRMS error of 14.6um/s,which is maginally smallerthanthe RMS error
of 14.8 um/sobtainedrom the 24h solution.

The comparisorbetweerthe solutionsbasedon 10s and30s GPSsamplingin Table7.7 shaws thatthe

10s solutionsareslightly superior This hasto be expected,becausehe additional GPSobserations
constrainthe reduced-dynamitrajectoriescloserto the true trajectoriesin-betweenthe 30s intenals.

Becauséoth reduced-dynamisolutionsarevalidatedby the K -bandobserationsat 5s intenals, the

improvementmainly comesfrom the 10s epochsbetweenthe 30s epochs. It shouldbe mentioned,
however, thatthe highersamplingraterequireda new tuning of the a priori standarddeviationsof the

piecavise constantaccelerations.f the samesettingswould have beenusedasfor the 30s solution,
K-bandRMS errorsof 11.3mm (range)and14.7um/s(range-ratejvould have resulted.

Becausehe GPS productsfrom CODE are generatedn a fixed 24h processingscheme this leads,
strictly speakingto smallinconsistenciebetweernthe GPSorbits andclocksat the day boundariegor
the30h LEO processingchemeseg[Bod etal., 2007]. However, this doesnot matterfor the GRACE
results becausehelLevel 1B GPScarrierphasedataareaffectedby cycle slipsat the midnightepochs,
whichis, e.g.,notthe casefor the Level 1 GPScarrierphasedatafrom CHAMP. As aconsequencehe
30h solutionsdo notfully exploit the potentialof thelongerarcsatthedayboundary This couldbean-
otherreasorfor thealmostidentical K -bandvalidationresultsobtainedor the24h and30h processing.
Figure7.24illustratesthata 30h kinematicsolutionis affectedby a jump of seseral centimetersn the
K-bandvalidation,becaus@en ambiguitieshave to be setup for all GPSsatellitesracked by GRACE
A andB. It is clearthatthis alsowealensreduced-dynamiorbit solutions.We do not know thereason
for these(unnecessaryycle-slipsin the GRACE data.

Finally, it shouldbe mentionedhatkinematicorbits(basedn 24h arcsand30s GPSsampling)maybe
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Figure7.25: Station-specificomparisorof the number(top) andthe RMS error (bottom)of SLR resid-
ualsfor GRACEA (left bars)andGRACE B (right bars).

validatedat anoverall K-bandrangeRMS error of 20.5mm for the consideredime period. Dueto the
high sensitvity of kinematicorbitsto the GPSobserations,this goodresultis only possiblethanksto
the excellentdataquality of this period.KinematicPOD for the otherperiodsof theyear2003mightbe
moredifficult.

7.9.3 Validation with SLR Data

For the SLR validationof our GRACE reduced-dynamiorbits,we performeda pre-analysi®f the SLR
obserationsfor theperiodbetweerDOY 243and365,2003to assesthedataqualityfrom theindividual
trackingstationsof the ILRS network [Pearlmanet al., 2002]. In analogyto the SLR validationof the
CHAMP orbits (seeSect.7.8.2),we rejectedresidualdarger than0.3m, andcomputedstation-specific
RMS errorsfrom all remainingresiduals.Figure 7.25 (bottom)shaws the overall SLR RMS errorsfor
the total of 24 SLR obsenratoriesfor GRACE A (left bars)and GRACE B (right bars). The top part
of Fig. 7.25 shaws that the stationsare orderedaccordingto the increasingnumberof available SLR
obserationsfrom GRACEA (left bars). Thenumberof obserationsfrom GRACE B is providedby the
right bars,aswell.

Figure7.25(top)tellsthatthereis nopreferencef the SLR trackingnetwork to track preferablyGRACE
A or B. It wasreportedby [Dunnetal., 2003]that GRACE A, beingthe leadingsatelliteat thattime,
wasfavoredin the early daysof the mission. This seemgo be no longerthe caseas GRACE B was
evenobsered moreoftenduring the time periodanalyzechere. Concerninghe SLR fits to the orbits,
it canbe seenin Fig. 7.25 (bottom)that the majority of the stationsscorean overall SLR RMS error
betweenl.5and3.5cm for both GRACE satellites.For five stations larger resultsareregistered.One
may suspecthatthis is ratherrelatedto stationproblemsthanto problemsin the orbit determination.
This assumptiorholdswith utmostcertaintyfor stationsno. 3 and4, which both contritutedwith very
few andratherbadmeasurementsnly, but possiblyalsofor stationsno. 12,13,and14. Thereforethe
stationsno. 3 (1824: Golosiv, Ukraine),4 (7249:Beijing, China),12 (7355: Urumgi, China),13 (7830:
Chania,Greece)and14 (7806: Metsahwei, Finland)have beenexcludedfrom thefurther SLR analysis.
Theexclusionof Metsahei wasaborderlinecase.
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Figure7.26:SLRresidualdor GRACE A (top) andGRACE B (bottom)zerodifferencesolutionsbased
on 30s samplingand24h arclength.

Fortheremainingl9 stationsFig. 7.26shavs the SLR residualdor DOY 031-3650 bothGRACE 24h
reduced-dynamiorbits of the “optimal” solution(c) basedon 30s GPSdata. The overall SLR RMS
is 2.44cm for GRACE A (top) and2.47cm for GRACE B (bottom),which is in goodagreementvith
[Kang et al., 2006] who analyzedGRACE A and B dataseparatelyfor DOY 182-304in the double
differencemode.lt is importantto notethatno offsetcanbedetectedor GRACEA in theresidualsand
only avery smallmeanoffsetof 3.8mmfor GRACEB.

Figure 7.26 exhibits the sametime periodswith betterand worseorbit qualitiesthanthosefound in
Fig. 7.22. Again,DOY 200-300shav generallysmallresidualsjn particularfor the outstandingperiod
betweerDOY 243and298whereSLR RMS errorsof 2.25cmand1.95cm areobseredfor GRACE A
andB, respectiely. We have thusdemonstratethatit is possibleto meeta 1-D accurag requirement
of 2cm undergood GPStrackingconditionsfor GRACE B by pseudo-stochastirbit modeling. The
worseresultsobtainedor GRACE A andfor the othertime periodsunderline however, thatit will bea
challengeto actuallymeetthis requirementn the nearfuturefor the GOCEsatelliteflying muchlower
(seeSect.2.9). Thelarger residualsoccasionallyoccurringin Fig. 7.26 arecritical for high-precision
orbit determinationput mayeasilyoccurif extendedgapsin the GPSdataarepresent.

Let usalsomentionthatthe temporalcoveragewith SLR datais notreally optimal. Thereexist several
daysafterDOY 300wherethe GRACE satellitesverenotobseredatall.

DOY 243-298

The additional30h testsolutionsdiscussedhn the contet of the K -bandvalidation,seeTable7.7, have
alsobeenvalidatedby SLR. Table7.8 summarizeshe overall SLR RMS errorsfor the analyzedeight
weeksof datafor the solutions.

Slightly betteroverall SLR RMS errorsareobseredfor the solutionsbasedon the morerecentgravity
field modelEIGEN-CGO03CThedistinctionbetweerthe EIGEN-CG03Candthe EIGEN-2gravity field
modelis morepronouncedhanindicatedby Table7.7 for the K -bandrangevalidation. Thisis probably
dueto the factthat SLR actuallyvalidatesthe orbits in an “absolutesense” andnot only relatively as
K-banddoes.Neverthelessthesuperiorquality of the EIGEN-CG030modeldoesnotleadto adramatic
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Table7.8: Overall SLR RMS errorsfor DOY 243—-2982003.
| GRACE| 10s | 30s | Gravity FieldModel |

A 2.28cm | 2.24cm

B 1.06cm | 1.95cm | CEN-CGO3C
A 2.48cm | 2.46Ccm

B 2.25cm | 2.24cm EIGEN-2

improvementof the reduced-dynamiorbits. This is becausef the considerableanumberof estimated
pieceavise constantaccelerationsyhich illustratesthe succes®f pseudo-stochastimrbit modeling,but

alsothe challengeto validatestate-of-the-argravity field modelsby orbital fits of very low Earthsatel-
lites.

Table7.8lists SLR RMS errorsof 2.24and 1.95cm for the GRACE A andB solutionsbasedon 30s
GPSdatasampling.Thisis almostidenticalwith thevaluesof 2.25and1.95cm foundfor the 24h arcs,
andindicateshatalmostno degradationcanbe detectedowardsthe arcboundariesn the 24 h solution
by the SLR validation. Only a studyof the orbit overlapsat thearcboundariegs ableto revealthe orbit
deficienciegseeSect.7.9.4).

Thecomparisorbetweerthesolutionsbasedon 10s and30s GPSsamplingin Table7.8 shavs thatthe
10ssolutionsareslightly inferior. Althoughtheeffectis small,this resultwasnot expected Most prob-
ably, it is relatedto smalldeficienciesn the10s GPSclock correctionsThis would alsoexplain thatno
comparableffect couldbefoundin the K-bandvalidation,seeTable7.7,becausasmalldeficienciesn
the GPSsatelliteclocksarecommonto the orbit determinatiorof GRACE A andB, andthuscancelout
in the K-bandvalidation. This resultunderlineshe needfor severalindependentalidationtechniques
which aresensitve to differentkinds of errors. The analysisof SLR obserationsis mostvaluablefor
this purposedueto their unbiasecdhature. This statementoesnot hold only for LEO satellitesbut also
for GNSSsatellitesg.g.,[Ursdl etal., 2005].

Finally, it shouldbe mentionedthat kinematicorbits (basedon 24h arcsand30s GPSsampling)have
beenvalidatedshaving an overall SLR RMS error of 3.08cm and2.88cm for GRACE A andB, re-
spectvely. Notethatthe SLR validationof kinematicorbitsrequiresa reduced-dynamiorbit solutionto
interpolatethediscretekinematicephemerideto the epoch=f the SLR obserations.

7.9.4 Overlap Analysis

Theanalysisof orbit overlapsprovidesaninternalvalidationof the orbit quality, andmay sene several
purposesin the caseof the 30h reduced-dynamiorbit solutionscenteredat noon,a full 6-hourorbital
overlap may be computedat eachday boundaryfor the radial, along-track,and cross-tracldirection.
Theanalysisof theseindividual piecesof orbital differencesnayhelpto estimatahe orderof magnitude
for orbit deviationsat the day boundaries.If only the centralpart of the 6-houroverlapsis analyzed,
e.g.,the central4-hours,an estimateof the orbit consisteng is obtainedwhich is free from the “edge
effects” which dominatethe first andthe last hour of eachoverlappingperiod. In the caseof the 24h
reduced-dynamiorbit solutionscenteredat noon,the deviationsof theorbit positionsfrom two adjacent
arcsmay be computedat eachdayboundaryfor theradial,along-trackandcross-tracldirection. These
midnightoverlaps(onevalueperdayanddirection)provide a pessimistieestimateof the orbit errors. It
is importantto mentionthatthis is the only overlaptestwhich comparesrbits that are obtainedfrom
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Figure7.27:Histogramsf the RMS errorsperdayof thefull 6-hourorbital overlapsof the30h arcsfor
GRACEA (top)andGRACEB (bottom).

completelydifferentsetsof GPSdata.

Figure 7.27 shavs histogramsof the RMS errorsper day of the full 6-hourorbit overlapsof the 30h
solutionbasedn 30s GPSdatafor GRACE A (top) andGRACE B (bottom). Thetime periodanalyzed
coversDOY 243-365,2003. The medianvaluesof the daily RMS errorsare mostly dominatedby the
degradationat the arc boundarieswhich may grow to several centimeters.As mentionedearlier see
Fig. 6.5, the orbit is not very well constrainedy the trackingdataat the endpointsof the orbital arcs.
Thereforethelengthof the daily dataarcis oftenextendedo avoid degradedorbit positionswhenusing
only themiddle 24-hours.The medianvaluesin Fig. 7.27 aresimilar for GRACE A andB, andtendto
be largestfor the along-trackdirection. As mentionedn the contet of the formal positionaccuracies,
thereduced-dynamiorbit solutionsareaffectedwith thelargestuncertaintyin thealong-trackdirection.
Finally, it shouldbementionedhatno significantsystematioffsetscouldbefoundin the6-houroverlap
analysis.

If thesametime periodis usedto analyzeonly thecentrad-hoursof thedaily overlapsthemediarnvalues
decreaséo 1.7mm,3.3mm,and3.8mmfor GRACEA, and1.4mm,2.9mm,and3.4mmfor GRACEB
in theradial,along-trackandcross-tracldirection. Thesevaluesmainly reflectthe consisteng between
two subsequenBRACE orbit solutionsaroundmidnight. It is interestingto notethatthe medianvalues
aresystematicallysmallerfor GRACE B, which couldbe dueto thelower noisein the GRACE B GPS
carrierphaseobserations[Kroes 2006]. Moreover, it canbe recognizedhatthe medianvaluesof the
RMS errorsin theradialandalong-tracldirectionaresmall, but thatthe medianvaluesof the cross-track
RMSerrorsarehigher which couldindicatesmallinconsistencieslhecross-tracloverlapis particularly
sensitve for inconsistenciesyhich may shav up asa small systematioffsetwith differentsizefor the
individual days.

Figure7.28shavs histogram®f thedeviationsperdaybetweertheorbit connectingpointsof subsequent
24h orbit solutionsbasedon 30s GPSdatafor GRACE A (top) andGRACE B (bottom). Obsere that
Fig. 7.28is basedonly on databetweenDOY 243 and298 (thereforethe incompleteimpression).For
normallydistributed GPSdatawith zeromean this obserableshouldbe normallydistributedwith zero
meanaswell, which canbe (moreor less)confirmedfor mostdirections,althoughclearlyalongertime
seriemeeddo beanalyzedn orderto draw firm conclusionsWe do notcomparehestandardleviations
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Figure7.28:Histogramsf the orbital overlapsat the day boundaryepochsof the 24h arcsfor GRACE
A (top) andGRACE B (bottom).

with eachother but emphasizeheratherlarge valuesof orbit differencegshatmaybereachedatthearc
boundariesilt is difficult to decidewhetherthedifferencedetweerthe GRACE B arcconnectingooints
really shaw a systematiaeviation from zeroin the cross-tracldirectionor not.

7.9.5 Analysis of lonosphere-Free Phase Residuals

Postfitionosphere-freearrierphaseresidualsdo not directly discloseinformationon the orbit quality.
They aregenerallysmalland,at first sight, similar for differentorbit solutions. Therefore they arenot
usedasanindicatorfor the orbit quality in this work. However, they areusefulto revealthe presencef
systematieerrors,which may be eithercausedyy systematicerrorsin the original GPSobserationsor
by a deficientmodelingof the obsenrations.

Typical sourcedor systematicerrorsin GPSobserationsare multipath,i.e., the superpositiorof the
directsignalwith interferingsignalsfollowing a differentpath,andelectronicsignalinterference Both
typesof systematiceerrorsmainly affect pseudo-rangebsenrations,but they may be presentaswell in
carrierphaseobsenrations,wheremultipathis fortunatelyconfinedto a quarterof thewavelength.In an
effort to minimize multipathreflectionscausedy the satellites suriaces choke-ringantennasireoften
usedfor the collectionof spaceborn&PSdata.For thevisualizationof systematierrorsin thedifferent
codeobserablesfrom CHAMP and GRACE, we referto [Kroes 2006]. Unfortunately carrier phase
systematierrorsaremoredifficult to visualizeasthey cannotbe easilyseparatedrom othersystematic
errors.

Sourcedor a deficientmodelingof the GPScarrier phaseobserationsmay be eitherattributedto the
transmittingsideof GPSsatellitesor to thereceving sideof the LEO satellite. Typical sourcegrom the
transmittersideareerroneoussPSsatelliteclock correctionsor orbit positions.Neglectedphasecenter
variationsor polarizationinducedphasewind-up may be mentionedas typical sourcesfrom both the
transmittingandthereceving side.

Figures7.29and7.30shav meanpostfitcarrierphaseonosphere-freeesidualdrom thefinal orbit de-
terminationfor GRACE A (top) andB (bottom)asa function of the elevation andthe azimuthin the
satellite-fixed coordinatesystem(seeSect.7.3.2). For a goodvisualizationa dataspanof nine weeks
andadenseazimuthandelevationgrid of 1.5 and1° waschosen.In orderto excludethatthereis ary
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Figure7.29:Meanpostfitcarrierphaseonosphere-freeesidualgmillimeters)per 1.5 azimuthand1°
elevationbinsfor GRACE A (GPSweeks1233-1241).

Figure7.30:Meanpostfitcarrierphaseonosphere-freeesidualgmillimeters)per 1.5 azimuthand1°
elevationbinsfor GRACE B (GPSweeks1233-1241).

significantpatternchangeover time, the resultingfigureswere comparedwith figuresof other shorter
time spans.They werefoundto be constant.

Figures7.29and7.30shav thattheionosphere-fre@haseresidualsare generallysmall andappearo
have maximumvaluesof aroundl cm. Largerresidualsareencounteredswell, but they arelikely to be
averagedut by the binning. Apart from a differentlocationof the elevationthresholdof approximately
1 for raisingsatellitesanda differentcoveragewith low elevationdatafor settingsatellitesthe system-
atic patternsarevery similar for the GRACE A andB satelliteswhich areidenticalby constructionand
which bothusethe sametype of PODantennasBecauséahe patternsverefoundto be constanin time,
we suspecthattheirsources ratherrelatedto therecever sideandnotto thetransmitterside. This con-
clusionis alsosupportedoy [Haineset al., 2005], who found patternsof carrierphaseonosphere-free
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residualsto resemblehe resultsfrom multipath simulations. Electronicsignalinterferencecanbe ex-
cluded,becaus¢he GRACE GPSoccultationantennasverenot active duringthetime periodanalyzed.
Therefore multipathis stronglyfavoredasa plausiblesourcefor the obsered pattern. A further piece
of evidenceis given by the factthatthe largestresidualse.qg.,the negative blue patchestendto occur
towardsthe azimuths0® and 18C°, which point towardsthe front andrear side of the satellite,where
multipathreflectionsaremorelikely to be causedy thelarger suriaces.The obsered patternsseento
be symmetricwith respecto a rotationof 180° aroundthe antennaboresightvector which alsoholds
for the entire satellite. Both amgumentsfavor a sourcefor the patternswhich is relatedto the satellite
body suchasmultipath.Neverthelessthe patternshouldbeinterpreteccarefully becauseontritutions
from othereffects, e.g., from neglectedantenngphasecentervariations,cannotbe excluded. Further
investigationsn the nearfuturewill be necessaryo betterconfinethe origin of the obsered systematic
errors,andto assessheirimpacton orbit determination.
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8. GRACE Orbit Determination Using Doubly
Differenced GPS Data

DoublydifferencedsPSdatafrom theglobalIGS trackingnetwork areroutinelyprocessedtthe CODE
AC, e.g., for stationcoordinatedetermination,jonospheremonitoring, and GPS orbit determination
[Hugentobleret al., 2004b]. It is well known that doubly differencedGPS obserations are the key
to preciserelatve positioningdueto the reductionof commonerrors,e.g.,inducedby erroneouscPS
satelliteclock offsets,and,lastbut notleast,dueto thepossibilityto exploit theintegernatureof thedou-
bly differencedGPScarrierphaseambiguities.Oncecorrectlyresolhedto integervalues they transform
the correspondingarrierphaseobserationsinto highly preciserangeswith a noiselevel of only a few
mm. Theadwantage®f the doubledifferenceapproactareachieved, howvever, atthe expenseof amore
comple datahandling.

Therelative positioningof spaceborn&PSrecevershasmary similaritieswith therelative positioning
of terrestrialrecevers.lt is, e.g.,identicalto the caseof a moving GPSgroundrecever (rover) whichis
positionedkinematicallywith respecto oneor moreGP Sreferencestationsijt only differsif therecever
motionis actuallymodeledandthe deformationof the Earths crustis replacecby thespacecraftlynam-
ics. Both, terrestrialand spacebornepplicationssharethe needfor appropriatereferencerecevers,
which may be eitherground-or space-basefbr spacebornapplications.In view of the present_EO
constellationsuchasGRACE andCOSMIC,abig varietyof candidateeferenceeceversareavailable
to examinedifferentprocessingtratgies.

In the BerneseGPS Software [Dach et al., 2007], single differencesare explicitly formedand saved
in baseline-specififiles. Doubledifferencesarethenformedimplicitly for the pre-processingndthe
subsequemarameteestimationwheresophisticate@dlgorithmsareavailableto resole the doubly dif-
ferencedcarrierphaseambiguitiesto their integer values[Mervart 1995]. Comparedo the processing
of undifferenceddata,changenly concerna more comple handlingof the GPSobserations. The
fundamental®f LEO orbit determinationhowever, do notchangeatall.

In this chaptera selectionof differentstratgiesfor processingloublydifferenceddatafrom spaceborne
GPSrecevers are analyzed. The first part dealswith separateand combinedorbit determinatiorfor
GRACE A andB by processinghe spaceborn&PSdatatogetherwith datafrom the IGS groundre-
ceiver network. The secondbartfocuseson processinghe baselinan spacebetweenGRACE A andB
alone.Thisrestrictedestconfigurationturnsout to be perfectlysuitedto meetthe challengeor relative
spacecrafpositioningwith the ultimately achievable precision. Validationswith the ultra-preciseK -
bandmicrowvave link betweenGRACE A andB andthe comparisorwith anextensve studyperformed
by [Kroes 2006] confirmthe potentialof relative positioningusing GPS.A summaryof the presented
resultsmaybefoundin [Jaggi etal., 2007].
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GRACE A GRACE A

GRACE B GRACE B

Figure8.1: Separatdaselindormationbetweerthetwo GRACE satellitesandseveral GPSgroundsta-
tions (left) and combinedbaselineformation betweenone GRACE satelliteand the GPS
groundnetwork andthe otherGRACE satellite(right).

8.1 Baseline Formation

Doubly differenced DD) GPSobserationsareby definitionrelatedto a pair of GPSsatellitesandre-
ceivers(seeSect.4.3.3).By corvention,we groupthemby the pairsof receverswhich areusedto form
themontheassociatethaselinegstraightline betweertwo recevers),andnot by the pairsof GPSsatel-
lites. The “active” receversof a terrestrialor spaceborn&PScampaigndefineall possiblebaselines
on which DD obserationscould be formedfrom the originally undifferencedGPSdata,but it is not
necessaryo actuallyform all possibleDD obserationssincea subsebf linearly independenbaselines
with a subsebf linearlyindependenDD obserationsaresuficient for dataprocessing.

In essencewe distinguishbetweentwo scenario®f orbit determinatiorin the following: (a) the orbit

determinatiorfor single LEOs carrying GPSrecevers suchas CHAMP, (b) the combineddetermina-
tion of orbitsfor formationflying spacecraftsarryingonboardGPSreceverssuchasthetwo GRACE

satellites.Dependingon the numberof LEOsflying in formation, several spacebaselinebetweerthe

individual spacecraftsnay be formedin additionto the space-grountaselinedetweerthe LEOs and

the GPSstationsof aterrestrialgroundnetwork.

Figure8.lillustratesthebaselingformationfrom the puristspoint of view for bothscenario®f GRACE
orbit determinationIn Fig. 8.1 (left) only space-grountdaselinesreformedbetweereachspaceborne
GPSrecever and several GPSgroundstationrecevers. This scenariois closely relatedto the pro-
cessingof GPSdatafrom a single LEO suchas CHAMP whereno otherthanspace-grountbaselines
canbeformed. It is actuallyequivalentto the separatg@rocessingf the GPSdatafrom both GRACE
satellites,if only LEO-specificparameterand no commonparameterhave to be estimatedge.g., no
station-specifitropospherg@arametersNote thatthe numberof selectedspace-grountdaselinesieeds
to bemuchlargerthansketchedn Fig. 8.1to ensureagoodglobalcoveragewith DD obserationsalong
theLEO orbits.

Figure8.1(right) illustratesthecombinedorocessingf the GPSdatafrom both GRACE satellitesvhere
thespace-grountaselinebetweerlGRACE B andthe GPSgroundreceversareall replacedy thesin-
gle spacebaselinebetweernthetwo GRACE satellites.The inclusionof this spacebaselinds attractie
dueto its very shortand ratherconstantbaselinelength. Typical variationsper revolution are about
+2 km from the meanseparatiorwhich is keptwithin thelimits of 170to 270km by the satelliteoper
ators. The lengthof the space-grountbaselinesin contrastmay vary considerablyfrom about500 up
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to 10000km dueto the orbital motion. ResolvingDD ambiguitiesand exploiting the full potentialof
relative precisepositioningis thusmucheasieon thespacebaselinghanon thespace-grountaselines.
Note thatthe replacedspace-grountbaselinebetweenGRACE B andthe GPSgroundstationswould
belinearly dependenbn the space-grountdaselinedetweenrGRACE A andthe sameGPSgroundsta-
tions dueto the spacebaseline.Therefore no lossof informationoccursif the space-groundaselines
to GRACE B arenottakeninto accounin a combinedprocessingHowever, baselinebetweenlsRACE
B andadditionalGPSgroundstationscould be includedin a combinedprocessingaslong asthey are
linearly independentrom all otherbaselines.This deviating stratgy from the puristspoint of view of
a combinedprocessingould be beneficialto compensatéor the asymmetrybetweerthe two GRACE
satellitesasshavn in Fig. 8.1 (right).

Subsequentlyve addresshe processingdf DD GPSdatawhich either matchthe separatgrocessing
from Fig. 8.1 (left), or the combinedprocessingrom Fig. 8.1 (right), or, alternatvely, we procesghe
spacebaselinewithout ary space-grountbaselinedy fixing oneof the two GRACE orbitsto a known
referencdrajectory e.g.,previously establishedy a zerodifferencesolution. Remembethata correct
processingf DD ionosphere-freebsenationsrequiresto take the correlationsetweerthe individual
baselinesnto accountgevenif theobserationscenariosrebasicasgivenby Fig. 8.1.

8.1.1 Ground Station Selection

GPSdatafrom atmaximum150globally distributed GPSgroundstationsareprocessedtthe CODEAC
to derive thefinal productgfor thelGS. For the purposeof LEO orbit determinationye may profit from
theresultsof the CODEfinal analysisandintroducethe stationcoordinatesandtroposphereenithpath
delaysasknown into the LEO orbit analysis,aswell asthe GPSsatelliteorbits andthe Earthorienta-
tion parametersThis guaranteethatboththe space-andthe groundsegmentsaremodeledconsistently
with state-of-the-arproducts,andit removesthe needto estimateotherthan LEO-specificparameters.
Therefore LEO orbitsdeterminedrom DD GPSdataautomaticallyreferto thesamereferencdrameas
the CODEfinal orbitsandstationcoordinateswhichis the IGS realizationof ITRF2000(IGS00).

Fromthe pool of GPSgroundstationdataprocesse@dt CODE, areasonablyarge subsebf stationshas
to be selectedor DD LEO POD. BecausdlifferencedGPSobserationsmay be formedonly if a GPS
satelliteis obseredquasi-simultaneousby the LEO anda groundstationrecever, thepresencef com-
monly obsered GPSsatellitesis the only reasonabléasisto decidewhich groundstationsto selectin

orderto obtainagoodcoverageof GPSDD obsenrationsalongthe LEO orbit. Oneshouldkeepin mind,
however, thatavarietyof differentcriteriamaybeusedto selecthe GPSgroundstationson suchabasis,
andthatit couldmale sensdo take additionalinformationinto accountik e thegeographicatlistribution

of the GPSgroundstations,or the recever typein view of a possibleresolutionof the ambiguitiesto

their integer values(seeSect.8.2.4). Neverthelessywe will usea simpleapproactbelav, which solely
optimizesthe numberof simultaneouslpbsered GPSsatellites.

First, the commonlyobsered GPSsatellitesfrom the LEO andfrom eachgroundstationare counted
for eachobseration epoch.Fromthis recordthosestationsare extractedepoch-wisehat obsered the
maximumnumberof GPSsatellitessimultaneouslyvith the LEO recever. This numbermayvary due
to the changingviewing geometryfor the LEO andthe GPSgroundstationsaroundthe differentsub-
satellitepoints(it variesusuallybetweersix andtenfor CHAMP or GRACE data). Thenumberof GPS
groundreceverswhich simultaneoushobsered the maximumnumberof GPSsatellites,however, is
subjectto muchlargervariationsdueto the substantiallydifferentgeographicatlistributionsof the GPS
groundstationsaroundthe sub-satellitepoints. Therefore,it may be assmall asone for sub-satellite
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Figure8.2: Globally distributed IGS stationsusedfor GRACE orbit determinatioron DOY 250, 2003.
Thediameterof thecirclesis proportionalto theincidenceof a maximumnumberof simul-
taneouslyobsered GPSsatelliteswith the GRACE A BlackJackrecever.

pointslocatedin “isolated” regionssuchaslarge oceansindpolarregions,andthirty to forty, if theLEO
is flying over regionswith a high densityof permanenGPSsites,e.g.,over Europeor North America.

It is importantto includeisolatedGPSgroundstationsinto the LEO analysisto ensurehatthe orbit is
coveredglobally with (moreor less)homogeneousldistributed GPSDD obserations. Therefore the
rankingof all recever sites,which obseredatleastat oneepochthemaximumnumberof GPSsatellites
simultaneouslyvith the LEO recever, is basednthe numberof suchincidencesveranentirearc,and
notontheactualnumberof simultaneouslpbseredsatellites.Thisenhancethe probabilityfor isolated
sitesto getmorecountersasit is very likely thatthey obsere the maximumnumberof GPSsatellitesf
thesub-satellitgoointis in theirvicinity — evenif the numberof simultaneouslpbsered GPSsatellites
is small.

Figure8.2 shavs the global distribution of fifty 1GS stationswhich metthe abore definedcriteria best
for GPSdatafrom the GRACE A BlackJackrecever on DOY 250, 2003. The diameterof the circles
indicatesthe frequeng at which a groundrecever simultaneouslybsered the maximumnumberof
GPSsatelliteswith the spaceborneecever. Onecanseethata setof (moreor less)homogeneously
distributedgroundstationshasbeenselectedincludingafew sitesatisolatedislandswhich successfully
fill regionalgaps,e.g.,Ascensiornislandin the Atlantic Oceanor Tahiti in the Pacific Ocean.lt is also
ohvious,however, thatsitesin the polarregionstendto dominatethis ranking(indicatedby thegenerally
larger diameterf the correspondingircles). This behaior is dueto therathersparsecoverageof the
polarregionswith IGS permanenstationsandthe nearpolar orbits of the GRACE satellitesimplying
a crossingof both polarregionsat eachrevolution. The stationMcMurdo in Antarctica,e.g.,leadsthe
rankingby morethanafactor1.5with respecto the secondbeststation. Note thata differentsituation
may be expectedfor otherLEOs suchasJASON-1,wherethe polar sitesplay only a minor role dueto
themuchlower orbitalinclination[Hugentobleretal., 2005a].
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Figure8.3: Daily 1-D RMS of the differenceshetweenGRACE A DD ambiguity-floatorbits basedon
70groundstationsandorbitsbasedn 40,50, and60 stationgfrom theleft to theright bars),
respectiely.

Thereis still room for further reducingregional gaps. The ratherlarge gap over CentralAfrica, e.g.,

mightbereducedo someextentby includinganadditionalstationin the Southof Europe.Furthermore,
it could male sensdo suppresshe selectionof morethanone GPSrecever within regionsof a prede-
fined minimal area. This measurevould alsoexclude co-locatedrecevers at onesite, asit is the case
for the stationHartebeesthoelSouthAfrica, which is actually presentwith two GPSreceversin the

LEO analysison DOY 250,2003. Theimpactof refinedsolutionstratgieson the LEO orbit quality is

probablynotdramatic.This statemenis supportedy thefollowing discussiorconcerninghe maximum
numberof stations.

Maximum Number of Stations

The total numberof selectedGPSgroundstationsis a userspecifiedinput variable. In principle, it is
desirableto includeas mary groundstationsas possibleinto the LEO processingo make full useof
the entireavailableinformation. From computationakconomys point of view, however, only a subset
of the availablegroundstationsshouldbe includeddueto the strongdependenc of the CPUtimeson
thenumberof processedbserations(seeSect.6.6.3). Thisfindingis furthersupportedy theanalysts
point of view, who only expectsmaiginal benefitsfrom increasingthe numberof space-groundbase-
linesdueto the strongclusteringof the GPSgroundstationsover denselypopulatedareadike Europe.
Consequentlyadditionalbaselinesvould beformedpredominantlywith stationdocatedin regionsfrom
which the LEO orbit is alreadywell obsered, andthusprovide only little additionalandindependent
information.

Figure 8.3 shavs the daily 1-D RMS of the total differenceshetweenGRACE A DD ambiguity-float
orbitsbasedn 70 GPSgroundstationsandorbitsbasedn 40,50,and60 GPSgroundstationsyespec-
tively. Thedifferencesarenggligible betweerthe solutionsbasedon 60 and 70 stations(0.9mm mean
1-D RMS) andstill they arevery smallbetweerthesolutionsbasedn 50and70 stationg1.3mm mean
1-D RMS), wherethelargestdifferenceoccurin thealong-traclkdirectionwith ameanRMS of 1.8mm.
As expected the differencesstartto becomeslightly more pronouncedor the solutionsbasedon only
40 stationswhereameanl-D RMS of 2.0mm is obseredwith a meanalong-trackRMS of 2.7mm. In
generaltheresultsfor GRACE B aremauginally worsethanfor GRACE A dueto theinferior tracking
performancef the GRACE B BlackJackrecever (seeFig. 7.7),e.g.,1.4mmmeanl-D RMS for the 50
stationsolution. Neverthelessthey completelyfit into the pictureshawvn in Fig. 8.3. It is thussave to
statethat obserationsfrom a moderatenumberof GPSgroundrecevers, e.g.,fifty stationsprovide a
sufficiently densedatabaseto derive LEO orbits of goodquality in the DD mode.The orbit differences
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betweersolutionsrelying on groundnetworkswith alarge numberof receversareatthe (few) millime-
ter level only, which may be partly explainedby the denseclusteringof stationsover afew regionssuch
asEuropeandNorth America.

8.2 Orbit Results using GRACE and IGS Ground Station Data

A time spanof fiveweekg[DOY 243-2772003)hasbeenselectedo computaeduced-dynamiGRACE
orbit solutionsbasedn severalstratgiesusingdoublydifferencedsPSdata.For this purposdifty IGS
siteshave beenselectedor eachday accordingto Sect.8.1.1for the baselineformationbetweenthe
GRACE BlackJackreceversandthe groundnetwork. We distinguishbetweerthefollowing solutions:

(1) aseparat@rocessingfthe GPSdatafrom GRACEA andB (seeFig. 8.1 (left)), with ambiguities
treatedasfloatvalues,

(2) acombinedorocessingfthe GPSdatafrom GRACE A andB (seeFig. 8.1 (right)), with ambigu-
ities treatedasfloat values,and

(3) a combinedprocessingf the GPSdatafrom GRACE A andB, with ambiguitieson the space-
groundbaselinedreatedasfloat valuesandambiguitieson the spacebaselineresolhed to integer
valueswherepossible.

Theinformationaboutthe GPSsatelliteorbits, the Earthorientationparameterghe GPSgroundstation
coordinatesand the zenith troposphergath delaysfor the IGS sitesare introducedas known from
the CODE final analysis. Note thatthe samesetof GPSgroundstationdatawasusedwhenthe GPS
obserationsfrom both GRACE satelliteswereprocessedeparatelybut thatthe stationselectionmay
be differentfrom dayto daydueto our selectiorstrata@y.

In thefollowing, we discusghe estimatedsRACE orbitsfor all threedataprocessingtratgiesapplied
tothe”optimal” reduced-dynamisolution(c) with pieceviseconstanticcelerationestimateaver6 min
andequallyapplieda priori standardieviationsof 5- 10~° m/<’ in theradial,along-trackandcross-track
direction(seeSect.7.9). Ambiguity resolutionfor solution(3) is basedon the wide-lane/narna-lane
approachasdescribedn Sect.4.3.4.

8.2.1 Orbit Differences

Figure 8.4 gives a first impressionof the orbit differencesbetweenthe referencesolution (combined
DD ambiguity-floatsolution (2)) andthe separatddD ambiguity-floatsolution (1), the combinedDD
ambiguity-fixed solution(3), anda zerodifferencesolution(ZD), respecirely. Theorbit differencesare
shavn for DOY 251, 2003in theradial (top), along-track(middle), and cross-trackbottom)direction
for bothGRACE satellites It canbewell obseredthattheradialandalong-trackorbit differencesreof
periodicnaturewith differentamplitudedor differentsolutions.A muchlesspronouncegberiodicitycan
alsobe recognizedor the cross-traclkdirection,especiallyfor the solution(ZD) which is substantially
differentfrom the DD solutions. It could not be expected however, thatlarger differencesarenot only
obseredfor thesolution(ZD), but alsofor thecombinedDD ambiguity-fixed solution.Onerecognizes,
e.g.,astronglyperiodicpatternin the radialandalong-trackdirections which is strictly anti-correlated
for the GRACE A andB orbit solutions,andan anti-correlateffset of considerablemplitudein the
cross-tracldirection. This finding is importantand makesit necessaryo quantify the variability and
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Figure8.4: Orbit differencesfor both GRACE satellitesin the radial (top), along-track(middle), and
cross-track(bottom) direction betweenthe DD ambiguity-floatsolution (2) and the DD
ambiguity-floatsolution (1), the DD ambiguity-fixed solution (3), andthe zero difference
solution(ZD), respectiely.

offsetbetweerthedifferentorbit solutionsfor longertime intenalsthanjustoneday

Figure8.5 shaws the daily standardieviations(STD) of the positiondifferencedetweerthe discussed
solutions.For a bettervisibility, theresultsareonly givenfor DOY 243-2602003,becaus&o substan-
tial differencesverefoundfor the otherdaysof the analyzedime period(DQOY 261-277).First, it can
be recognizedhatthe individual orbit solutionsfor GRACE A shawv generallya betteragreementvith
respecto the solutions(2) thanthe correspondingolutionsfor GRACE B. This could be expectedfor
the comparisonsvith the solutions(1), wherethe sameGRACE A data(apartfrom the spacebaseline)
wereprocessedh the sameway asfor the referencesolutions(2) (seeFig. 8.1). This alsoexplainswhy
thedifferencedetweerthe GRACE A andB comparisonsirelarger thanfor theothercomparisons.

The betteragreementvith the solutions(3) and(ZD) for GRACE A might be lessobvious. The occur
rencein the comparisonsvith the solutions(3), which only differ in the handlingof the spacebaseline
ambiguitiesfrom the referencesolutions(2) but not in the usedobserations,indicatesthat this effect
maybe mostlyattributedto amorerobustdeterminatiorof the GRACE A orbitsdueto theattachmenof
the space-grountlaselineso this satelliteasshavn in Fig. 8.1 (right). The bettertrackingperformance
of the GRACE A BlackJackrecever (seeFig. 7.7) doesnot play thedominatingrole in thisissue which
couldnotbeconcludeddy only consideringhecomparisonsvith thesolutions(ZD). In orderto support
this statementpnecanexchangaherolesof GRACE A andB in thebaselindormationandconfirmthat
in this casethe individual orbit solutionsfor GRACE B shawv a generallybetteragreementvith respect
to the solutions(2) thanthe correspondingolutionsfor GRACE A. Moreover, it wasnoticedin the ex-
changedsituation(notshavn) thatthe solutions(1) and(ZD) for theattachedSRACE A satelliteshav a
clearlymoredegradedagreementhanfor the attachedsRACE B satellitein thereversesituation. This
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Figure8.5: Daily standarddeviation of orbit differencedor GRACE A (filled bars)in the radial (top),
along-track(middle), and cross-trackbottom) directionsbetweenthe DD ambiguity-float
solution(2) andthe DD ambiguity-floatsolution(1) (left bars),the DD ambiguity-fixed solu-
tion (3) (middlebars),andthe zerodifferencesolution(ZD) (right bars) respectiely. Empty
barsshav the correspondingesultsfor GRACE B.

additionaleffect hasto be attributedto the performancalifferencesf the two GRACE GPSrecevers,

becauseno comparablesffect was presenin the comparisonsvith the solutions(3) whenexchanging
therolesof GRACE A andB. It is thereforepreferableto usethe betterperformingLEO recever for

establishinga well stabilizedconnectionwith the GPSgroundstations,especiallyfor an asymmetric
scenariaasit is shavn in Fig. 8.1 (right).

Figure8.5 shaws thatthe level of the comparisonss similar for theradialandthe cross-tracldirection,
but worsefor the along-trackdirectionasit is to be expectedfor corventionalreduced-dynamiorbits
(seeSect.8.3.3). Thelargestoverall standarddeviations (5.1 and5.8mm meanl-D STD for GRACE

A andB over the entire analyzedtiime period) resultfor the comparisonsvith the solutions(zZD), but

non-ngligible standardleviationsarepresenin thecomparisonsvith the solutions(3) aswell (2.9and
4.3mm meanl-D STD). The somevhat"larger” differencesbetweenthe solutions(2) and (ZD) have

to be expecteddueto the differentobseration scenariosisedfor doubledifferenceandzerodifference
LEO POD.Differencedbetweerthe doubledifferencefloat solutions(2) andthefixedsolutions(3) have

to be expectedaswell, but the patternsrom Fig. 8.4 indicatethat one (or both) of the solutionsmight
possiblybeaffectedby systemati@rrors.

In anattempto quantifysucherrors we first analyzethe offsetsbetweerthediscussedolutionsfor both
GRACE satellites Figure8.4 alreadyindicatedthatonly the cross-tracldirectionis subjectto suchoff-
setsafindingwhichis confirmedfor theremainingdaysof theanalyzedime period,aswell. Figure8.6
thusfocusesonthedaily cross-tracloffsetsbetweerthedifferentsolutions.Whereaghe offsetsbetween
thesolutions(1) and(2), and(ZD) and(2) do notexceed5 mm anddo notshawv ary obvious systematic
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Figure8.6: Daily cross-trackoffsetsfor GRACE A (solid lines) andB (dottedlines) betweenthe DD
ambiguity-floatsolution(2) andthe DD ambiguity-floatsolution(1), the DD ambiguity-fixed
solution(3), andthe zerodifferencesolution(ZD), respectiely.

patternsover this rathershorttime intenal, Fig. 8.6 clearly confirmsthe systematioffsetsbetweerthe
solutions(3) and(2). Theoffsetsfor GRACE A andB arestronglyanti-correlatedi.e., alarger positve
valuefor GRACE B inducesa largernegative valuefor GRACE A. Furthermoretheabsolutevaluesfor
GRACE B tendto belargerthanfor GRACE A. It is interestingto notethatthis obsered asymmetry
seemso belesspronouncedif therole of GRACE A andB areexchangedn the baselingormation.

The reasorfor the obsered discrepang betweerthe ambiguity-floatandthe ambiguity-fixed orbit so-
lutionsremainsunresoled, but will be partly explainedin Sect.8.3.4.Neverthelessafew possiblesrror
sourcesnaybealreadyexcludedhere.Theobseredoffsetsaremostlikely notcausedy amismodeling
in the spacecraftlynamics,becausehe only differencebetweerthe two solutionsresidesn the treat-
mentof thespacebaselineambiguities Thereforetheobsered systematieffect maybeattributedwith

utmostcertaintyto amismodelingn the GPSobserations.Whetherthe systematicenaybeattributedto

themultipatherrorsshavn in Figs.7.29and7.30,0r to theasymmetridormationof the DD obserations
accordingto Fig. 8.1 (right), or to ary othermismodelingis not furtheranalyzedn this section. As a

consequence is not possibleto decidewhetherthe ambiguity-fixed solutiononly, the ambiguity-float
solutiononly, or bothsolutionsareaffected.

8.2.2 K-Band Validation

K-bandmeasurementgsrovide the uniqueopportunityto directly measurehe precisionof the along-
track orbit positionsof the discussedolutions. One shouldkeepin mind, however, that K -bandob-

senationsarebiasedrangeobsenrationswhich are only sensitve to variationsin the distancebetween
thetwo GRACE spacecraftsAny commonmodealong-trackerrorsremainundetectedn the K-band
validation.

Figure 8.7 shaws the daily K-bandrangeRMS errorsfor the discussedsolutionsfor the entire time
periodanalyzed DOY 243-277).It is obviousthatresolvingspacebaselineambiguitiesto integer val-
ueshasanimpressie impacton the performancef the line-of-sightvalidationof the GRACE baseline
vector The overall K-bandrangeRMS erroris 3.1mm, which is significantlybetterthanthe K-band
validationof the two ambiguity-floatsolutionsor the orbit solutionbasedon zerodifferences.There-
sultis comparablevith [Svehlaand Rothaber, 2004b],who demonstratedmbiguityresolutionon the
GRACE baselindor thefirst time with preliminaryGRACE data.

The combinedDD ambiguity-floatsolution (2), the separatddD ambiguity-floatsolution (1), andthe
zerodifferencesolution(ZD) shawv all asimilar performancén the K -bandvalidationwith overall RMS
errorsof 10.2mm, 10.8mm,and11.3mm,respectiely. Despiteof their similar qualities,it is interesting
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Figure8.7: Daily K-bandrangeRMS errorsfor the separat€éSRACE DD ambiguity-floatsolution(1),
thecombinedDD ambiguity-floatsolution(2), the DD ambiguity-fixed solution(3), andthe
zerodifferencesolution(ZD), respecirely.

to notethatthethreesolutionsshawv a clearrankingasit canbeseenin Fig. 8.7, aswell. We recognize
thatthe processingf DD GPSobsenrationsis beneficialto the quality of the spacebaseline.

Theambiguity-firedsolutionin Fig. 8.7,however, doesnotyetreflecttheultimatelyachievableprecision
for the spacebaselinevhenthe DD ambiguitiesareresohed. Thisis indicated,e.g.,by a few outlying

K-bandrangeRMS valuesin the series,mostnotablythe oneon DOY 272,2003,which is identical

with the combinedDD ambiguity-floatsolution, becausehe fixing of the spacebaselineambiguities
completelyfailed on this particularday The reasorfor this failure wasa “too generous’screeningpf

thecodeobsenrations,which did notallow it to resole thewide-laneambiguitiego theirintegervalues
with theMelbourne-Wibbend.C. Sect.8.3will examinetheoptimaldeterminatiorof thespacebaseline
morecloselyandwill shav thatbetterresultsmay be obtainedfor this dayaswell.

It is importantto mentionthat the level of the K-bandvalidationin Fig. 8.7 doesnot yet reflectthe
ultimateprecisionevenif afew outlying daysareexcluded,which would lower the RMS errorto about
2.5mm. We referto Sect.8.3,whereit will beshavn, that(sub)-mmprecisionin the K-bandvalidation
is feasiblefor this period(DOY 243-2772003).

8.2.3 SLR Validation

SatelliteLaserRangingis the only spacegeodetidechniquewvhich may provide anindependenvalida-
tion of the discussedolutionsin anabsolutesense Oneshouldnot forget, however, thatthe validation
only takesplaceover the shorttime spanf thetrackingpassesibove the SLR obsenratories.

Figure8.8shavsthedaily SLR RMS errorsfor thediscussedolutionsfor GRACE A (top) andGRACE
B (bottom)for theentiretime periodanalyzedlt canberecognizedhatthe SLR analysisshawvs for both
satellitesalmostthe sameresultsfor theindividual orbit solutions.This hasto beexpectedbecaus&SLR
residualgeflectto alarge extenttheradialorbit errors,whicharevery similar for theindividual solutions
accordingo Fig. 8.5(top). Thecurwesthusratherreflectthe errorsin-commonto all orbit solutionsthan
the solution-specifidifferences.Neverthelessdifferencesoccurandmay be seenin Fig. 8.8 assubtle
differencesdbetweertheindividual cunes. ThecombinedDD ambiguity-floatsolutions(2), the separate
DD ambiguity-floatsolutions(1), andthe zerodifferencesolutions(ZD) exhibit almostidenticaloverall
SLRRMSerrorsof 2.20cm, 2.20cm,and2.21cmfor GRACEA, and1.87cm, 1.83cm,and1.88cm for
GRACE B. Theambiguity-fixed solutions(3) shav a slightly betteroverall SLR RMS, namely2.03cm
for GRACE A and1.81cm for GRACE B. Therankingof the resultsfrom the SLR analysisthuscon-
firmsthe K-bandvalidationfrom Sect.8.2.2,wherethesolutions(3) and(ZD) werefoundto bethebest
andworst ones,aswell, respectiely. Resolvingthe spacebaselineambiguitiesseemshusto have a
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Figure8.8:Daily SLR RMS errorsfor GRACE A (top) and GRACE B (bottom) for the separate
DD ambiguity-floatsolution (1), the combinedDD ambiguity-floatsolution (2), the DD
ambiguity-fixed solution(3), andthe zerodifferencesolution(ZD), respectiely.

very smallbut positive impacton the absoluteorbit quality More pronouncecffectscouldbeexpected
(atbest)if asignificantnumberof space-grountiaselineambiguitieswerecorrectlyresohedto integer
valueswhichis addresseth thefollowing paragraph.

8.2.4 Special Solutions

It is commonlybelieved that the resolutionof the space-groundaselineambiguitiesshould have a
significant(positive) impacton theorbit quality of a LEO trajectory However, this statemenhasnotyet
beenconfirmed at leastnot asfar aswe know. [Svehlaand Rothaher, 2002] usedGPSdatafrom the
CHAMP satelliteto quantifythe orbit differencesdetweerusingfloat or resohed space-grounflaseline
ambiguitiesandfoundorbital changesn theorderof 1-2cm. It is, however, difficult to decidewhether
theambiguity-fixed CHAMP orbit solutionsareactuallysuperiomr notif only sparseSLR measurements
areavailablefor anindependentalidation. This mightbeonereasorthatnofurtherstudiesareavailable
aboutthis issue anotheronemight be attributedto the heary demand®n CPUtimesneededo resohe
the space-grounbtaselineambiguities.Concerninghefirst reasonthe GPSdatafrom thetwo GRACE
satellitesoffer novadaysa muchbetterbasisfor suchaninvestigationpecausé¢he K-bandobserations
may be usedin additionto the SLR measurement® validatetheresultingorbits.

Oneweek of GPSdata(DOY 243-249,2003) from the two GRACE satelliteshasbeenselectedto

computeGRACE doubledifferenceorbit solutionswith resohed space-groundbaselineambiguities.
In essencewe comparehe separat@rocessingf the GPSdatafrom GRACE A andB with all space-
groundbaselineambiguitiedreatedasfloatvaluegsolution(1)) with thesameseparat@rocessingvhere
asmary space-grountaselineambiguitiesaspossibleareresohedto theirintegervalues.This situation
is compatiblewith the processingf DD GPSobsenrationsfrom a singleLEO suchasCHAMP where
no spacebaselinecanbeformed,andis thuswell suitedto checkwhetherthereis a (hopefully positve)

impacton therelatve GRACE orbit positionsby the independenf-bandobserationswhenresolving
thespace-grountaselineambiguities.
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Figure8.9: Percentageof resolhed wide-lane DD ambiguitiesfor space-grouncbhaselinesbetween
GRACE A andfifty GPSgroundstations.
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Figure8.10:Meanpercentagef resohedwide-laneDD ambiguitiedfor differenttypesof recevers:
1. ASHTECHZ-XII3, 2: ASHTECHUZ-12,3: JPSLEGACY, 4: TRIMBLE 4000SSI,
5: AOCA ICS-4000ZACT, 6: ASHTECHZ18,7: AOA BENCHMARK ACT,
8: AOA SNR-12ACT, 9: AOA SNR-8000ACT

Success Rate of Ambiguity Resolution

The taskto resohe the DD ambiguitiesto integer valuesis considerablymore difficult for the space-
groundbaselineghanfor the spacebaseline. The difficulties may be eitherattributed to the different
quality of the code obserationsof the GPSgroundrecevers, which directly affectsthe resolutionof
thewide-laneambiguitieswith the Melbourne-WibbenalC, or they may be attributedto the baselines
which are muchlongerthanthe spacebaselineconsideredso far, which complicateghe fixing of the
narrav-lane ambiguities. The superpositiorof both effects may have a severe impacton the overall
successatesof resolvingDD ambiguitiesto integervalueson space-grountaselines.

Figure8.9shaws for eachdayanalyzedhepercentagef theresohedwide-laneDD ambiguitiesor the

fifty baselinedbetweenGRACE A andthe GPSgroundstationsselectedaccordingio Sect8.1.1. It can
beimmediatelyrecognizedhatthe successatesfrom thewide-laneambiguityfixing differ significantly
from the ratesachieved with the spacebaseline. Insteadof ratesof about95.6% (seeSect.8.3.3),a

maximumvalue of only 81.3%is encounteresn DOY 248 for the bestperformingstationNorilsk,

Russia,andonly poor 1.5% on DOY 249 for the worst performingstationN’K oltang, Gabon. These
extremevaluesandthe scatterin the patternsdrom Fig. 8.9 illustratethat almostthe entire spectrunof

successateshasto beexpectedwhenresolvingthewide-laneambiguities As no significantdifferences
may be obsered whenthe statisticsfor the fifty baselinedbetweenGRACE B andthe sameground
stationsareanalyzedandbecauséhe noiseof the Melbourne-Wibbena C is dominatedoy the quality

of the codeobsenrations,it hasto be concludedhat quality differencedn the codeobserationsof the

GPSgroundreceversplay a crucialrole whenfixing thewide-laneambiguitiego theirintegervalues.

In orderto confirm that the obsered scatterin Fig. 8.9 may be attributed to differenttypesof GPS
groundstationrecevers, Fig. 8.10 displaysthe averagesuccessates(and standarddeviations) of the
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Figure8.11:Daily K-bandrangeRMS errorsfor theseparat&SRACE DD ambiguity-floatsolutions(1)
(left bars)andfor the separatésRACE DD solutionswith resolhed space-grountaseline
ambiguitieg(right bars).

wide-laneambiguity fixing for a few typesof GPSgroundstationrecevers for all 7 - 50 processed
baselinesof DOY 243-249,2003. Therecever typesare orderedaccordingto the frequeng of their
occurrencén the baselingformationfor this particularweek,e.g.,recever type 1 (ASHTECHZ-XI13)
wasmostfrequentlyusedwith 93 occurrencesyhereasecevertype9 (AOA SNR-8000ACT) wasleast
frequentlyusedwith only 14 occurrencedJnfortunatelyit canberecognizedhatthe bestsuccessates
of about61% are obtainedfor the recever types7, 8, and9 which are not well representedh the set
of selectedsPSgroundstations.Fortunately the recever encountereanostfrequently(type 1) shavs
anacceptablesuccessateof 51%,aswell. It canbefurtherrecognizedhatrecever type4 (TRIMBLE
4000 SSI) shavs the worst performanceof all displayedrecever typesand, even worse, it shawvs up
ratheroftenin the baselineformation. This might be an agumentfor the incorporationof additional
(recever-specific)criteriain the GPSgroundstationselectionif ambiguityresolutionis aimedat.

Thereasorfor the differentperformancen Fig. 8.10is dueto thefactthatnotall of the recever types
provide P-codemeasurementsn boththe L; andthe L, carrier In essencetherearethreeclasse®f
GPSgroundstationrecevers, namelycross-correlatorsbservingC/A and Py = C/A + (P, — P1),
e.g.,typesd and5, Y-codeles®observingP, andP,, e.g.,typesl, 7, 8, 9, andY -codelessvhich should
obsere P; and P», but reportC/A (insteadof P;) and P, (noneof the listed recevers). Differential
codebiaseq P, — C/A) have thereforeto betakeninto accounfor receversthatdo not provide P-code
obserationson bothcarriers[Sdaeretal., 2002].

K-Band Validation

Independeni -bandmeasurementare very usefulto clarify two issuesconcerningthe impactof re-
solved space-grountbaselineambiguitieson the orbit quality, namelywhetherthey arecapableto im-
prove therelatve GRACE orbit positions‘alone” without the assistancef resohed spacebaselineam-
biguities, or in the presenceof resoled spacebaselineambiguities. For both experiments,only 42
baselineginsteadof 50) wereincludedthatallowedat leastto fix 20% of the wide-laneambiguities.

Figure8.11shavs thedaily K -bandrangeRMS errorsfor the separat@rocessingf the GPSdatafrom

GRACE A andB with all space-groundbaselineambiguitiestreatedasfloat values(solution (1)), and

for the sameseparatgrocessingwhereasmary space-grountbaselineambiguitiesaspossiblearere-

solvedto integervalues. It is importantto mentionthatthe narrav-lane ambiguityresolutionhasbeen
performedsimultaneouslywith the pseudo-stochastiarbit modeling,andthatall baselinehave been
processetbgetheiin one(large) adjustmento generatehe bestpossiblesolution. Note thata baseline-
wise resolutionof the narrav-lane ambiguitieswith the float orbit solution (1) would be critical dueto

thesmallnarrav-lanewavelengthof only 10.7cm (seeSect.4.3.4).
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It canbe easily seenthat resolvingspace-groundbaselineambiguitiesto integer valuesimproves the
overall K-bandrangeRMS from 10.3mm for the float solutionsto 3.4mm, if the space-grouném-
biguitiesareresoled to integer valuesto the extent possible. This clearly demonstratethat correctly
resohedspace-grountiaselineambiguitiesstrengthertheindividual GRACE orbit solutions whichim-

provesthe orbit differencebetweenGRACE A andB, whichin turnimprovesthe K -bandvalidation. If

onekeepsin mind thatonly 47.1%of all (narrav-lane) ambiguitiescould be fixed to integer values,it

becomeglearthattheoverall RMS errorof the K -bandvalidationis notassmallasobseredin Fig. 8.7
(2.2mm), whereonly spacebaselineambiguitieswverefixedto integervalues(solution(3)). Besidegshe
difficulty to resole morespace-grountdaselineambiguitiesjt cannotbe completelyruled outthatalso
afew of theresolhed space-grounflaselineambiguitiesverefixedto incorrectintegervalues dueto the
strongcorrelationghatexist betweerthe narrav-laneambiguities.

Facingboth difficulties, it is not a surprisethatambiguityresolutionon all baselinegsolution(3) with
resohed space-grountiaselineambiguities)doesnot yet provide the aimed-forresults.We noticedthat
theoverall K-bandrangeRMS errorimprovedfrom 3.4mmto 2.9mmif thespaceébaselinds included.
Unfortunatelythisis worsethanthe 2.2mmresultingfrom fixing spacéaselineambiguitiesonly (solu-
tion (3)). Thereforewe concludethatwe have to be ableto fix significantlymorespace-grounflaseline
ambiguitiesto their correctinteger valuesin orderto avoid a degradationof the spacebaselinein a
combinedsolution.

SLR Validation

SLRresidualgnayindicatewhetheresohed space-grounfiaselineambiguitiesarenot only capableo
improve the quality of therelatve GRACE orbit positions but alsoof the absolutepositions.Therefore,
we comparedhe separaté&sRACE DD ambiguity-floatsolutions(1) andthe separat€&SRACE DD solu-
tionswith resoled space-grountiaselineambiguitieswith SLR obserationsfor DOY 243-2492003.

For GRACE A, we noticeda considerablemprovementof the overall SLR RMS error from 2.21cm
(float) to 1.72cm (fixed). Unfortunately we noticedan oppositebehaior for GRACE B, namelya
degradationfrom 1.84cm (float) to 1.98cm (fixed). Thereforejt is impossibleto formulatea firm con-
clusionbasedon this limited setof data. It is only clearthatthereis a rathersignificantimpacton the
orbit whenfixing space-grountaselineambiguitiesto integer values.However, the ultimateindication
for animprovementof theorbit quality in anabsolutesensecouldnot be given.

8.3 Analysis of the Space Baseline

55daysof GPSdata(DOY 243-2972003)from thetwo GRACE satelliteshave beenselectedo evaluate
severalnominalandexperimentaldoubledifferencesolutionswhenprocessinghe spacebaselineonly.
BecauseDD GPSobsenrationsfrom the spacebaselinealone do not containenoughinformation to
reliably estimateboth GRACE satelliteorbitsin anabsolutgandrelative) senseit is amustto introduce
an accuratereferenceorbit as known for one of the two satellites. For this purpose the GRACE A
zerodifferenceorbits (solution(c)) describedn Sect.7.9 have beenselectedbecausehey fully meet
the accurag requiremenformulatedin Sect.8.3.1. Sucha procedures very attractve with respect
to the requiredCPU times, becausenly the space-baselinendno space-grounthaselineshave to be
introducednto the processingThe sameconfigurationwasalreadysuccessfullyusedby [Kroes 2006]
to demonstratésub)-mmprecisionof reduced-dynamiGRACE baselinesstimatedor thefirsttime. In
our analysiswe distinguishbetweerthe following solutions:
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e reduced-dynamideterminatiorof the GRACE B orbits, ambiguitieson the spacebaselineare
resoledto integervalueswheneer possible or remainfloat, and

¢ kinematicdeterminatiorof the GRACE B orbit positions,ambiguitieson the spacebaselineare
resohedto integervalueswhen&er possible.

In analogyto the previous Sect.8.2, the informationaboutthe GPSsatelliteorbits andthe Earthorien-
tationparameterareintroducedasknown from the CODE final analysis.The settingsof the “optimal”
solution(c) have beenusedfor reduced-dynamiorbit determinationlt turnedout, however, thatthisis
not optimalfor the baselingorocessingseeSect.8.3.2.

8.3.1 Quality of the Reference Trajectory

In orderto getinsightinto the baselineestimationfrom doubly differencedGPSGRACE dataonly, we
shouldconsiderthe geometricpart of the obseration equationg4.9). However, to keepthe expression
simple,wemayanalyzeheobsenationgeometryonthesingledifferencdevel withoutlossof generality

In analogyto (7.1), the differencep®, ;, betweenthe slantrangesp®, and p% from GRACE A andB to
GPSsatellitek readsas

Phip = Pl — ol = phipo — el Ara + el Arp + (ef — ) ArF, (8.1)
where

ok Bo 1S theapriori differenceof the slantrangebetweerthe phasecenterlocationson GPSsatellitek
andGRACEA andB, respeciiely,

e”, % arethe unit line-of-sightvectorspointing from the GRACE A andB phasecentersto the GPS
phasecenterocation,

Ary, Arg arethephasecenterpositionincrementsor GRACE A andB, and

Ar* isthephasecenterpositionincrementor GPSsatellitek.

The linearization(8.1) would be usedin this form at eachepochif onewould simultaneouslyry to
estimatehe GRACE A, the GRACE B, andthe GPSpositionincrementkinematicallyfrom singledif-

ferenceGPSGRACE dataonly. For shortbaselinesthe GRACE A andB positionincrement@arealmost
one-to-onecorrelated becausehe line-of-sightvectorse®, ande% arenearlyidentical. Thereforeit is
not possibleto accuratelyestimateboth GRACE satelliteorbits simultaneoushfrom differencedGPS
GRACE dataonly. It canbe verifiedthat positionerrorsat the meterlevel have to be expected which
alsoaffectsthe quality of therelative positions especiallytowardsthearcboundaries.

In orderto highlight the sensitvity of (8.1)to the baselinevector andto estimatethe accurag require-
mentsfor thereferencdrajectory we rearrangehis equationas

phip =Pl — e Arap — elig Ary + el g ArF (8.2)
where
Arap = Ar, — Arg and

e’ 5 = ek — €% , whichis notaunit vector
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Figure8.12: K-bandrange(left) and range-ratgright) residualsfor the first hour of DOY 258, 2003
for reduced-dynamiambiguity-fixed GRACE orbit solutionshasedn differentsubinteral
lengthsof the numericalintegration.

Sinceno incrementsor GRACE A and GPSpositionsare estimatedn this work, Ar 4 and Ar* are
bothsetto zeroin (8.2). However, it canbelearnedfrom (8.2) thatpositionerrorsér 4 in thereference
trajectory(GRACE A) anderrorsér* in the GPSsatellitepositionsbothaffectthe computatiorof p% ,; in

thesameway. Theimpactof theuncertaintyin the GPSsatellitepositionerrorsonthebaselineestimates
is, however, much smallerthan for zerodifferencepositioning (seeSect.7.1), becausge 5| << 1

for shortbaselinesConcerninghe propagatiorof referenceorbit errorsdr 4 into p% 5, [Teunisserand
Kleusbeg, 1998b]give the upperlimit

|r4 — 7B

.4 8.3
|T'B — 'I"k‘ | 'I’A| ’ ( )

lefip oral <

whereit is assumedhat|r 4 — r¥| = |rp — r¥|. Assuminga quality of 74 = 10 cmin thereference
positions,the propagatiorinto p* 5 is below the millimeter level for the GRACE constellationwhere
|r4 —rp| =200 kmand|rp — r*| = 20000 km.

8.3.2 Tuning Space Baseline Solutions

In Sect.8.2.2thelevel of the K-bandvalidationwasfoundin Fig. 8.7 to beabout2.5mm, if the space
baselineambiguitieswere resoled to integer values,andif a few outlying dayswere excludedfrom
the statistics.Althoughthis is not bad,it doesnot yet representhe ultimately achiezablelimit. In this
paragraplwe discussa few issuessuchasthe settingsof the numericalintegrationandthe constraints
of the pseudo-stochastgarameterswhich werefoundto berelevantin orderto obtainhigh-precision
baselineestimatesrom reduced-dynamiGRACE orbits.

Numerical Integration

In Sect.8.3.1we mentionedthat the referenceorbit hasto be known to approximatelylOcm in order
to avoid an error propagationinto the baselinesolution. If this is the case,andif the baselineshall
be estimatedkinematically the epoch-wiseestimatef the baselinevector may be attachedwithout
difficultiesto the positionsof thereferenceorbit, evenif they wereaffectedby (small)systemati@rrors.
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Figure8.13:Daily K-bandrangeRMS errorsfor reduced-dynamiambiguity-fixed GRACE orbit so-
lutions basedon 6-minuteaccelerationgleft bars),60-minuteaccelerationgmiddle bars),
and6-minuteaccelerationsvith relative constraintbetweerlGRACE A andB (right bars).

In otherwords, kinematicbaselineestimatesimply take over (small) systematierrorsinducedby the
referenceorbit. Theseerrorscannotbe detectedn the K-bandvalidation,becaus¢hey arecommonto
bothorbitsandcanceloutin therelative position.

Unlike kinematicbaselineestimatesreduced-dynamibaselinesolutionshave to solve the equationof
motion(5.12). Onemaythereforeexpectthatthereduced-dynamibaselineestimatesnaynottake over
(all) systematierrorsinducedby the referenceorbit, evenif the referenceorbit hasa quality of better
than10cm. Figure8.12supportghis hypothesisaindrevealsremainingsystematierrorsin the baseline
solution,whenselectingoolongsubinteralsfor thenumericalintegration. Figure8.12shavsazoomon
thefirst hourof the K-bandrange(left) andrange-ratéright) residualson DOY 258,2003for reduced-
dynamicambiguity-fixed GRACE orbit solutionsbasedon 6-minutepiecavise constantaccelerations,
which were numericallyintegratedwith a constanisubinteral lengthof 1 min and3 min, respectiely.
Thedifferencedetweerthe two referenceorbitsareon the few mm-level. Figure8.12(left) shavs that
the differencedn the K-bandrangeresidualsare on the mme-level, aswell, which doesnot seemto be
dramaticat first sight. Oneshouldbe aware,however, thatevery (small) effectis potentiallyimportant
whenstriving for the “last millimeter”. Figure8.12 (right) shawvs thatthe systematicerrorsin the K-
bandrange-rateesidualsare indeedstriking. Pronouncedhangesnot jumps,in the K-bandrange-
rateresidualsmay be obsered every 3-minutesat the boundarief the subinterals of the numerical
integration. Thanksto the piecavise-constanaccelerationsnly a comparablysmall partfinally affects
the orbit positions. On the one hand,this underlinesthe capability of pseudo-stochastigarameterso
absorbalmostary orbit modelingdeficiencieshut it alsoreflects,on the otherhand,the difficulty to
separatétrue” orbit signalsfrom “artificial” signalsin asubsequerdnalysis.

Figure8.13shaws for atestperiodof 14 days(DOY 243-2562003)thatthelevel of the K-bandrange
validationimprovedfrom about2.5mm (seeFig. 8.7)to anoverall RMS errorof 1.39mm (left bars),by
simply changingthe subinteral lengthof the numericalintegrationfrom 3 to 1 min. This demonstrates
theusefulnessf K-bandmeasurement®r aprecisevalidationof orbit solutions.Currently thereis no
otherindependentalidationtechniqueavailableto detectthis kind of subtletiesn orbit modeling. We
have to keepin mind, however, thatothersystemati@ffectsof similar naturemightstill be presentn our
GRACE orbit solutions- but remainundetectedsthey arecommonto both GRACE trajectories.

Constraining Pseudo-Stochastic Parameters

Appropriatesubinteral lengthsand constraintsare essentiato obtainvery precisebaselineestimates
from reduced-dynamiambiguity-fixed orbits. Figure8.13compareshelevel of the K -bandrangevali-
dationobtainedor thestandardolution(basedn piecavise constanticcelerationsver six minuteg(left
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bars)),andfor an experimentakolution(basedn tentimeslongersubinterals of sixty minuteslength

(middlebars)).It maybedisturbing,atthefirst sight,thatthe K -bandrangevalidationis systematically
betterfor the experimentalsolutionfor the majority of the considerediays(with anoverall RMS error

of 1.03mm), despitethe very long acceleratiorsubinterals. As a matterof fact,thetwo GRACE orbits

(thereferenceorbit is basedon sixty minutesintenals aswell) aremuchworsein the “absolute”sense
andshav deviationsof up to 10cm w.r.t. “state-of-the-art’'GRACE orbits, but they agreemuch better
“relatively” — asit is confirmedby the K-bandvalidation. This “paradox” situationis, of course,not

satisfying,but demonstratethatrequirementsliffer for “absolute”and“relative” orbit determination.

Inspectingthe individual acceleratiorparameterdor both solutionsrevealsthat the long subinterals
naturallyconstrairthe estimatefor GRACE A andB muchcloserto eachotherthanshortsubinterals.
Becausdghetwo GRACE satellitesareonly separatedy about30s on the sameorbital trajectory they
experiencealmostthe sameperturbingforces. This specialconfigurationis useful,e.g.,for a relative
calibrationof the GRACE A andB accelerometedata[Perosanzet al., 2006]. For the estimationof
pieceavise constantccelerationgynemaythereforeexpectestimatesvhich arevery closeto eachother
for long subinterals, e.g.,60min, dueto the almostngyligible time shifts of only 30s atthe baginning
andattheendof eachsubinteral.

It is clearthat orbit solutionsbasedon too long acceleratiorsubinterals are not ideal for modeling
the spacebaselinedueto unacceptabl@rbit qualitiesin an “absolute” sense.We know from experi-
encewhenprocessingindifferencedGRACE GPSdata,thatsubinteral lengthsof abouté min arewell
suitedto achiere a referencerajectoryof goodquality Thereforewe have to combinethis knovledge
with the lessonlearnedfrom the previously discussedxperimentalsolution. Figure 8.13 (right bars)
shavsthatthelevel of the K -bandrangevalidationcanindeedbefurtherdecreasetb anoverall level of
0.80mm by estimatingpieceavise constaniaccelerationsver 6 min with additionalconstraintdetween
the GRACE A andB accelerationsThe shortsubinteral lengthensures high-qualityreferencdrajec-
tory in an“absolute’sensewhereagherelative constraintdetweerthe GRACE A andB accelerations
take the specialorbit configurationinto account. The a priori variancesof the acceleratiordifferences
couldtherebybeloweredto 1 nm/¢ for thealong-trackandcross-trackdirection. Theradialacceleration
differencesvereconstrainedo “zero” dueto a strongin-planecouplingbetweerradialandalong-track
accelerations.

In thefollowing, we investigatahis kind of reduced-dynamiambiguity-fixed baselinesolutionwith rel-
atively constrainegbiecavise constantccelerationsn moredetail. Thefollowing illustrationsaredravn
in closestanalogyto thefiguresprovided by [Kroes 2006],in orderto facilitatea comparisorbetween
bothsetsof results.

8.3.3 Analysis of Tuned Space Baseline Solutions

Figure 8.14 shawvs the K-bandrange(top) andrange-ratgbottom)residualson DOY 243,2003asa
function of time for the ambiguity-fived reduced-dynamibaseline. As expected,the resohed space
baselineambiguitiesandthe relative constrainingof the piecavise constaniaccelerationsiramatically
strengtherthe orbit solution,which hasa striking impacton the K -bandvalidation. Discrepanciebe-
tweenthedynamicmodelsandthe GPStrackingdatanow tendto beremoredfrom the positionsolution,
becaus¢heambiguityparametersoncecorrectlyresohedto integervalues,canno longerabsorbthem.

The very low K-bandrangeRMS error of 0.6mm shaws thatthe K-bandrangeresidualsare mostly
belav the 1 mmlevel onthis particularday This indicatesthatsub-mmprecisionis feasiblefor therel-
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Figure8.14: K-bandrange(top) andrange-ratgbottom)residualson DOY 243,2003for the reduced-
dynamicambiguity-fixed GRACE orbit solution.
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Figure8.15: K-bandrangeresidualon DOY 243,2003for thekinematicambiguity-fixed GRACE orbit
solutionbasednthe“normal” ionosphere-freebsenrable (top) andontheionosphere-free
obserableconstructedrom L 4 and L, (bottom).

ative positioningof thetwo GRACE spacecraftt areduced-dynamibatchleast-squaresnvironment.
Onemightsuspecthatthe precisionin Fig. 8.14couldreflectatoo optimisticquality becauséour KBR

biaseshadto be adjusteddueto KBR phasebreaksat 03:15:40,16:45:10,and 23:50:40. It is nice to

see however, thatno obviousdiscontinuitieoccuratthe mentionedepochsindicatingthattheprecision
claimedin Fig. 8.14(top)is real.

When comparingFig. 8.14 (top) with 8.14 (bottom)we get the (correct)impressionthat the K-band
range-rateesidualsare muchnoisierthanthe K-bandrangeresiduals. Although the same“periodic”
patternsmay be recognizedn both figures, pronouncedshort-termfluctuationsclearly influencethe
residualsaswell. The K-bandrange-ratdRMS errorof 1.2um/sis, howvever, largely dominatedoy the
“periodic” variationswhich arein commonto boththerangeandrange-rateesiduals.Thenatureof the
short-termfluctuationswill bediscusseét theendof this section.
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Fromthemodelingpointof view, thefollowing aspechasto behighlighted. TheK-bandrangeresiduals
in Fig. 8.14(top) arestrictly continuousby constructionjf no multiple K -bandbiasparameterfiave to
be adjustedn thevalidationprocessThisis adifferenceto theresultspresentedy [Kroes 2006],who
useda Kalmanfilter approachSmalldiscontinuitiesareunavoidable.

Figure8.15(top) shavs the K -bandrangeresidualon DOY 243,2003asafunctionof timefor thekine-
maticambiguity-fixed baseline Apartfrom thefactthatthe solutionshavs a muchlarger K -bandRMS
errorof 4.5mm, a few correlationswith Fig. 8.14 (top) may be recognized.More insight, however, is
gainedfrom Fig. 8.15(bottom)wherekinematicPODis performedwith an“alternatve” ionosphere-free
GPSobserableconstructedrom the L 4 andthe Lo carrierphaseobserationsinsteadof the normally
usedL; and L carrierphaseobserations. Dueto the muchlower noiseon the L 4 obserations,sys-
tematiceffectssuchasthe“periodic patterns’maynow berecognizedemarkablywell in thekinematic
K-bandvalidation,which exhibits a K-bandRMS errorof 2.7mm only. Thecomparisorwith Fig. 8.14
(top) shaws thatthereduced-dynamisolutionofferssomeprotectionagainstandomerrorsandsystem-
atic outliers,e.g. suchasthatat 17:00,but it is notimmuneto systematierrorswhich canbeidentified
in bothkinematicandreduced-dynamisolutions.

Whatis the reasorfor the “periodic” patternsin Figs.8.14and8.15? Comparedo the (muchlarger)
K-bandresidualof a zero-diferencesolution(seeFig. 7.20),no pronounceance-peirevolution peri-
odicity maybeobsered,indicatingthatthedeviationscannotbeattributedexclusively to amismodeling
of the satellitedynamics.This conclusionis in accordancevith the kinematicbaselinesolutionsshovn
in Fig. 8.15,which areaffectedby the “periodic” patterns.Spectralanalysisof K-bandresidualsrom
reduced-dynamiambiguity-fixed solutionsrevealsthatperiodsbetweeril5 and20min, andbetweer80
and40min dominatethe spectrum.Accordingto Sect.7.4, atime between30 to 40min is thetypical
time thata GPSsatellitecanbe tracked from the GRACE recevers. The obsered “periodic” patterns
thereforemostlikely reflectsystematieffectsin the GPSobserations,e.g.,carrierphasemultipathor
unmodeleghasecentervariations.

K-Band Range Validation

Figure8.16shaws the statisticsof the percentag®f resohed wide-lane(top) andnarrav-lane (bottom)
spacebaselineambiguitiefor DOY 243-2972003.1t is obviousthatthewide-laneambiguityresolution
with theMelbourne-Wibbend.C is mucheasieonthespacdaselinghanonspace-grountaseliness
discussedn Sect.8.2.4. Thegood P-codequality of thetwo GRACE BlackJackrecevers(see[Kroes
2006]) allows usto resohe 95.6%o0f all wide-laneambiguitiesto integer values.Only for DOY 272a
reducedperformancenay be obsered dueto problematiccodemeasurementsThis comfortablesitu-
ation providesan excellentbasisfor resolvinga significantnumberof the narrav-lane ambiguities,as
well, which is simultaneouslyperformedwith the pseudo-stochastiarbit modeling. Figure 8.16 (bot-
tom) shavs thaton averageB9.8%of the narrav-laneambiguitiesareresohedto integervalues.

Figure8.17 (top) shaws the daily K-bandrangeRMS errorsfor DOY 243-297,2003. It is interesting
to noticeanalmostinvariantlevel of the K-bandfit, whichis atanoverall RMS errorof 0.88mm when
properlyaccountingor the numberof all underlyingresiduals.The daily valuesvary betweerD.64mm
for the (alreadypresented}olutionon DOY 243,and1.64mm for the“outlying” solutionon DOY 272
dueto the smallernumberof resoled ambiguities. The overall K-bandrangeRMS error of 0.88mm
confirmsthe 0.91mm found by [Kroes 2006], wherethe longertime spanbetweenDOY 190and290,
2003wasanalyzed.
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Figure8.16:Daily percentageof resohed wide-lane(top) and narrav-lane (bottom) ambiguitiesfor
reduced-dynamiambiguity-fixed orbit determinatiorof the GRACE baseline.
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Figure8.17:Daily K-bandrangeRMS errorsfor reduced-dynamiambiguity-fixed GRACE orbit solu-
tions (top) andkinematicambiguity-fixed orbit solutions(bottom). Note the differentscale
for bothfigures.

Figure8.17 (bottom)shaws the daily K-bandrangeRMS errorsfor the correspondindinematicambi-
guity fixedsolutions.We noticealargeroverall RMS errorof 4.41mm andaslightly worserepeatability
from dayto day Obviously, thesolutionof DOY 272shavs againtheworstperformanceAn inspection
of bothresiduatime seriesshavedthata few largeroscillationslocally increasedhe K -bandfit, which
offersabasisfor furtherinvestigationgo avoid suchasituation.It is interestingo note ,however, thatthe
secondvorstkinematicsolutionon DOY 255doesnot have acounterparin Fig. 8.17(top), whichagain
illustratesthatthe reduced-dynamisolutiongenerallyoffers a betterprotectionagainstdataproblems.
A similar robustnessvasobsenred, e.g.,on DOY 222 (not shawvn) wherethe reduced-dynamisolution
couldbe propagateaver anextendedgapwith about5.5 hoursof missingGPSandKBR data,andstill
shaveda K -bandrangeRMS of only 1.0mm.

Let usfinally inspectthe K-bandrangevalidationfor reduced-dynamiambiguity-floatGRACE orbit
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Figure8.18:Daily K-bandrangeRMS errorsfor reduced-dynamiambiguity-floatGRACE orbit so-
lutions (top) and zero differenceGRACE orbit solutions(bottom). Relative constraints
betweenGRACE A andB accelerationareonly appliedto theambiguity-floatsolutions.

solutions.Figure8.18shaws the daily K-bandrangeRMS errorsfor the DD (top) andthe ZD (bottom)
solutions.First,we notice(again)thesignificantlydegradedine-of-sightprecisionof theambiguity-float
solutionscomparedo the ambiguity-fixed solutionsin Fig. 8.17 (top). WhencomparingFig. 8.18(top)

with Fig. 8.17(top), we obsere anoverall RMS errorof 6.38mm insteadof 0.88mm. Becausghetwo

solution-typediffer only in the treatmentf the ambiguity parametersthis differencedirectly reflects
theimpactof theresohed spacebaselineambiguitieson theline-of-sightbaselingorecision.

Figure8.18(bottom)shavsthattheZD solutionexhibitsanoverall K -bandrangeRMS errorof 10.90mm
(betterthanin Table7.7 dueto theimproved settingfor the numericalintegration),which is worsethan
the6.38mm obseredfor the DD solution(top). Two reasonsreresponsibldor this degradation First,
relative constrainthave beenappliedto the piecavise constanaccelerationbetweenlGRACE A andB
for all DD solutionsasexplainedin Sect.8.3.2,which strengthenshe solutionsconsiderably Second,
the processingf doublydifferencedGPSdataitself is preferablefor relatve positioning,becauseom-
monerrorsourcesarereducedr eliminatedby forming differencesasalreadymentionedn Sect.4.3.3.
Oneshouldbe awareof the fact, however, thatthe applicationof relative constraintss the mainreason
for theobsered K -bandrangeRMS errorof 6.38mm. A valuebetweer® and10mm couldbeexpected
without applyingrelative constraints.

It maybementionedhattheresultsin Fig. 8.18seento be betterthanthoseprovided by [Kroes 2006],
if ambiguitiesaretreatedasfloatvalues.Thetherebyreportedoverall RMS errorsof 7.85and16.01mm
may indicatean advantagefor our processingasedon the BerneseGPSSoftware, whereoneandthe
sametype of batchleast-squaradjustments usedfor all of the presentedolutions.

K-Band Range-Rate Validation

K-bandrange-rateesidualsarewell suitedto detectquality differencedbetweenhe pseudo-stochastic
orbit modelsdiscussedn Chapter5. A zoomon onehour of K-bandrange-rateesidualscanbe in-
spectedn Fig. 8.19for the “standard”reduced-dynamiambiguity-fixed GRACE orbit solutionsbased
on piecavise constantaccelerationsver six minutes andfor ananaloguesolutionbasedn pulsessetup
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Figure8.19:Zoom on one hour of K-bandrange-rateresidualson DOY 243, 2003 for the reduced-
dynamicambiguity-fixed GRACE orbit solutionsbasedn piecavise constanaiccelerations
(grey) andpulsegblack),respectiely.

every six minutes.The zoomdirectly revealsthe subtledifferencesn the K-bandrange-ratevalidation
for thetwo typesof orbit parametersAs expectedthe orbitsbasedon piecavise constantaccelerations
shav continuousK -bandrange-rateesidualswhereasmall discontinuitiesoccurfor the pulse-based
orbitsat every 0.1h. Someof the jumpsmay be recognizede.g.,at 7.2h, 7.6h, 7.7h, and7.8h. One
shouldnotforget,however, thatFig. 8.19validatestheline-of-sightdifferenceof the orbital velocitiesof
GRACEA andB. Consequent|ythe sizesof theindividual velocity changesreconsiderablyargerthan
thosereflectedby the K -bandrange-ratevalidations.

In Fig. 8.19we noticein generallarger valuesof the “long-term” variationfor the solution basedon

pseudo-stochastjoulses. Possiblecausedor this obseration are eithernot optimally chosena priori

standardleviations,or thelessfavorableorbit modelingby instantaneousgelocity changesNo attempt
wasmadeto furthertunepulse-basebtaselinesolutions.

Let usfinally commenton the pronouncedshort-termfluctuationsalreadynoticedin Fig. 8.14 (bot-
tom). A closeinspectionof Fig. 8.19 shaws that the samepatternsoccurfor both the pulse-andthe
acceleration-baseatbit solutions.Spectralnalysisconfirmsthe short-termnatureof thesefluctuations
with periodsof 11.5and23s. It is thusvery unlikely to attribute the fluctuationsto the (different)orbit
solutionssincea subinteral lengthof 1 min wasusedfor thenumericalintegration.

In orderto roughly estimatethe magnitudeof the short-termfluctuations,we first performeda daily
smoothingof the K-bandrange-rataesidualsby computingmoving averagesusinga Gaussiarkernel
asweightingfunction:

SN i W (t:) k()
H) = 1?:1 W (t:)

with W (%) = exp (-%) , (8.4)

where

k(t) is thesmoothedk -bandrange-rateesidualattime?,
k(t;) istheoriginal K-bandrange-rateesidualattime¢;,
W (t;) istheGaussiarkernel,and

At isthecharacteristiovidth of the Gaussiarkernel.

At wassetto 23sto computesmootheds -bandrange-rateesidualdor atestperiodof 20days.Aiming
ataroughestimateof the scatterof the short-ternfluctuationswe computethedaily RMS errorm with
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Figure8.20:Daily K-bandrange-rateRMS errorsfor reduced-dynamiembiguity-fixed GRACE orbit
solutions.Total effect (top) andshort-ternfluctuationgbottom).

respecto thesmoothedesidualsaccordingo

_ [k —kw)?
m= \/ ) _BE) (85)

where
t; arethemeasuremerdgpochsand
n  isthenumberof measurementonsidered.

Theuseof therelationis basedntheassumptiothatmostof thelong-termvariationsmaybeattributed
to theorbit (mis)modeling.

Figure8.20compareshedaily K -bandrange-rat&RMS errors(overallvalueof 1.4um/s)obtainedrom

theoriginal residualgtop) andfrom (8.5) (bottom).Notethatthe threedaysat the endof thetestperiod
(DOY 243-262)wereleft outin Fig. 8.20(top) dueto unrealisticlylarge K -bandrange-rategesiduals,
causedy spuriousantennaorrectionvaluesprovidedin the Level 1B KBR datafiles.

It canbeseerthatthescatteof theshort-ternfluctuationss almostconstanatalevel of about0.21um/s.
This constantevel is a furtherindicationthatthe fluctuationsmay be actuallyattributedto the K-band
range-ratelataandnot to orbit (mis)modeling.Anotherpieceof evidencefor thisis the obsered order
of magnitudeof the fluctuations,which agreeswith the expectationsconcerningthe RMS of K-band
range-ratelata.[Biancaleetal., 2005]report,e.g.,a RMSlevel of about0.24um/sfor theofficial Level
1B KBR range-ratedataon DOY 227,2003,anda RMS level of about0.19um/sfor KBR range-rate
dataderved at CNES-GRGSfor the sameday Our value of 0.21xm/s might thus be too optimistic
dueto atoo weaksmoothingof the range-rataesiduals.Our estimateis only intendedfor illustrating
purposes.

8.3.4 Formal Errors and Orbit Differences

It hasbeenshawn in the previous sectionby the K -bandvalidationthatthe true precisionof the along-
track componenbf therelative positionbetweenGRACE A andB is 0.88mm for the ambiguity-fixed
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Figure8.21:Daily meanvaluesof formal errorsof orbit positionsfor GRACE B in the radial (top),
along-track(middle), and cross-track(bottom) direction for the ambiguity-fixed baseline
solution.

solution,and 6.38mm for the ambiguity-floatsolution. In orderto gain someinsight aboutthe other
componentsformal orbit accuraciearecomputedor thefixedsolution,andorbit comparisonsrreana-
lyzedbetweerthefixedandfloat solutions.

Figure 8.21 shaws the daily meanvaluesof the formal errorsfor the GRACE B reduced-dynamic
ambiguity-fixed solutionin the radial (top), along-track(middle), and cross-track(bottom) direction.
As GRACE A was fixed to the zero differencesolution, no correspondingraluesmay be given for
GRACEA. Thereforethedisplayedvaluesmaybeinterpretedasthe meanformal errorsof the baseline
components Excludingthe outlying solutionon DOY 272, seealsoFig. 8.17, overall valuesof 0.28,
0.49,and0.38mm result. Keepingin mind thatthe true along-trackprecisionwasfoundto be 0.88mm
by the K-bandvalidation,the formal accuraciesreallittle bit too optimistic. It canalsoberecognized
thatthey do notreflectall the variationsthat arerevealedby the K-bandvalidationin Fig. 8.17 (top).
Neverthelessthey seemto indicatethat not only the along-trackcomponentis determinedwith a high
precision but alsotheradialandthecross-trackcomponents.

Figure 8.22 shavs the daily standarddeviations of the orbit differencesfor GRACE B betweenthe
reduced-dynamiambiguity-floatand-fixed solutionin theradial(top), along-trackmiddle),andcross-
track (bottom)direction. As GRACE A wasfixedto the zerodifferencesolution, no differencesoccur
in the referenceorbits. Therefore the displayedstandardieviationsmay be interpretedasthe standard
deviations of the differencesn the baselinecomponents.The largestvaluesmay be obsered in the
along-trackdirectionwith an overall standarddeviation of 6.41mm. Similar asfor zerodifferenceor-
bit determinationseeSect.7, the along-trackcomponents worstdeterminedor our reduced-dynamic
orbits. Assumingthatonly small correlationsare presentetweerthe along-trackcomponent®f both
solutions,we may usethe true precisionsfrom the K-bandvalidationto compute/6.382 + 0.882 =
6.44mm, whichis in goodagreementwith the obsered standardleviation of 6.41mm. Thereforethe
differencesn the along-trackcomponenimay almostbe uniquely attributed to the degradationof the
float solution.

The obsenred overall standarddeviations for the radial and cross-trackcomponentsare 3.00mm and
1.14mm, respectiely. Assumingsimilar small correlationsas for the along-trackcomponentand a
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Figure8.22:Daily standardieviation of orbit differencedor GRACE B in theradial (top), along-track
(middle), and cross-track{bottom) direction betweenthe ambiguity-floatand ambiguity-
fixedbaselinesolution.

morepreciseambiguity-fixed solution,the valuesprovide a certainindicationaboutthe precisionof the
ambiguity-floatsolutionfor thesecomponentslt mustbenoticed,however, thatthe differencedetween
both solutionsare muchsmallerthanfor the along-trackcomponentwhich shavs that resolhed space
baselineambiguitiegpredominantlyimprove the precisionof the along-trackcomponent.

Similarcomparisonsnaybeperformedetweertheambiguity-fixedreduced-dynamiandkinematicso-
lutionsto confirm,e.g.,thattheradialcomponents worstdeterminedor thekinematiccase A detailed
discussiormay be found in [Kroes 2006], which alsoshavs thatthe overall quality of the kinematic
ambiguity-fixed solutionis inferior to the reduced-dynamitioat solution,althoughthe K -bandvalida-
tion favors the kinematicsolutionin the along-trackdirection, compareFigs. 8.17 (bottom)with 8.18

(top).

Figure8.22shaws standardieviationsof orbit differencesnsteadof RMS valuesto excludesystematic
offsetsbetweertheambiguity-fixed and-float solutions.Sincethe presentationf Fig. 8.6in Sect.8.2.1
we know, however, thata systematioffsetin the cross-tracldirectionbetweerthe two solutiontypes
wasdetectedn the analysisof DD solutionswith groundnetwork data. Here,the sameeffect hasto be
noticedagainwhenanalyzingthe cross-traclorbit differencesetweernthe GRACE B ambiguity-float
andfixedbaselinesolutions.For DOY 243-2972003anoverall meanvalueof -0.9cmresultswhereas
theeffectis suppressetbr GRACE A dueto thefixing to the zerodifferencesolution.Becaus¢hesame
patternhasto be obsered for kinematicand reduced-dynamisolutions,we tendto attributed this to
a mismodelingin the GPSobserations,as alreadyspeculatedn Sect.8.2.1. Becauseno comparable
effectis reportedby [Kroes 2006],we canneitherexcludea msimodelingn the GPSobserations,nor
asoftwareor processindpug from our side.

8.4 Summary and Comments
The resultspresentedn this chaptershaved that pseudo-stochastiorbit modelingtechniquesnay be

appliedwithout substantiacthangego doubly differencedGPSobserations,aswell. The prospecto
reduceor eliminateerror sourcesalreadyby forming differencedGPSobsenrablesis a clearadvantage
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of thedoubledifferencewith respecto thezerodifferenceapproachaswell asthe chanceo resole the
carrierphaseambiguitiesto their integervalues. CPUtimesfor ambiguity-floatsolutionsareno longer
anissuethanksto the developmentsrom Chapter6.

Sections8.1and8.2 shavedthatabout50 receversfrom globally distributed GPSgroundsitesaresufi-
cientto computehigh-qualityGRACE reduced-dynamiorbits. The orbit differenceslueto thebaseline
selectionrevealedthat a well-balancednumberof space-groundhaselinesbetweenthe two GRACE
satellitesandthe groundsiteswould probablyoffer the bestalignmentof the two orbitsin anabsolute
sense.The quality of therelative orbit positionsis improved by includingthe very shortspacebaseline
(= 220 km) into the processingespeciallyif thecarrierphaseambiguitiesareresolhedto integervalues.
Resoledspacédiaselineambiguitiesverefoundto significantlyimprove therelatve GRACE orbit posi-
tions. A similar statemenholdsaswell for resohed space-grounflaselineambiguitieswhich aremore
difficult to correctlyfix to integervaluesdueto theirlengthof up to 10000km andthe (different)quality
of the codemeasurementsom the GPSgroundrecevers. Dueto averagesuccess-ratdselov 50%, a
clearimprovementof the orbit quality in anabsolutesensecould, unfortunatelynot be demonstratedo
far. Moreover, CPUtimesarenot yet optimizedfor anoperationatesolutionof the very large numbers
of space-grountlaselineambiguities.

Section8.3 focusedon the spacebaselineanddemonstratethat (sub-)mmprecisionis feasiblefor the

reduced-dynami@pproachwith fixed ambiguitiesand with relative constraintsbetweenthe pseudo-
stochastiorbit parametersf GRACE A andB. Thesolutionstratey is tailoredto the specialGRACE

orbit configurationwherebothsatellitesarefollowing eachotheron the sametrajectory A mostprecise
knowledgeof the 3-D intersatellitevectorwill beof interestfor future satelliteformationsaswell, e.g.,
for theplannedSyntheticApertureRadanSAR) interferometryformationconsistingof the TerraSAR-X
andTanDEM-X satelliteswhich shallgeneraténighly accurateligital elevation modelsin a bistaticop-

erationmode[Moreira etal., 2004].

Sections8.1 and 8.2 reportedthat systematiaifferencesetweerorbit solutionsbasedon float andre-

solved ambiguitiesverefoundin the cross-traclcomponentBecausdhe samedifferencesverefound

for reduced-dynamiandkinematicsolutions,we speculatedhatthey might be attributedto a system-
atic mismodelingof the GPSobsenrations,which remindsus of the GPSphaseresidualpatternsshavn

in Sect.7.9.5. Although the displayedresidualswere small and difficult to interpret,they revealeda
highly systematigatternwhich did not seemto changein time. As it is a commonpractice,e.g.,for

the orbit determinatiorof the JASON-1satellite[Luthdke et al., 2003],to simply introducesuchempir

ically determinedantenngpatternsfor POD, we starteda very first experimentand determineda very
roughcorrectionmapout of only two weeksof GRACE data,andrepeatedur baselineanalysiswith

thecorrectionmaptakeninto account.Obviously, sucha“trick” hasto formally improve theresults but

it wasnot a priori obviouswherethis would be seen.It wasthuspromisingto seethatthe unexplained
cross-tracloffset could be reducedoy this measurdéoy abouthalf a centimeterandthatis wasonly the
ambiguity-floatsolutionthatchangedy takingthe correctionmapinto account.

It is too earlyto draw ary hard conclusiondrom the sketchedexperimentaboutthe true origin of the
discrepany, but it offersabasisfor furtherinvestigationdasedn morereliablecorrectionmaps.
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9. Analyzing Pseudo-Stochastic Parameters

Chapters and8 shavedthatthedifferenttypesof pseudo-stochastarbit parameterarewell suitedfor
preciseLEO POD.Properlytuned,thereduced-dynamitEO orbitsbasedn continuousGPStracking
dataprobablyoffer the mostprecisereconstructiorof the actualLEO trajectoriesin anonly partially
known forcefield. The continuousavailability of the strongGPStrackingdatawastherebyfoundto be
essentialnpot only for kinematicPOD, which would be moredifficult underaggraatedtrackingcondi-
tionswith only few obserationsperepoch but alsofor the reduced-dynamiapproacho ensurea safe
estimationof the usuallylarge numberof pseudo-stochastfgarameters.

Thefocusof this chapteris no longeron the generatiorof “the mostprecise”orbits, but on a possible
interpretatiorof the estimate®f the pseudo-stochastjgarameterandthe relatedreduced-dynamior-
bits. It seemolviousthattheseestimatediave to reflect,at leastto a certainextent, the deficiencieof
theforcefield, but thecomparisonsvith accelerometedatain Chapter7 alsoindicatedimitationsabout
the contentof informationof pseudo-stochastgarametersyhich have to be carefullyassessed.

Extensve simulation studieswere performedto get insight into the estimationof pseudo-stochastic
parametersand the resultingreduced-dynamiorbits. First, we determinethe level of the directin-
terpretability of single accelerationestimatesthen we addresddiscretizationeffects associatedvith
pseudo-stochastigarametersand finally we analyzereduced-dynamit¢.EO trajectorieswith respect
to their capabilityfor recorering an entireandunbiasedsetof gravity field coeficients. Summarieof
thesimulationsmaybefoundin [Jaggi etal., 2006a],[Jaggi etal., 2006b],and[Jaggi etal., 2006d].

9.1 Interpretability of Single Acceleration Estimates

It is corvenientto comparepseudo-stochastjgarametersvith accelerometemeasurement®.g.,[van
denlJsseland Visser 2005]. A directcomparisonhowever, hasto be interpretedwith careasan ac-
celerometemeasuremeris eithera normalpoint of the raw (pointwise)accelerometemeasurements
(CHAMP), or araw accelerometemeasuremeniGRACE). Piecavise constanir pieceavise linear ac-
celerationsestimatedrom GPSdata,however, areusuallyvalid for a certaintime intenal anddo rather
reflectan“integrated”acceleratiorthana pointwiseacceleration Dependingon the resolutionandthe
type of the solved for accelerationsthe estimategepresenthe pointwiseacceleration®nly approxi-
matelyat a certainlevel.

0.1.1 Simulation Scenario

We usedthe samephysicalandmathematicaimodelsasusedanddescribedor the realdataprocessing
in Chapter?7 to simulateundifferencedGPS phaseobserationsfor the CHAMP satellite. The GPS
final orbits and a CHAMP orbit, subsequentlylenotedas the true CHAMP orbit, were the basisto
simulatethe errorfree GPSdata. Thereby the true CHAMP trajectorywas not a particularsolution
of the equationof motion usedin the dataprocessingbut was affectedby an additionaland artificial

157



9 Analyzing Pseudo-Stochastlarameters

150

T 15

simulated signal ——
estimated signal - -

along-track deviation -

Along-track acceleration (nm/s*2)
Along-track deviation (mm)

-150 . : : -15
0 50 100 150 200

Time (minutes)

Figure9.1: Piecavise constantaccelerationsver 15min compensatéor anunmodeledalong-trackac-
celeration(solidline). Thedottedcurve denotesleviationsw.r.t. thetrueorbit.

once-petrevolution along-trackaccelerationS cos u, whereu denoteshe agumentof latitudeand S
anamplitudeof 100nm/$. An orbit with identicalinitial conditions,but not affectedby the artificial
accelerationsenedasthea priori CHAMP orbit for PODwith the simulatedGPSphaseobsenations.

9.1.2 Orbit and Acceleration Recovery

Pseudo-stochastigarametersvere primarily introducedas additional parametersnto the equationof
motion(5.12)to copewith unmodeledystematieffects,e.g.,causedy deficienciesn theforcemodels
suchastheunmodeledilong-trackacceleratior$ cos u in thissimulation.Figure9.1shaws, for aspecific
time intenal of abouttwo orbital revolutions,how unconstrainegiecevise constantaccelerationsver
15min compensatéor thedeficientforce modelandapproximatehe once-peirevolution characteristics
of the disturbingacceleration. The ratherlarge subinteral length of 15min was chosento provoke
noticeabladiscrepanciebetweerthe estimatediccelerationandthetruedisturbingaccelerationwhich
arestill of minor natureonly. The overall characteristicsf the once-petrevolution signalmay be easily
recognizedlespitehelargesubinteral length,but asystematioverestimatiormaybeobseredaswell,
e.g.,atthe symmetricallycaveredmaximumnear185min. This effectis a consequencef theinability
to represent disturbingacceleratiorwith non-zerocurvatureby a piece-wiseconstantmodelif only
GPSSSTdataareusedasobsenrations.

The quality of the orbit recovery is indicatedin Fig. 9.1 by the along-trackdeviations from the true
CHAMP orbit. Despitethe coarseresolutionin time of the piecavise constantccelerationghe along-
trackorbit deviationsarein generabelov the2-mmlevel. Theperiodicpatternis causedy theinability
to fully represena once-petrevolution acceleratiotby a piecavise constanmodel,whichin turn shavs
up asonce-pesubinteral andonce-petrevolution variations. In accordancevith the formal position
errorsfrom Fig. 7.12,we notethatthelargestdeviationstendto occurcloseto the subinteral middles.

Figure9.2shaws, for thesamespecifictime intenal of abouttwo orbital revolutions,how unconstrained
andcontinuousiecavise linearaccelerationsver 15min compensatéor the deficientforce modeland
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Figure9.2: Continuousiecavise linearaccelerationsver 15min compensatér anunmodeledalong-
trackacceleratiorfsolid line). The dottedcurve denotegleviationsw.r.t. thetrue orbit.

approximatethe once-perevolution characteristic®f the disturbingacceleration.Despitethe rather
large subinteral lengthof 15min, analmostperfectagreemenbetweerthe estimatedaccelerationand
thetruedisturbingacceleratiortanberecognizedA carefulinspectiorshavs thatthediscrepancieare
now of atruly minor natureandonly manifestthemseles asa small systematicoverestimatiorof the
pointwiseaccelerationatthe subinteral boundaries.

The quality of the orbit recovery is alsoindicatedin Fig. 9.2 by the along-trackdeviations from the

true CHAMP orbit. The comparisorwith Fig. 9.1 shaws that the once-peisubinteral and once-per
revolution periodicpatterndave beengreatlyreducedvith the consequenctnatthe orbit solutionbased
on piecavise linear accelerationshavs no deficienciesat the millimeter level. The estimationof only

onemoreparametem the along-trackdirectionthusresultedn a considerableelative improvementof

theorbit quality Thegainis, however, very smallon anabsolutescale.

Approximative Method

Onemighttry to estimatethe bestfitting amplitudeS of afunction f(¢) e(¢) from previously estimated
piecavise constantaccelerationsd; pointinginto the directione(t) in a separatgparameteestimation
problem. In this simulation, f (¢) would be identifiedwith cos u ande(t) would be identifiedwith the

along-trackdirection,whichyieldsa pseudo-correctioaquation

04
S

€

-5 —a; (9.2)

for eachacceleratiomrorrectiona; with thecorrespondingesiduak;. In view of approximatinghefunc-
tion S f(t) piecevise with Taylor seriesof degreezero,the partial dervatives necessaryor evaluating
(9.1) would intuitively bewritten as

0A4;
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Figure9.3: Along-trackdeviationsw.r.t. thetrue orbit dueto piecavise constantccelerationgleft) and
dueto piecavise linearaccelerationgright).

Therelationg(9.1)and(9.2)implicitly defineanapproximateransformatiorbetweerthe“initially” esti-
matedpieceavise constanticcelerations!; andtheamplitudeS of thefunction f (¢). Thetransformation
couldthusbe alreadyincorporatednto the original POD processwhich would be attractie in view of
the computatiorof the partialdervatives z s of thea priori orbit ro(¢) asa directcomputatiorwould be
unnecessaryinstead,zs could be computedasa functionof them partialderivativesz 4, with respect
to theaccelerationsi; as

25() =3 20 G 93)
i=1

wherethe partialderivativesz 4, would beefficiently athandaccordingo Chapters.

An estimationof the amplitudeS with (9.1), or alternatvely with (9.3), leadsto the overestimatiorof

thetruedisturbingacceleratiorasnoted,e.qg.,in Fig. 9.1. The amplitudeof thetrue once-peirevolution

signalis apparentiyoverestimatedby about4% for piecevise constanticcelerationandby about0.07%
for continuougiecaviselinearaccelerationsThemainreasorfor thisis thatthe partialderivatives(9.2)

arecorrectonly upto termsof orderzeroin thelengthof the subinterals, whichimpliesthattheattempt
to relatea single pseudo-stochastigarameterd; directly to the pointwiseacceleratiormay introduce
comparablylarge modelerrors. For piecevise constantaccelerationsan error level of a few percentis

generallytoo large to be acceptabldéor mostapplicationsasshavn in Sect.7.8.4,wherea combination
with preciseaccelerometemeasurementsasstudied.lt mustbe mentionedhowever, thatresultsfrom

comparisonwith accelerometedataasshavn in Sect.7.8.3are not thatmuchaffected,if the partial

derivativesaretakenfrom theaccelerometedata.

Figure 9.3 confirmsthe introductionof model errorsand shavs the along-trackorbit deviationsfrom
the true orbit emeging from the original parameteestimationand from the parameteestimationac-
cordingto (9.3)for piecavise constan{left) andpieceaviselinear(right) accelerationsAn unacceptable
deteriorationof the orbit quality dueto a residualacceleratiormay be immediatelyrecognizedor the
approximatesolution with piecavise constantaccelerations.Although the approachclearly fails for
piecevise constantccelerationsver 15min, it is interestingto notethat pieceviselinearaccelerations
may bedirectly relatedto pointwiseaccelerationsvithout introducingnoticeableorbit errors. It is sub-
jectto furtherinvestigationsvhetherthis would still bethe caseif thetrue acceleratiorwasaffectedby
morerapidthanonce-petrevolution oscillations.
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9.2 Interpretability of Reduced-Dynamic Trajectories

Figure9.3 shaved thatthe recoreredorbits are of high quality for both pseudo-stochasticceleration
models. Even for piecevise constantaccelerationsvith a modesttime resolutionthe orbit errorsare
belav the2-mmlevel, implying thatthe “discretization”errorsintroducedby pseudo-stochastacceler
ationsmustbe muchsmallerthanthefew percentevel suggestethy theanalysisof asingleacceleration
estimateln orderto make betteruseof theresultsachievedwith pseudo-stochastgarameterst is nec-
essarnyto performeitheranintegratedanalysisof all acceleratiorestimatesr, alternatvely, ananalysis
of therecoveredorbit trajectory Becauseéhestochastienodelof orbit positionse.g.,from kinematicor-
bits, is betterdescribedy awhite noiseprocesshanthe stochastianodelof orbit accelerationgDitmar
etal., 2004],we confineoursehesin this chapteito theanalysisandinterpretatiorof orbit positions.

9.2.1 Orbit Reparametrization

Letusnow introduceanew setof 7, orbitparameter®,, ..., P;. In orderto simplyreparametrizéheorbit

determinatiorafter having solved for the pseudo- stochastlparametelcorrectlonSpl, «eey Py WE May

usethe orbital positionsr(t,,,) establishedo far aspseudo-obseationsin a new orbit determination
procesgo solve for the parametecorrectiong, ..., 7. Thecorrectionequationgeadas

n Bro(tm.) N
€r; = E —= - P, — 07 (tm;) (9.4)
—1  OP
with
(97‘() tm,L
}j 55 (9.5)

being the orbit improvementsof the previously performedreduced-dynamiorbit determinationand
er, the residualsof the new orbit determinatiorproblem. TherebysomeparametersP, may be iden-
tical to the reduced-dynamiorbit determinationg.g., the initial osculatingelementswhereasothers
arereplaced.Typically, the pseudo-stochastiepresentatiois substitutedy a physicalrepresentation
accountingor force field deficienciese.g.,a seriesof sphericaharmoniccoeficientsrepresentinghe
Earths gravity field accordingo Chaptel3, or scalingfactorsfor non-graitationalforce models.

The main adwantageof a two-stepmethodas definedby (9.4) and (9.5) is that the GPS-based EO
orbit determinationtypically performedon a daily basis,may be completelyseparatedrom the phys-
ical interpretatiorof (mary) LEO trajectories.Kinematic CHAMP positionscomputecby [Svehlaand
Rothader, 2003c],e.g.,receved muchattentionfor subsequenglobal gravity field recorery andhave
beensuccessfullyusedby mary researchnstitutionsin conjunctionwith a broadvariety of gravity field
recorery methodsasmentionedn Chapter3. Because&inematicLEO positionsarecomputedndepen-
dently from force models,it seemsa priori obviousthatthey arewell suitedfor gravity field recorery;
but notreduced-dynamitEO positiongGerlact etal., 2003c]. Whetheror notreduced-dynamitEO
positionsmight be usedfor the samepurposedependsn the parametrizationsisedin (9.5) aspointed
out by [Jaggi etal., 2006b]and[Jaggi et al., 2006d]. We postponehis discussiorto Sect.9.5, where
it will be shavn underwhich conditionsreduced-dynamiorbits might be usedfor global gravity field
recovery.

Finally, it hasto be mentionedthata physicalinterpretationof LEO trajectorieswith (9.4) and(9.5) is
not completelyequialentto a direct estimationof the parametercorrectionsp, -.., ; from the GPS

161



9 Analyzing Pseudo-Stochastlarameters

[ accelerations
0.05H HH pulses

0.0451
0.04

0.0351

0.0251

0.02[

Signal deviation (%)

0.0151

0.011

0.0051

1 2 3 4 5 6 7 8 9 10
Interval length (min)

Figure9.4: Deviations(%) of arecovery of theterm Cs 3 with reduced-dynamiorbit positions.

obsenrations.Evenif thepseudo-obseationsr(t,,,) actuallycontaintheinformationto berecovered,a
(small)degradatiorhasto beexpectedif thecorrelationdetweerthepseudo-obseationsareneglected.

09.2.2 Simulation Scenario

We performeda similar simulationasdescribedn Sect.9.1.1in orderto estimatethe level of the “dis-

cretization”errorsintroducedoy pseudo-stochastgarametersA true CHAMP orbit wascomputedn a
truegravity field (completeup to degree45) andwasusedto simulateerrorfree CHAMP orbit positions
every 10s. The samegravity field model,but with onearbitrarily selectecyeopotentiaterm (Cs 3) set
to zero,wasusedfor POD with unconstraineghseudo-stochastigarameterso simulatethe CHAMP

pseudo-obseatiors. In analogyto Sect.9.1.2,the pseudo-stochastiorbit parameterfiadto compen-
satefor an unmodeledsignal of a comparableamplitude(57nm/¢), but with a principal periodof one
sixth of the orbital period(= 15 min).

9.2.3 Acceleration Recovery

The CHAMP pseudo-obseations were usedto recover the amplitudeof the unmodeledyeopotential
term Cg 3 accordingto (9.4)and(9.5). Figure9.4 shavs the deviationsof the recoreredamplitudewith
respecto thetruevaluefor differentsubinteral lengthsof pulsesandpieceavise constanticcelerations.
In generaltherecoveryis slightly betterfor orbital positionsdervedfrom accelerationthanfrom pulses.
Thedifferencebetweerthetwo parametrizationsjowever, is rathersmall,if only oneforcefield param-
eterhasto berecovered.

Therecovery errorsshawvn in Fig. 9.4 may be interpretedasthe pure discretizationerrorsof pseudo-
stochastiparametersf thesubinteral lengthsarewell belown half of theshortesperiodof the signalto
berecovered.lt is encouragingo seethata deviation of about0.002%would resultin the situationcom-
parableto Sect.9.1.2,i.e., ata subinteral lengthof 2.5min, which is muchbetterthanthe few percent
level foundin Sect.9.1.2. Thisimpliesthatthe signalamplitudecanberecoreredwith a quality almost
comparableo a directestimationof the parameterandthat pseudo-stochastgarameterpresere the
informationabouta deficientforcefield very well, if they aresetup with an“appropriate”spacing.
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Remark concerning the Approximative Method

Let usassumehatwe only consideipseudo-obseatiors r(t,,,) referringto themidpointsof previously
estimatedpseudo-stochastiaccelerations.Startingwith the secondtime derivative of (9.4), we can
illustrateadditionalassumptiongmplicitly madefor the approximatie methodpresentedn Sect.9.1.2.
For the specialcaseof estimatingonecorrections to theamplitudeof the known function f (¢) e(t), the
correctionequation(9.4) readsattimet,,,; as

n

€i=Z5-5— ) Eg-a. (9.6)
I=1
In orderto eventuallyobtain(9.1), we replaceall partialderivativesin (9.6) by theleadingtermof (5.8),
whichthenreadattimet,,, as

> Bfl . afl =1
~ d SR 9.7
Zs~ 5o an Z4, { Ol i (9.7
wheref(tm,;) = A; e(tm,). Thisfinally leadsto
cieltm) = 2o selim) — aselim,) 98)

whichis identicalto therelation(9.1), but formulatedin theinertial system.

9.3 Highly Reduced-Dynamic Trajectories

Highly reduced-dynami¢HRD) LEO orbitsarereduced-dynamiorbitswith pseudo-stochastjgaram-
eterssetup with a frequenyg closeto the GPSobseration samplingrate. Typical subinteral lengths
thusrangefrom only 10s to about60s if GPSobserationsareavailableevery 10s, whichis, e.g.,the
casefor the BlackJackrecevers aboardCHAMP andthe two GRACE satellites. The developments
in Chapteré shaved, however, that the computationaburdenheaily increasedor large numbersof
pseudo-stochastigarametersn a corventional processingdf the normal equationsystemsassociated
with HRD orbits. Thanksto the estimationschemebasedon the rapid solution stratgy presentedn
Sect.6.3, it is still feasibleto computeHRD orbits with ary subinteral lengthsof pseudo-stochastic
parametersvith reasonablghortCPUtimes(seeFig. 6.6).

CHAMP datafrom DOY 198,2002wereusedto computekinematicandHRD orbitswith differentpa-
rameterspacings.Figure9.5 (left) shaws the cross-tracldifferencef the kinematicand of two HRD
orbitswith respecto a “conventional”reduced-dynami€HAMP orbit basedon pieceavise constantac-
celerationover six minutes.Both HRD orbitsarerepresentedy six initial conditionsandthreeuncon-
strainedpulsessetup every minuteandevery threeminutes respectiely. As expectedthe HRD orbits
arealreadyfairly closeto thekinematicorbit dueto the“heavy” parametrizationThe 1-minuteHRD or-
bit is actuallyalmostidenticalto thekinematicorbit. Comparedo corventionalreduced-dynamiorbits,
the “smoothing” effect of reduced-dynamitrajectorieds greatlysuppressefor HRD orbitsandonly
occasionallyvisible, e.g.,for the 3-minuteHRD orbit around15:31:00and 15:33:00. The GPSphase
breaksoccurringtherecanbe “bridged” to someextent by the HRD orbit solutionbasedon 3-minute
subinterals, andis thuslessaffectedby artificial jumpsthanthe othersolutions,if newv phasebiaspa-
rametershave to be setup at a certainepochfor all GPSsatellites. Similar patternsmay be foundin
theradialandalong-trackdirectionsaswell, but they arenot asclearlyvisible dueto morepronounced
once-petrevolution oscillationswith respecto the corventionalreduced-dynamiorbit.
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Figure9.5: Cross-trackdifferencesof a kinematicandtwo HRD orbits w.r.t. a corventionalreduced-
dynamicorbit (left) anddifferencegradial/cross-trackhiftedby +5 mm) betweerthekine-
maticandthe MRD orbit (right).

9.3.1 Properties of Maximum Reduced-Dynamic Trajectories

Maximumreduced-dynami¢MRD) LEO orbits area specialcaseof highly reduced-dynamitEO or-
bits with pseudo-stochastiparameterset up at a frequeng equalto the GPSobseration sampling
rate. This settingcorrespondso the shortestpossiblesubinteral lengththat still resultsin a regular
normalequationsystemfor reduced-dynami€EO orbit determination.In orderto illustratethe close
relationshipbetweenMRD orbits and a kinematicorbit, we considerthe MRD orbit basedon pulses
from Fig. 9.5 (right). There threeunconstrainegulsesaresetup atall n,,s obserationepochsgxcept
for the very first andthe very lastonewhereno pulsescanbe estimatedrom the GPSdata. Together
with thesix initial conditionsatotal numberof 3 n,s Orbit parameterareestimatedyhichis olbviously
the samenumberof unknavn orbit parametersisfor a kinematicorbit determination Provided thatat
leastfour GPSobsenrationsare available for every obseration epochwhen processingindifferenced
data,all epochparametersanbeestimatedor bothapproachesyhicharethethreepulsesandthethree
kinematiccoordinate$or the MRD andthekinematicorbit determinationrespectiely, andonerecever
clock correction. Both orbit ephemeridearethusequialentat the obseration epochsdespitethe dif-
ferentparametetypesusedfor thetwo approachesThe characteristipatternin Fig. 9.5 (right) results
from therestrictionto 1-mm precisionin the SP3orbit file format[Remondi1991].

Figure 9.6 (top) illustratesthe characteristicef a MRD trajectorybasedon unconstrainegbulsesand
kinematicpositionsestimatedor eachobseration epoch.If we assumeéo have at leastfour errorfree
GPSobsenationsat our disposalat eachmeasuremergpoch,we could reconstructhe true orbit tra-
jectoryin the kinematicmodeat thesediscreteepochswithout errors. The samestatements alsovalid
for the MRD orbit basedon pulsesif the sameassumption$iold. The only differencebetweenboth
trajectoriesresidesat timesin-betweerthe obseration epochs.Whereasa kinematicorbit yields posi-
tion estimate®nly at the (discrete)obseration epochsthe MRD orbit is definedthroughouthe entire
orbitalarc. Thepositionsattheleft andattheright boundaryepochsf eachsubinteral provide thenec-
essarnsix conditiongto defineatrajectorybetweerthesewo points,which solvestheequatiorof motion
(5.12). It mustbe emphasizedhatthe positionsat the obseration epochsare completelyindependent
from theforcemodeldike in thekinematiccase put thatthetrajectoryin-betweerfully reflectsthea pri-
ori forcemodels|f pulsesareusedaspseudo-stochastarametersDespitethe maximumresolutionof
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Figure9.6: MRD orbit (solid line) basedon pulsesin comparisorwith the true orbit (dottedline) and
kinematicpositions(circles)(top) andtheimpactof anincreasegamplingrate (bottom).

pseudo-stochastjpulses(or accelerationsseebelaw), orbital velocitiesor orbital accelerationslerived
from MRD orbits do not provide independeninformationconcerningheforce field. This statements
importantwhentherecorery of forcefield parameterss addressed.

If therearelessthanfour GPSobserationsavailable at a certainmeasuremengpoch,it is not pos-
sible to estimateall epochparametersvhen processingundifferenceddata. Whereasno positioncan
be estimatedat all for a kinematicsolution, not all pulsescan be estimatedfor a MRD orbit at such
“problematic” epochs,but the MRD trajectoryis still definedthroughoutthe entire orbital arc. As a
consequencéowever, theestimategositionsmaydiffer attheneighboringepochdecausehefiltering
dueto the dynamicorbit modelstartsto affect the MRD orbit aroundthe “problematic” epochs.This
is alsothe reasorfor the obsered deviationsbetweenthe kinematicandthe MRD orbit from Fig. 9.5
(right), wherethe largestonesoccurat 09:25:30and09:26:30,andat 17:05:30and17:07:00. Usually
this effectis limited to the neighboringepochsof the “problematic”intenals only, but sometimest may
propagatdurtherandaffect moreepochghanjustthe neighboringones.

ThecloserelationshipbetweerMIRD orbitsandakinematicorbit holdsaswell if acceleratioparameters
insteadof pulsesaresetup. If, e.g.,threeunconstrainegiecevise constantaccelerationgresetup for
all n,ps — 1 obsenrationintenals, exceptfor the very first onewhereno accelerationsanbe estimated
from the GPSdatadueto a full correlationwith the initial conditions,a total numberof 3 n,s orbit
parameterareestimatedogethemith thesix initial conditions.Again, bothephemerideareequialent
attheobserationepochs.

Transition between MRD and HRD Trajectories

The transitionbetweenMRD and HRD orbits is accomplishedy decreasinghe numberof pseudo-
stochastiparameterdyy introducingconstraintspr by increasinghe samplingrateof the obsenrations
to beprocessedAs thesubinteral lengthof pseudo-stochastgarameteréandthe constraintsyill play

a mostimportantrole for the recovery of forcefield parametersye focusin the following on the case
of increasinghe samplingrate of the obserationsto be processedFigure9.6 illustratesthe transition
from a MRD orbit basedon unconstrainegulses(top) to anidentically parametrizedHRD orbit based
onahigherobsenationsamplingrate(bottom). Themaindifferencebetweerbothtrajectoriegesidesn

the arcsbetweerthe pulse-epochsyhich ratherreflectthe true orbit dueto the additionalobserations.
The obtainedorbital positionsfrom the HRD orbit differ from the kinematicpositionsestimatedat the

obseration epochsbecausehe filtering dueto the dynamicorbit modelaffects the bottomtrajectory
over the entireorbital arc. It is importantto notethatthis is alsothe casefor the HRD orbit positions
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at the pulseepochs.Unlike a maximumreduced-dynamiorbit, wherethe positionsat the obseration
epochsareindependentrom the force models,the positionsof highly reduced-dynamiorbits depend
ontheappliedforcemodelsevenif the sameresolutionof pseudo-stochastmarameterss used.

Therewouldbeno needto studyHRD LEO orbitsin anerrorfree ervironmentwherethetruetrajectory
couldbeperfectlyreconstructetdy kinematicpositionsobtainedrom errorfree GPSobserables.Real-
world kinematicLEO orbit positionsaregoverned however, by aconsiderabl@oisecomponenfDitmar
etal., 2004], which might be a nuisancevhenusingthemfor gravity field recosery. Thisis the main
motivation for consideringhighly reduced-dynamit.EO orbits asalternatve. Thereis the chanceto
reducethe position (andvelocity) noiseandto improve the gravity field coeficients. Sections9.4 and
9.5 presensimulationstudieswvhich shallshav on which level benefitsmaybe expected.

9.4 Analysis of HRD Orbit Positions and Velocities

Highly reduced-dynamitrajectoriesarefiltered dueto the underlyingdynamicorbit model, whereas
kinematicorbit positionsreflectthe unfiltered(discrete)positionssolely definedby the GPSobsenra-
tions. The characteristicof a HRD orbit hearily dependon the type and numberof the estimated
pseudo-stochastirbit parametersvith their (optionallydefined)constraintsandto someextenton the
underlyingdynamicorbit modelandthe processedbserationsamplingrate. Dependingonthesettings
usedfor HRD orbit determinationfrajectorieswith stronglyreducedposition-andvelocity-noisemay
be obtainedsimilar to the caseof conventionalreduced-dynamiorbit determination.[Gerlac et al.,
2003c]alreadyshaved, however, thatcorventionalreduced-dynamiorbits heavily reflectthe underly-
ing force models. An interpretationof HRD orbit positionsor velocitiesfor independeninformation
aboutthe forcefield hasthusto be madewith utmostcareasary noisereductionis alwaysobtainedon
thecostof introducinga priori informationfrom theunderlyingdynamicmodels.

9.4.1 Simulation Scenario

We usedthe samephysicalandmathematicainodelsasusedanddescribedor the realdataprocessing
in Chapter? to simulateundifferencedGPSobsenrationsfor the CHAMP satellitewith 10s sampling
or, alternatvely, with 30s sampling. The GPSfinal orbitsanda particularCHAMP orbit, subsequently
denotedasthe true CHAMP orbit, werethe basisto simulateGPScodeandphasedata. The GPScode
obserationswereaffectedby a white noiseof 0.1m RMS errorandthe GPSphaseobserationswere
simulatedeithererrorfree or, alternatvely, with a white noiseof 1 mm RMS error Thereby the true
CHAMP trajectorywasa particularsolutionof theequatiorof motiongivenby the EIGEN-2gravity field
modelup to degreeandorder120without inclusionof ary non-graitational forces. An orbit obtained
from the processingf the simulatedcodeobserations(seeSect.7.5) sened asthe a priori CHAMP
orbit for POD with the simulatedGPSphaseobserations. The completeEIGEN-2 gravity field model
up to degree120or, alternatvely, a modifiedgravity field modelwasusedas(poor)a priori modelfor
the HRD orbit determination.The modifiedmodelwasthe EIGEN-2 modeltruncatedafter degreeand
order 20 andthe remainingsphericalharmoniccoeficients were modified by applyingrandomerrors
correspondingo the RMS errorsof the EIGEN-2terms.

The mostrealisticHRD orbit and velocity reconstructioris of courseobtainedwhenall error sources
areswitchedon. It is instructive, however, to eitherswitch off the GPSphaseobserationnoiseor thea
priori gravity field errorsin orderto studythedifferentimpactsof bothrandomandsystematierrorson
the HRD orbital positionsandvelocities.Solutionswithout errorsareusefulfor softwaretests.
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Figure9.7: Positiondifferencedleft) andvelocity differencegqright) w.r.t. the true CHAMP orbit ob-
tainedfrom HRD orbit determinatiorin the presencef randomerrorsonly or systematic
gravity field modelerrorsonly.

9.4.2 Orbit and Velocity Reconstruction

Figure9.7 shawvs positiondifferencegleft) andvelocity differenceqright) in onespecificcoordinatdan
the Earth-fixed referenceramewith respecto the true CHAMP orbit for a HRD orbit determination
basedon 10s GPSdatasamplingwith unconstrainegbiecavise constantaccelerationgstimatedover
30s. Both solutionsareeitheraffectedby the GPSphasewhite noiserandomerrorsonly, whichis sub-
sequentlydenotedasa solutionof type (N), or by the systematia priori gravity field modelerrorsonly,
which is subsequentlglenotedasa solutionof type (A). Thedifferencedn the othercoordinatedirec-
tionsareof the samenatureandarethusnotdisplayed.

The scattelin the positiondifferenceof solution(N) is uniquelycausedy the 1 mm GPSphasewhite

noiseRMS error, althoughit is not white but coloreddueto the phasebiases.As the estimatedpohase
biasesarenotidenticalwith the true valuesdueto the phasenoise,they introducea correlationin the

positiondifferenceswhich is visible asthe long wavelengthvariationwhich would vanishif the ambi-

guitiescouldbefixedto integervalueswith zerodifferenceobserations.

Despitethe poorly known a priori gravity field modelusedfor POD,the positiondifferenceof solution
(A) exhibit a RMS errorof 0.1mm only, which is muchsmallerthanthe noise-inducedlifferencesof
solution(N) with aRMS errorof 1.6mm. Obviously, thepiecaviseconstanticcelerationsompensatto
alarge extentfor themismodelingn thea priori forcemodels.Theremainingdifferencesarevery small
andonly visible asvery small short-termvariationsin Fig. 9.7 (left). The obsered longerwavelength
variationsare of a differentorigin asthey are causedy the linearizationof the obseration equations
(4.3)and (4.5). The coarsea priori orbit obtainedwith the poor a priori gravity modelis slightly out
of thelinearity domain,which malesit necessaryo iteratethe orbit determinatiorprocessf this effect
shouldbe avoided.

Figure9.7 (right) shawvs thatthe samecomparisormaylook slightly differentonthevelocity level. The
velocity differencesf solution(A) exhibit a RMS errorof 0.012mm/s,whichis notthatmuchsmaller
thanthe noise-inducedlifferencesof solution(N) with a RMS error of 0.093mm/s. It canbe further

morerecognizedhata characteristipatterndueto themismodelingn theapriori forcemodelsis more
clearly visible on the velocity level, e.g.,assomelarger spikes that occasionallyoccur On the other
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Figure9.8: Positiondifferencedor aHRD orbit and10skinematic(left) and30skinematic(right) orbits
w.r.t. thetrue CHAMP orbit in the presencef randomerrorsonly.

hand,all long wavelengthfeaturesdrom Fig. 9.7 (left) have disappearedn the velocity level dueto the
time differentiation.

Comparison with Kinematic Orbits

It is importantto compareHRD orbits with kinematicorbitsin orderto identify advantagesanddisad-
vantage®f bothtypesof orbits. Figure9.8shavs theimpactof the GPSphasewhite noiserandomerrors
onthepositiondifferenceswith respecto thetrue CHAMP orbit for thesamepromisingHRD orbit from
Fig. 9.7 basedn 10s GPSdatasamplingandunconstrainegieceavise constanaccelerationgstimated
over 30s, andfor kinematicorbits basedon 10s GPSdatasampling(left) and30s GPSdatasampling
(right). It canberecognizedhatthe HRD positiondifferencesexhibit areducedscatterof 1.6mmRMS
errorwith respecto thekinematicsolutionswhich exhibit RMS errorsof 2.6mmand2.9mmfor the10s
and30s GPSdatasampling,respectrely. The betterperformancdor the HRD orbit of approximately
v/3 hasto beexpectedasthe 30s piecavise constaniccelerationbave a smoothingeffect on theresult-
ing trajectory It mustbe admitted however, thatthe comparisorfrom Fig. 9.8 (right) is not completely
fair asnotthe sameamountof datawasusedfor POD. Thisis alsothereasorfor the morepronounced
long wavelengthfeatureswhich areonly presenin the 30s kinematicorbit from Fig. 9.8 (right) dueto
theslightly wealer determineghasebiases.

Thereducedhoiseof HRD orbital positions(andvelocities)with respecto positionsfrom a kinematic
point positioningis the main motivation to investigatewhetherHRD orbits might sene asa suitable
alternatve productto kinematicorbitsfor derving morepreciseinformationaboutthe forcefield. It is

encouragindo seethe smallimpactof the systematierrors(Fig. 9.7 (left)) of a deficienta priori grav-

ity field modelon the estimatedHRD orbit positions.On the otherhand,the velocity differencedrom

Fig. 9.7 (right) alsoindicatethatthealmostnegligible positiondifferencesnight suggesttoo simplistic
view. Obviously, it is necessarjo analyzetheorbital positionsandvelocitieswith betterdiagnostidools
suchasFourieranalysigo achieze meaningfulconclusions.

A secondmotivationto investigateHRD orbit determinatiorfor gravity field recovery arethe HRD or-
bital velocitieswhich mayreadily be computedrom the estimatecbrbit parametersAs opposedo the
kinematiccaseno cumbersomempiricalderivation of velocitiesis necessarjFoldvary etal., 2004].
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Figure9.9: Amplitude spectraof positiondifferencesw.r.t. thetrue CHAMP orbit obtainedfrom HRD
orbit determinationwith pulses(left) and accelerationgright) in the presenceof random
errorsonly (solution(N)) or systemati@ priori gravity field modelerrorsonly (solution(A)).

9.4.3 Fourier Analysis of HRD Orbit Positions

Figure9.9 shavs amplitudespectreof positiondifferencesn onespecificcoordinaten the Earth-fixed

referencdramewith respecto thetrue CHAMP orbit for aHRD orbit determinatiorbasedbn 30s GPS
datasamplingwith unconstraine@ulsesstimatedvery 60s (left) andunconstraine@ieceaviseconstant
accelerationgstimatedver 60s (right). Thetwo amplitudespectraof eachfigureareeitheraffectedby

the GPSphasewhite noiserandomerrorsonly or by the systematica priori gravity field modelerrors
only, anddemonstrat¢he differentimpactof botherrorsourceson HRD orbits.

The amplitudespectreof the positiondifferencesof solution(N) arealmostidenticalfor both typesof
pseudo-stochastjgarametersvith a stronglyreducedpositionnoisein the highestfrequeng rangedue
to the smoothingeffect of reduced-dynamiorbit determination.The amplitudespectraof solution(A),
however, differ significantlyfor thetwo orbit parametrizationsThe moststriking differenceis obsered
for periodsshorterthantwice the subinteral lengthof 2 - 60 s = 120s (indicatedby a vertical line),
wherelarge amplitudesdominatethe spectrunof the pulsesolution. This part of the spectrumis also
responsiblgor the fact that the position differencesof the pulsesolution (A) exhibit a RMS error of
2.5mmin thetime domain,whichis evenslightly largerthanthe noise-inducediifferencesf the pulse
solution (N) with a RMS error of 2.4mm. The acceleratiorsolution (A) doesexceedthe amplitude
spectrunmof the acceleratiorsolution(N), aswell, for periodsshorterthantwice the subinteral length,
implying thatthe a priori gravity field inducedsignalamplitudesexceedthe apparenamplitudescaused
by the obseration noise,but the dependencon thea priori gravity field modelis greatlyreducedwith
respecto the correspondingolutionwith pulses,becausehe unmodeledyravity field signalscanbe
absorbedo a greatextentby the piecavise constanticcelerations.

Figure 9.9 shaws that the total amplitudespectraof HRD orbits aredominatedby the a priori gravity

field modelfor periodsshorterthantwice the subinteral length. Moreover, it canberecognizedhatthe
impactof thea priori gravity field modelis notonly restrictedo theseshortperiodsasonemight expect
from anidealfilter, but alsoleaksinto the lower frequeng range.This becomesn particularobviousin

Fig. 9.9 (left) for the pulsesolutionwherea significantsignalis presenbver the entirerangeof periods.
A muchbetterbehaior is obseredwhenpiecavise constantaiccelerationareused.
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Figure9.10: Amplitude spectraof positiondifferencesw.r.t. thetrue CHAMP orbit obtainedirom kine-
matic (black)or HRD orbit determinatiorin the presencef random(darkgrey) or system-
atic (light grey) errors.

Comparison with Kinematic Orbits

It is interestingto comparethe amplitudespectraof the differentHRD orbits from Fig. 9.9 with the
amplitudespectraobtainedfrom kinematicorbits, which are, by definition, free of a priori gravity field
modelerrors.Figure9.10(top) putsamplitudespectraanalogueo Fig. 9.9 (right) into relationwith the
amplitudespectrumobtainedfrom a kinematicorbit basedon 30s GPSdatasamplingfor an extended
simulationcovering four adjacentdays. As expected the positiondifferenceswith respecto the true
CHAMP orbit from a kinematicpoint positioningexhibit a mostly white spectrumover the displayed
frequeng range. Deviationsfrom a white noiseprocessare only expectedfor the very low frequeng
rangewith periodslarger than 300s dueto the long wavelengthfeaturesshavn in Fig. 9.8 (right). It
canbefurtherrecognizedhatthe amplitudespectraof the kinematicorbit andof the HRD solution(N)
areessentiallyidenticalfor periodslargerthan150s. Thisimpliesthatthereducechoiseof HRD orbital
positionss only dueto thesuppressioof the high-frequeng noiseby thereduced-dynamifiltering. An
appropriatesubinteral lengthof pseudo-stochastjgarameterss thusof utmostimportanceto balance
the aimedat reductionof positionnoise(solution(N)) andto only allow for a minimal influenceof the
a priori gravity field model(solution(A)). Althougha subinteral lengthof 60s still containstoo much
signalfrom the a priori gravity field model,it is encouragindgo notethatthereexistsa smallfrequeng
rangebetweenl20s (twice the subinteral length)and150s wherethe HRD solutionexhibits a smaller
total signalthanthekinematicsolution.

Theamplitudespectraof solutions(N) and(A) for the promisingHRD orbit from Fig. 9.7 basedn 10s
GPSdatasamplingandunconstraine@ccelerationsver 30s areshavn for the samesimulationperiod
in Fig. 9.10(bottom,middle)togethemwith theamplitudespectrunobtainedrom akinematicorbit based
on 10s GPSdatasampling.The bottompartshavs the spectraobtainedrom the 10s positionsampling
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Figure9.11: Amplitude spectreof positiondifferenceaw.r.t. thetrue CHAMP orbit obtainedrom HRD
orbit determinatiorfor one(black)or four (grey) daysin the presencef systematierrors.

whereaghemiddle partonly usedorbital positionscoincidingwith the 30s subinteral boundaries.

Figure 9.10 (bottom, middle) confirmson the 4-day level the conclusiongdravn from Fig. 9.7 (left),
wherethesystematigositionerrorsdueto theapriori gravity field modelerrorswerefoundto bealmost
negligible with respecto the scattelinducedby the GPSphasenoiserandomerrors.At the sametime it
canberecognizedn Fig. 9.10(bottom)thatthe spectrunof the HRD solution(N) is morefavorablein
the high-frequeng rangethanthe kinematicspectrum(seealsoFig. 9.8 (left)). A difference however,
is obseredin Fig. 9.10 (middle), wherethe entire spectrumof solution (N) exhibits smallerapparent
amplitudesthanthe correspondinginematicspectrum. As opposedo the kinematiccase ,wherethe
“noise amplitudes’revealedby the Fourier analysisare uniquely determinedby the positionsampling
(or thelengthof the analyzeddata),the reductionof the positionnoiseis “inherent” in the spectraof
the HRD solution (N) for both the 10s and 30s position sampling. A closerinspectionof Fig. 9.10
(middle)revealsin additiona somavhatsharpereductionof thepositionnoisefor periodsbetweer60s
and80sthanin Fig. 9.10(bottom),whichis dueto therestrictionof usingorbital positionsat subinteral
boundarieonly. An oppositeeffect could be obsered for the samesolutionif only orbital positions
within the subinterals wereused,or if orbital positionsfrom a pulse-basedolution(N) were usedat
subinteral boundarienly (seeFig. 7.12 for the intra-intenal variation of the precisionof reduced-
dynamicorbital positions).

DifferentGPSdatasamplingrates,position samplingrates,and datalengthsare not only expectedto
influencethe amplitudespectraof the HRD (and kinematic)solutions(N) but alsothe spectraof the
HRD solutions(A). Figure9.11(top, bottom)zoomson the amplitudespectraof the 4-daysolution(A)
from Fig. 9.10(middle,bottom)andaddsthe spectreof the corresponding.-daysolution.As opposedo
theapparenamplitudesf a purenoiseprocesstheamplitudesausedy the systematia priori gravity
field modelerrorsare not reducedby the squareroot of the numberof accumulatedlaily batcheshut
only partially by afactorof aboutl.5insteadf 2 dueto the permanentlyhangingorbit geometrywhich
wealenstheimpactof smallsystemati@rrorsto a certainextent. A striking differences againobsered
betweenthe 30s position sampling(top) andthe 10s position sampling(bottom). The 30s solution
shaws generallylarger amplitudeswith a tendeng to increaseup to periodsof about270s, wherethe
morereliable part of the a priori gravity field modelup to degree20 startsto dominatethe spectrum.
This effect hasto be keptin mind whenanalyzinggravity field coeficientsin Sect.9.5.
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Figure9.12: Amplitude spectreof velocity differencesw.r.t. the true CHAMP orbit obtainedfrom HRD
orbit determinatiorwith pulses(left) and accelerationgright) in the presenceof random
errorsonly (solution (N)) or systematica priori gravity field modelerrorsonly (solution

(A)).

9.4.4 Fourier Analysis of HRD Orbit Velocities

Figure9.12shavs the amplitudespectreof velocity differencesover onedayin onespecificcoordinate
in the Earth-fied referenceframewith respecto the true CHAMP orbital velocitiesfor a HRD orbit
determinatiorbasedn 10s GPSdatasamplingwith unconstrainegulsesestimatedvery 30s (left) and
unconstraine@iecavise constanaiccelerationgstimatedver 30s (right). Thetwo amplitudespectraof
eachfigureshav theimpactof randomerrorsonly (solution(N)) andof systemati@rrorsonly (solution

(A))-

The characteristicef the amplitudespectraof the velocity differencesof solution(N) are similar for
bothtypesof pseudo-stochastjzarametersvith a slightly betterRMS errorof 0.077mm/sfor the pulse
solution. The someavhatlarger RMS error of 0.093mm/sof the acceleratiorsolutionis causedoy the
amplified“bulge” of apparenamplitudesaroundwice thesubinteral length,which maybeattributedto
the continuity constrainimposedon reduced-dynamigelocitiesby the piecavise constantacceleration
model.A comparisorof Fig. 9.12with theamplitudespectreaof the positiondifferenceof the solutions
(N) from Fig. 9.9 shavs thatthe velocity differencesexhibit a completelydifferentnoisecharacteristic
thanthe positiondifferences. It could alreadybe suspectedn Fig. 9.7 (right) that the HRD velocity
difference=f solution(N) aredominatedby a stronghigh-frequeng noisewhich is not white over the
entirefrequeny rangedueto the time differentiation. Similar to the positiondifferencesn Fig. 9.9,
the amplitudespectraof solution(A) differ significantlyfor the two orbit parametrizationsThe RMS
errorof 0.044mm/sof thevelocity difference®f the pulsesolutionis reflectedn the spectrunby rather
large amplitudesfor periodsshorterthan twice the subinteral length of 60s, and a generallyworse
performancewith respecto the acceleratiorsolution(A) which exhibits a RMS error of 0.012mm/s.
For the sale of completeneswe mentionthatthe orbital velocitiesof the pulsesolutionarecomputedas
mearvaluesof theleft- andright-handsidelimits of thediscontinuouselocity vectorsatthe subinteral
boundariesFinally, it is interestingo notethatthetransitionbetweerthemorereliablepartof theapriori
gravity field modelbelov degree20 andthe lessreliableparthigherthandegree20 canbe muchbetter
recognizedasa small jump in the spectraof solution(A) at 270s for both typesof pseudo-stochastic
parameterghanin the correspondingpectrdrom Figs.9.9and9.11onthe positionlevel.
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Figure9.13: Amplitude spectraof velocity differencesw.r.t. thetrue CHAMP orbit obtainedrrom kine-

matic and HRD orbit determinatiorwith accelerationsn the presenceof randomerrors

(left) or systematierrorsonly (right).

Comparison with Kinematic Orbits

It is instructive to comparehe amplitudespectraof the HRD velocity differencesrom Fig. 9.12 (right)
with amplitudespectraof velocity differencesderived from kinematicorbits. However, the kinematic
point positioningmethodcannotprovide (pointwise)informationaboutorbital velocitiesfrom therela-
tive geometrybetweerthe LEO andthe GPSsatelliteconstellationwhichis measure@tdiscreteepochs
only. Therefore approximatre methodshave to be usedto estimatepointwisevelocitiesfrom a setof
adjacenkinematicpositions,which (of course)containinformationaboutthe meanvelocitiesbetween
them.[Foldvary et al., 2004] proposeto directly applya 7-pointNewton-Greyory interpolationto each
coordinatedirectionof a 30s kinematicephemeridef the Earth-fixed referencdrameto obtainesti-
matesof the kinematicvelocity components; attimet; as

_ 1
" 60h

v; (—2; 3+ 92 90— 45m; 1 + 453541 — ITiqo + Tiy3) , (9.9

whereh isthepositionsamplingateandz;, [ = 1+3,i+ 2,7+ 1, arethekinematicpositioncomponents
attimest;. Equation(9.9)is acompacexpressiorof thefirsttime derivative attime ¢; of theinterpolating
polynomialof degree5 appliedto the positioncomponents;;.

Figure9.13(left) compareshe amplitudespectrunof the HRD solution(N) from Fig. 9.12(right) with
the amplitudespectrumof kinematicvelocitiesobtainedwith (9.9) from kinematicpositionsbasedon
30s GPSdatasampling.The RMS error of 0.090mm/sof the kinematicsolutionis similarto the RMS
errorof 0.093mm/sof theHRD solution(N), whichis alsoreflectedn thesimilarcharacteristicef both
spectrajf the apparentlyhigheramplitudegdueto the lower samplingrate) of the kinematicspectrum
aretakeninto account. The slightly betterperformanceof the kinematicvelocitiesis dueto the very
efficient smoothingby the relatively long interpolationintenals of (9.9), which is comparableo the
smoothingeffect of piecavise constantacceleration®ver 60s of a HRD solution (N). The dravback
of the Newton-Grgory interpolationis reflectedby a few very large amplitudesin the spectrumof
the kinematicvelocitiesdue to interpolationerrors, e.g., at periodsof 180s and 200s, which clearly
exceedthenoiselevel evenfor theconsidered -daydataset. Figure9.13(right) comparesheamplitude
spectrumof the kinematicvelocity differencesin the absenceof GPS phaserandomerrorswith the
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spectrumof the HRD solution (A) from Fig. 9.12 (right), and confirmsthat the large amplitudesin

Fig. 9.13(left) aredueto interpolationerrorsof formula(9.9). It is clearthatthe signalsintroducedby
the Newton-Grayory interpolationarenot randomin nature.They resultin a RMS error of 0.029mm/s
which s largerthanthe RMS error of 0.012mm/sof the signalsintroducedby the a priori gravity field

modelerrorsof the HRD solution(A). Thediscretespectralinescausedy theinterpolationprocessare
not restrictedto the periodrangeshavn in Fig. 9.12(right), but continueto lower frequenciesiowvn to

the orbital frequeng. For the sale of completenessye mentionthatalmostthe samekinematicresults
areobtainedif the same7-pointNewton-Grejory interpolation,i.e., 30s spacingbetweerthe positions
usedfor interpolation,is appliedto 10s kinematicpositions but worseresultsif the spacingof theused
interpolationpointsis changedo 10s.

9.5 Gravity Field Recovery from HRD Orbit Positions

Thespectrabnalysisof HRD orbit positionsandvelocitiespresentedh Sects9.4.3and9.4.4suggested
thatthereare HRD orbits which exhibit reducedhigh-frequeng noisewith respecto kinematicorbits
andwhich shav only minordependenciesntheunderlyingdynamicmodels.However, it is notpossible
to finally answerthe following two key-questiondrom suchananalysis:(1) how do the systemati@and
randomorbital errorsmapinto the gravity field coeficientsderived from HRD orbits, (2) arewe able
to derive a betterestimateof the gravity field from HRD orbits thanfrom kinematicorbits? In order
to obtainbetteranswerf thesetwo questionsye addressn this sectionthe recovery of gravity field
coeficientsfrom eitherHRD orbit positionsor from kinematicorbit positions.We confineoursehesto
the analysisof orbital positionsonly in orderto avoid the useof further approximationgor eitherthe
oneor the othertype of orbit: Sect.9.4.4shaved thatthe additionalnumericalderivation of kinematic
velocitiesmalesit moredifficult to comparethe performancef kinematicandHRD orbital velocities
asno similar stepis neededvhenanalyzingthe HRD orbits.

0.5.1 Simulation Scenario

We useavery similar simulationscenari@asthatdescribedn Sect.9.4.1for thespectrabnalysisof HRD
orbit positionsandvelocities. UndifferencedGPScodeandcarrier phaseobserationswere simulated
with the samenoisecharacteristic§or the CHAMP satellitewith 10s samplingor, alternatvely, with
30s sampling but the true CHAMP trajectorywasa particularsolutionof the equationof motiongiven
by the EIGEN-2gravity field modelup to degreeandorder90 (insteadof 120)withoutinclusionof ary
non-graitational forces. The completeEIGEN-2 gravity field modelup to degree90 or, alternatiely,
themodifiedmodel(seeSect.9.4.1)wasusedasa priori modelto performHRD orbit determinatiorfor
four consecutie days(DOYs 100-103,2002) eitherin the presencer in the absencef systematica
priori gravity field modelerrors,respeciely.

The syntheticCHAMP orbital positionsfrom theindividual arcswereusedasequallyweightedpseudo-
obsenrations of the Earth-fixed coordinatepositionsin a newv orbit determinatiorproblemto recover

the true gravity field accordingto (9.4) and (9.5) with a modified versionof the SATORB program
of the CelestialMechanicsSoftware [Beutler 2005]. Thereby correctiongto the normalizedspherical
harmonig(SH) coeficients(seeChapter3) of theapriori gravity field modelwereestimatedipto degree
andorder90 asthe“only” globalparametersyhereaghe correctiongo theinitial osculatingelements
wereestimatedrc-specifidor the24h arcs,whichmeanghatonesetof initial conditionswvasestimated
for eachof thefour daily arcsin this simulationscenarioNo morearc-specifiggarametersvereneeded
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Figure9.14:Differencef SH gravity field coeficientswhenusingHRD orbit positionsbasedon 30s
pulseqleft) or 30s accelerationgright). Notethedifferentscale.

dueto thecompleteabsencef non-graitationalforcesanddueto thetruncationof thetruegravity field
modelat the samedegreeand order 90 which was estimatedat maximum. Note that it is possibleto
setupinitial conditionsmorefrequently(short-aramethod)or to solve for morearc-specifigpparameters
in SATORB whenusingreal obserations,becausaét is difficult to modelnon-graitational forces(see
commentsn Sect.9.5.6).1t is, however, out of the scopeof this work to studyaliasingeffectsonthe SH
coeficientscausedy truncationerrorsandnon-graitationalerrors,but to isolatethe pureimpactof the
noiseandof systematierrorsin the HRD orbit positionsto the estimatedsH coeficients.

9.5.2 A Few Introductionary Remarks

A few basicissuesconcerningobsenrability, ordersof magnitude andvalidationof (synthetic)gravity

field SH coeficients(we referto [San® and Rummel1989]for a broadintroduction)have to be shortly
addressetbeforediscussinghe “subtleties”of the relevant simulationstudyintroducedin Sect.9.5.1.
For this purposea closed-loopgravity field recovery simulationhasbeenconductedbasedon only one
day of data. Thereby errorfree orbit positionsat 10s intervals have beenusedto directly fit different
HRD trajectoriesi.e., by completelycircumwentingthe GPSanalysigart,andto subsequentlysethem
for gravity field recovery. Asit isimpossibleio determineSH coeficientsupto degreeandorder90from

only oneday of data,the true gravity field modelwaschoseno be representethy the SH coeficients
of the EIGEN-2modelup to degreeandorder45 for this closed-loopsimulation,anda “zero” a priori

gravity field model(exceptfor thedegreesd and1) wasusedfor gravity field recovery.

Figure9.14 shavs the differencesf the estimatedSH gravity field coeficientswith respecto thetrue

valueswhen using HRD orbit positionsbasedon unconstrainegulsesestimatedevery 30s (left) or

unconstrainegieceavise constantaccelerationgstimatedover 30s (right). Note that the connecting
lines betweenthe individual points as well asthe shadingof the resultingsurfaceswere addedfor a

bettervisibility only.

It canberecognizedhattheoverallcharacteristicef the SH coeficientdifferenceslueto differentHRD
orbit modelsare similar for both typesof pseudo-stochastigarametershut thatthe differencesof the
acceleratiorsolutionare morethantwenty times smallerthanthe differencesof the pulsesolution. It
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Figure9.15:Geoidheightdifferencegmillimeters)whenusingHRD orbit positionshasedn 30s accel-
erations. The CHAMP ground-tracksorrespondo theusedl-daydataset.

is conspicuoushatthe maximumdeviations(8 - 10~'2 for the acceleratiorsolution)arepredominantly
reachedfor somehigh degreezonaltermsin the SH expansion. This is alsoreflectedin the formal
accuracie®f the estimatedsSH coeficientswhich indicatethat the (almost)zonaltermsof ary degree
are always lesswell determinedhanthe (almost)sectorialterms,which mainly exert low-frequeng
perturbation®n nearpolar orbits. The small systematicerrorsin the pseudo-obseations (causedy
theapplied“zero” a priori gravity field model)thusmostly affect the quality of theseterms.

If the true orbit positionsinsteadof the HRD positionswere usedfor gravity field recovsery, onecould
obsere thatthe mostdominantstructuredrom Fig. 9.14 disappeaandthatthe remainingdifferences
in the SH coeficientsmainly reflectthe numericallimitationsin the least-squareadjustmenby about
tentimessmallervaluesthanshowvn in Fig. 9.14(right). This underlinespn the onehand,thevery high
sensitvity of selectedsH coeficientson smallestdifferencesn the usedpseudo-obseations, and,on
theotherhand thestill acceptablémpactwhenusingHRD orbit positionsbasecn 30s accelerations
this particularsimulationup to degree45, which is a bestcaseclosed-loopsimulationconsideringonly
theeffect of the HRD orbit model.

Validation Methods

Figure9.15illustratesgeoid heightdifferencesof the estimatedyravity field modelwith respecto the
true gravity field modelwhenusing HRD orbit positionsbasedon unconstrainegieceavise constant
acceleration®ver 30s. The computationof suchheight differencess a commonlyusedmethodto
comparedifferentgravity field solutionsand, of course to validatesimulatedresultswith respecto a
groundtruth. In a simulationenvironmentthey maybe computedor illustrationpurposesn aspherical
approximationge.g.,onal® x 1° grid withoutapplyingary areaweights,simply as

Nmazx n

Sh(B,\) =R Z Z Pom(sin B) (ACy m cos(mA) + ASy, 1, sin(m N)) (9.10)

n=0 m=0
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WhereAC_’n,m, AS‘n,m arethedifferencedetweertherecoreredandthetruenormalizedSH coeficients
(seeChapter3). The scaleof Fig. 9.15shaws that the differencesih do only occasionallyexceedthe
1-mmlevel ontheentireglobe , whichresultsin anoverallRMS of only 0.2mm (7 mmfor the30s pulse
solution).For accelerationsver60s,in contrastanoverall RMS of already8.0cmwouldresult(14.5cm
for the60s pulsesolution), whichunderlineghatanadequatsubinteral lengthis of utmostimportance.
Geoidheightdifferencesare,however, not particularlywell suitedto studythe differenceetweenSH
coeficientsderived from differently parametrizedHRD orbit trajectoriesasthe correspondindigures
are,like Fig. 9.15, mostly dominatedoy conspicuoushparallelpatternswvhich arecauseddy the larger
deviations of high degreezonalterms. NeverthelessFig. 9.15 canbe usedto illustrate the necessity
of a globaldistribution of the pseudo-obseations over the entireglobefor gravity field recovery. It is
not by coincidencehatthelargestheightdifferencedendto occurin-betweerthe ground-trackof the
simulatedone-daytrajectory A muchmore homogeneousoverageis a prerequisiteo separatehigh
degreeSH coeficientsfrom eachotherandto improve the overall quality of therecoveredgravity field,
which is usuallyachieved by processindong seriesof LEO data,e.g.,over oneyear If no incidental
commensurabilitiebetweenthe revolution period andthe siderealday length occur the ground-track
patternchangegontinuouslyfrom dayto day which yields a suficiently goodspatialcoveragealready
after2 or 4 days,atleastgoodenoughfor the simulationscenariadefinedin Sect.9.5.1.

A very“compact”wayto validateSH coeficientsin asimulationervironmentwith respecto theground
truthis givenfor eachdegreeby the so-calleddifferenceamplitude

od; = J Z (acz, +482,) (9.11)

m=0

perdegreei. Equation(9.11)is a measurdor theagreemenover all ordersof onedegree,i.e., it is very
likely to be mostly dominatedby the agreemenbf the high degreezonaltermsaccordingto Fig. 9.14.
Differencedegreeamplitudesarewell suitedto easilycomparedifferentsolutionsin oneandthe same
figure. It would hardly make senseto compareall individual coeficientswith eachother keepingin

mind thata completeSH expansionup to degreeandordern contains(n + 1)? terms.

0.5.3 Effect of Data Accumulation

In analogyto Sect.9.4,we presentesultsfrom the simulationstudydefinedin Sect.9.5.1in thefollow-
ing paragraphswhereeitherthe GPSphaseobseration noiseonly, or the a priori gravity field model
errorsonly, are“switchedon” in orderto separatéheir propagatiorfrom the HRD orbital positionsinto
therecoreredSH coeficients. Beforeanalyzingtheseresultsin moredetail, it is importantto emphasize
theimportanceof processindongertime seriesof orbital datato reducethe impactof (random)orbital
errorsontherecoseredSH coeficients.

Figure9.16 underlineghis factby shawing the differencedegreeamplitudeq9.11) with respecto the
true SH gravity field coeficientsobtainedrom recoreriesbasedn simulated2-dayand4-dayCHAMP
10s GPSdata,which arebotheitherprocesseéh the presencef the GPSphasewhite noiserandomer-

rorsonly (denotedassolutionsof type(N)) orin thepresencef thesystemati@priori gravity field model
errorsonly (denotedassolutionsof type (A)). For all four solutionsthefull 10s GPSdatasamplingwas
usedto performHRD orbit determinatiorbasedn unconstrainegiecavise constantccelerationsver
30s, but thesubsequernecovery of the SH coeficientsfrom thetwo andthefour daily arcs respectrely,

reliedonasubsebdf positionscoincidingwith the30s PODsubinteral boundariegseeSect.9.4.3). This
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Figure9.16:Differencedegreeamplitudesfor arecovery with 2 or 4 daysof HRD orbit positionsbased
on 30s acceleration§GPSsampling:10s, positionsampling:30s).

positionsamplingfor gravity field recorery wasprimarily choserfor thereasorof efficiengy.

Threeadditionallinesaredravn in Fig. 9.16to improve the interpretabiliyof the differencedegreeam-
plitudes:(1) theverticalline at degree20 indicatesthatthe systematierrorsof the useda priori gravity
field modelaremuchsmallerbelov degree20thanabove degree20, wherea“zero” modelwasassumed,
(2) the dottedline startingat degree20 representshe differencedegreeamplitudesof the “zero” model
with respectto the true model,i.e., ary pointsabove the dottedline indicatelarger differencedegree
amplitudeghanobtainedfor the“zero” assumption(3) the lowestline representshe differencedegree
amplitudeof arecorery basednfour daysof errorfree 30s GPSdata,i.e., thedifferencedegreeampli-
tudesreflectthe limitation of the simulationstudydueto smalllinearizationerrorsin the corresponding
kinematicorbits asalreadymentionedn Sect.9.4.2. All threelineswill bedravn in all the following,
similar figuresaswell. Strictly speakingthelastmentionedine will thusnotfully correspondn each
caseto thekinematicsolution(A), e.g.,dueto thevarying GPSandpositionsamplingin the subsequent
figures.

Figure9.16 revealsthat randomand systematicorbital errorshave a substantiallydifferentimpacton
the estimate®f SH coeficientswhenvaryingthe amountof orbital input data. Whereashe difference
degreeamplitudesof the solutions(A) aremore or lessthe samefor the 2-dayandthe 4-day sample,
the differencedegreeamplitudesof the solutions(N) differ by (morethan)a factor/2. This reduction
of randomerrorshasto be expectedwhendoublingthe amountof pseudo-obseations provided that
the orbital positionscover the entire globe homogeneouslyBecausdhe 2-day groundtrack coverage
is, however, still nothomogeneousnoughfor the SH coeficientsbelov degree60, a somavhathigher
factormaybenoticedin Fig. 9.16for the differenceamplitudesof lower degrees.Thedifferencedegree
amplitudesf the 2-dayandthe 4-daysolutions(N) intersecthe dottedline atdegree51 and56, respec-
tively, which givesaroughindicationabove which degreeno more*“signal” canbe capturedor thegiven
scenariosThesdimits demonstrat¢hathigh degreeSH coeficientsmaybe determinedn generafrom
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long seriesof orbital dataonly. Oneshouldbeaware,however, thatafew (almost)sectoriatermsalways
exist thatmaybe safelydeterminedavenabove thesdimits dueto their highersensitvity to polarorbits
thanthe (almost)zonaltermsof thesamedegree.

Let usnow discusshe moreor lessidenticaldifferencedegreeamplitudesof the solutions(A) for the
2-dayandthe4-daysample As opposedo theexpectationsaisedin Sect.9.4.3whereasmallreduction
wasfoundin the spectreof the correspondin@rbit positiondifferenceqseeFig. 9.11),no evidencefor
suchabehaior canberecognizedn Fig. 9.16.1n otherwords,evenif thesystematierrorsin theHRD
orbit positionsaresmall,e.g.,causedy the hereapplieda priori gravity field modelerrors,it cannotbe
expectedhatthe propagatiorinto the SH coeficientsmaybereducedy accumulatingrbital data. The
differentresponsei Figs.9.11and9.16to systemati@rrorsaredueto thefactthat SH coeficientsare
capableto capturesignalsat well definedfrequencieonly, whereaghe spectrumof the corresponding
orbit positiondifferences'smears”out for longerorbit samplesiueto the permanentlychangingorbit
geometry

Greatestareis requiredto only useHRD orbit positions,which arefree of systematierrors,or more
strictly speaking,which containseeminglynggligible systematicerrors. For Fig. 9.16 the important
guestionariseswhetherthe systematieffectsin the differencedegreeamplitudesof the solutions(A),

which arealreadyvisible above degree20 whereno a priori informationwasusedto performHRD orbit
determination(a similar effect could alreadybe obsered in the low-frequeng partabore degree20in

Fig. 9.11 (top)), are negligible or not. For the moment,we only mentionthat approximatelyoneyear
of datawould have to be accumulatedo lower the level of therandomnoisein the estimate®f the SH

coeficientsto thelevel of the inherentsystematicerrors. This indicatesthatthe effect is rathersmall—
andprobablyirrelevantin real-world applicationswvhich aregovernedby larger systemati@ffects— but
theissuewill berevisitedin Sect.9.5.4.

9.5.4 Solutions with 10s GPS Data Sampling

Herewe comparehe differencedegreeamplitudeswith respecto thetrue SH gravity field coeficients
obtainedrom recoseriesbasedn eitherHRD orbitswith 30s pseudo-stochastgarametersr kinematic
orbits derived from the simulated10s GPSdatacovering 4 days. The GPSdataare processedn the
presencef eitherthe GPSphasenhite noiserandomerrorsonly (solutions(N)) or thesystemati@priori

gravity field modelerrorsonly (solutions(A)), or in the presencef both sourcesof errors(solutions
(N+A)).

30s Position Sampling

In analogyto Sect.9.5.3,thisfirst partof theanalysisconsidergherecovery of SH coeficientsfrom the
subsebf orbital positionscoincidingwith the 30s POD subinteral boundariesFigure9.17 shavs the
differencedegreeamplitudedfor the solutionsof type (N), (A), and(N+A) basedon eitherHRD orbits
(unconstrainegiecavise constantccelerationsr pulsesat 30s subinterals) or kinematicorbits.

Figure9.17shaws thatthe solution(N+A) basedon HRD pulseorbitsis still heaily affectedandeven
partly dominatedoy the systematierrorsof the a priori gravity field model. This canberecognizedy
the differencedegreeamplitudesof the solution(A) which exceedthe correspondingmplitudesof the
solution(N) betweendegrees20 and 35 and eventually dominatethe solution(N+A). In otherwords,
evenif unconstraineghseudo-stochastigulsesare setup at a very high-ratesuchasevery 30s, they
arenot capableto compensatadequatehfor unmodeledsystematieffectsin the underlyingdynamic
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Figure9.17:Differencedegreeamplitudedor a recorery with 4 daysof kinematic(black) or HRD or-
bit positions(colored)basedon 30s pseudo-stochastigarameter§GPS sampling: 10s,
positionsampling:30s).

models which may propagaténto a subsequermecorery of SH gravity field coeficients. It is alarming
to obsere suchabadbehaior, which partly exceedghekinematicsolutionalreadywith only four days
of analyzeddata,i.e., even beforethe reductionof randomerrorsstartsto significantlyimprove the
kinematicsolution.

Let usnow comparehedifferencedeggreeamplitudesof the solutions(N+A) basednthekinematicand
the acceleration-basddRD orbit positions. Both curvesin Fig. 9.17 coincidewith the corresponding
differencadeggreeamplitudef thesolutions(N) dueto themuchsmallerimpactof thesystemati@rrors.
Keepin mind thatthe kinematicorbit positionsareonly governedby smalllinearizationerrors,whereas
the systemati@rrorsin the HRD orbit positionsareconsiderablyarger, but still negligible comparedo
therandomnoiselevel obtainedor four daysof analyzediata(seeSect.9.5.3). Thereforethedifference
degreeamplitudesof the kinematicandthe HRD solutions(N+A) aredominatedoy randomerrorsand
thusdiffer by (morethan)afactorof /3 dueto the reducedandomerrorsin the HRD orbit positions,
seeSect.9.4.3. A closerinspectionof the differencedegreeamplitudesin Fig. 9.17 reveals,however,
an even strongerreductionthan /3 for the HRD solution (N+A) above degree60. This effect could
alsobe seenin Fig. 9.10 (middle) andis relatedto the specialselectionof orbital positionscoinciding
with the30s PODsubinteral boundarieswhichtendto be determinednorepreciselywhenperforming
HRD orbit determinatiorbasedon piecavise constantaccelerationsOnemight arguethatthis effect is
irrelevantasit startsto affectthe HRD solution(N+A) only above degree60in Fig. 9.17whereno more
“signal” canbe capturedoy the SH coeficients. We have to keepin mind, however, thatthe difference
degreeamplitudesexperiencemoreor lessa parallelshift whenmore datahasbeenaccumulateqsee
Fig. 9.16),whichin turn might male this effect relevantfor the high degreeSH coeficients. Notethata
similar but oppositeeffect canbe obseredfor the HRD pulsesolution(N) wheretheobseredfactory/3
with respecto the kinematicsolutionfor low degreetermsbecomesgapidly smallerfor higherdegree
terms,which maybeseemsanotherdisadantagevhenusingHRD pulseorbits.
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Figure9.18:Differencedegreeamplitudedor arecovery with 4 daysof kinematic(black)or HRD orbit
positions(red basedon 30s accelerationgGPSsampling: 10s, position sampling: see
explanationdn thetext).

10s Position Sampling

As opposedo the previous paragraphthis partof the analysisconsidergherecavery of SH coeficients
from the full setof orbital positions. Figure9.18 shaws the differencedegreeamplitudesfor the solu-
tionsof type (N) and(A) basedon eitherHRD orbits (only solutionsbasedon unconstrainegiecavise
constantccelerationsver 30s aredisplayed)or kinematicorbits. For comparisonthe solutionsof type
(N+A) from Fig. 9.17areincludedhere aswell assolutionsthatwill beaddresseih the next paragraph.

Figure9.18revealsthatthedifferencedegreeamplitudesof theHRD solution(A) do nolongershav the

striking increaseabove degree20 (seeFig. 9.17). This resultcouldindeedbe hopedfor whenlooking

atFig. 9.11,which alreadyshavedthatthe systematicerrorsin the HRD orbit positionspredominantly
occurin afrequeng rangewhichis out of interest.Moreover, it is encouragingo seethatno majorpart

of thesesystematicerrorswas propagatednto the SH coeficients, which canbe seenin the identical

level for boththe HRD andthe kinematicsolutions(A). Onemay alsorecognizethatthe HRD solution

(A) is apparentlyevenslightly belov the kinematicsolution(A), which hasto be attributedto the small

inconsisteng of thedisplayedkinematicsolution(A) asexplainedin the beginningof Sect.9.5.3.

Figure9.18shaws thatthe maximumresolutionof the HRD solution(A) did not changewith respecto
Fig. 9.17despiteheincreasegositionsampling;it is still approximatelyjocatedat degree90 dueto the
chosersubinteral lengthof 30s. A 10s kinematicsolution(A), in contrastwould allow usto recover
SH coeficientsup to a higherdegreethan90, whichis, admittedly anadwantageof the kinematicsolu-
tion. Furthersimulationsseemedo indicatethatthe (theoretical)gainin resolutionis rathersmalland
most probablyirrelevant for real-world gravity field solutionsbasedon high-lov SST data,which are
nowadaydimited to approximatelydegrees60-70,e.g.,[Foldvary etal., 2004].

Letusnow considethedifferencedegreeamplitudeof theHRD andkinematicsolutiongN) in Fig.9.18.
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As opposedo Fig. 9.17,wherethe correspondingolutionsdifferedby a factor/3, we recognizevery
similar curvesin Fig. 9.18,in particularfor thelow degreeSH coeficientswherethe two solutionsare
virtually the same.Only a slightly betterperformancemay be recognizedor the HRD solution(N) in
thezoomof thehigh-frequeng partof Fig. 9.18,whichis, however, lessstriking thanthecorresponding
improvementfoundin Fig. 9.17. This “moderate”improvementwith respecto the kinematicsolution
actuallyreflectsthe“pure” suppressioof the high-frequeng noisein the HRD orbit positionswith 30s
acceleratiorparameterssalreadyshavn in Fig. 9.10(bottom). As no specialdataselectionis invoked
this time (comparethe reductionof the position noisefor periodsbetween60s and80s in Fig. 9.10
(middle,bottom)),no furtherreductionof the differencedegreeamplitudessanbe expected.

Mean Observation Equations

Figure9.18demonstratethatit is possibleto generatdHRD orbits which do not introducesystematic
errorsdueto thea priori gravity field modelinto a subsequentecovery of SH gravity field coeficients,
andatthesametime, whichallow it to recorerthe SH coeficientsatleastequallywell — or evenslightly
better— thanin the caseof kinematicorbits. A major dravback, however, hasto be seenin the addi-
tional computationaburdenwhich is necessarywhenprocessinghe pseudo-obseations with the full
10s samplingintenal. Theincreasedamplingratefrom 30s to 10s increaseshe CPUtimesfor each
daily batchof databy abouta factorof 3, aswell, which becomedime-relerantwhensettingup large
normalequationsystems.Thereforejt is questionablewhetheror not this effort is justifiedin orderto
(only) eliminatean effect which is probablyirrelevant for applicationsusingreal data. Remembethat
the spatialresolutiondoesnot benefitfrom anincreasedamplingrateof the HRD positions.

An approximatre, but simpleandCPUtime saving way to copewith this situationis to still processhe
full amountof databut to averagethe pseudo-obseation equationswithin the 30s subinterals given
from PODbeforesettingup thenormalequatiorsystentor gravity field recosery. Formally, thenumber
of obserationequationss reducedy afactor3 by this measurdut thefull amountof datais still taken
into accounto setup thenormalequationsystem.lt is clear hawvever, thatthe resultingsolutionis not
(fully) equialentto a correctprocessin@f all pseudo-obseatiors.

Figure9.18shaws thatthe differencedegreeamplitudesof the “mean” HRD solution(A) do not shov

ary dramaticincreaseabove degree20 (compareig. 9.17). In factthey areonly maginally largerdue
to theapproximatiorthanthe differencedegreeamplitudesof the solution(A) obtainedrom thecorrect
processingf the 10s pseudo-obseatiors. Note that the averagingof pseudo-obseatiors from 10s

kinematicorbitswould reducethe betterspatialresolutionagainto the resolutionobtainedrom pseudo-
obserationssampledat 30s.

From Fig. 9.18 we alsolearnthatthe differencedegreeamplitudesof the “averaged’"HRD andkine-

matic solutions(N) arevirtually the sameas obtainedfrom the correctprocessingf the 10s pseudo-
obserations. Only in the zoom of the high-frequeng part one may recognize asto be expected,a

slightly inferior performanceof both “averaged”solutionswith respectto the correctones. Thereby

the“averaged”HRD solution(N) shavs anonly moderatémprovementwith respecto the “averaged”
kinematicsolution(N) andcoincides- moreor less— with the correctkinematicsolution(N).

It is beyond the scopeof this work to investigatevariousconcevable (pre-) processingechniquedor
orbital input datato enablean optimal gravity field recavery. Theintentionof introducing“averaging”
wasratherto demonstratehat simple andrapid stratgies exist to keep SH coeficients free from the
discussedsmall) systemati@andincreasedandomerrors(seeFig. 9.17)introducedoy the 30s sampled
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Figure9.19:Differencedegreeamplitudedor arecovery with 4 daysof kinematic(black) or HRD orbit
positions(colored)(GPSsampling:30s, positionsampling:30s).

HRD andkinematicorbit positions respeciiely.

9.5.5 Solutions with 30s GPS Data Sampling

In this sectionwe comparethe differencedegreeamplitudeswith respectto the true SH gravity field
coeficients obtainedfrom recoseriesbasedon either HRD orbits (2 MRD orbits) or kinematicorbits
derivedfrom the simulated30s GPSdatacovering4 days.As in the previous sectionghe GPSdataare
processeth the presencef eitherthe GPSphasewhite noiserandomerrorsonly (solutions(N)) or the
systematia priori gravity field modelerrorsonly (solutions(A)), or in the presencef both sourceof
errors(solutions(N+A)).

Figure9.19shaws thatthe solution(N+A) basedon HRD 60s acceleratiororbits exhibits betterdiffer-

encedggreeamplitudesabove degree40 thanthe kinematicsolution(N+A) dueto the reductionof the
high-frequeng positionnoiseby the 60s piecavise constantaccelerations At the sametime we can
seethatthe HRD solution (N+A) is only slightly dominatedby randomerrorsfor the high-deyree SH

coeficientsdueto thealreadystrongpresencef thesystematierrorsabose degree40, which hadto be
expectedaccordingo Fig. 9.10dueto thelongeraccelerationntenals. As a matterof fact,anapprox-
imately 4 timeslongerseriesof orbital positionswould alreadybe suficient to lower therandomerrors
to alevel which is comparabléao the systematierrorsdisplayedin Fig. 9.19. Therefore we conclude
that even HRD orbit positionsbasedon 60s piecevise constantaccelerationsire not suitedto derive

unbiasedyravity field information,atleastnotin the high-frequeng partabore degree40.

Figure9.19demonstratethat an even strongerstatemenhasto be madefor the solution(N+A) based
on HRD 60s pulseorbits. As in Fig. 9.17,therecoreredSH coeficientsarestronglyinfluencedby the
systematicerrorsof the a priori gravity field modelover almostthe entirerangeof frequencies.lt is
thusno surprisethatthe differencedegreeamplitudesof this solutionmay partly exceedthe kinematic
solutionalreadywith only four daysof analyzeddata,which is just one more agumentagainstusing
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HRD orbitsbasedn pulsesfor the purposeof gravity field recovery.

Finally, Fig. 9.19illustratesthata dramaticincreasan the propagatiorof the systematia priori grav-
ity field modelerrorsinto the recoreredSH coeficientshasto be obsered if too long subinterals of
the pseudo-stochastgarameterdave beenusedto determinethe underlyingHRD orbits. The solution
(N+A) basedon HRD 120s acceleratiororbitsis completelydominatedcby systematicerrorsover the
entirerangeof frequenciesi,e.,abore andevenbelav degree20, wheresomea priori gravity field infor-
mationwasintroduced.Thedifferencedegreeamplitudeshouldthereforebeunderstoodsawarningto
notmake useof ary corventionalreduced-dynamiorbitsfor thepurposeof gravity field recorery—even
if randomerrorsmaybegreatlyreducedseesolution(N) in Fig. 9.19)dueto thelongersubinterals.

9.5.6 Comment on Applications using Real Observations

Oneof the main differenceshetweensimulatedandreal gravity field recoveriesis the muchmoreen-

hancedresencef thevarioustypesof systemati@rrors.Whereashe simulationsdiscussegreviously

were confinedto only include systematicerrorsin the static part of the a priori gravity field model,

variousothersourcedor systematicerrorsin the dynamicalmodelsmustbe consideredn practicefor

gravity field recorery, e.g.,omissionerrorsdueto therestrictionto a finite numberof coeficientsin the

SH expansionand non-gra&itational modelerrors,to nameonly the two mostimportanterror sources.
Moreover, onehasto be avarethatthe systematierrorsin the usedpseudo-obseations may be signif-

icant,aswell, asit wasillustratedby Fig. 9.5. This s eitherdueto the limitationsin the available GPS
data,e.g.,causedy abadrecever performancddataoutageslow quality measurementsdr dueto the

limitationsin the GPSdataprocessinge.g.,dueto bador rapidly changingviewing geometries.

It is hardto predictthe effect of suchadditionalsystematie@rrorson analoguesimulationsasperformed
in the previous sectiongwithoutactuallysimulatingthem),especiallybecause considerablemountof
arc-specifigparameterss usuallyestimatedo reducethe propagatiorinto the SH coeficients. There-
fore, we emphasizéhat ary interpretationof the simulationresultsshouldbe performedin a careful
“one-way direction” only: (1) badgravity field recosery resultsin the simulationcertainlyindicatebad
recovery resultsin a “real-world” application,aswell, (2) goodgravity field recosery results,however,
do not necessarilymply goodrecovery resultsin a real-world applicationdueto the varioussourceof
errorsnot studiedin the presentedimulations.

In practice,dataoutagesandlow quality GPSmeasurementgrobablyimposethe mostseriousrestric-
tions on the validity of the simulationresultsdue to the generallyweak determinationof the mary
pseudo-stochastigarameterslt wasmentionedn Sect.9.3.1,e.g.,thatevenfor a maximumreduced-
dynamic(MRD) orbitaninfluenceof theapriori gravity field modelcouldbeobseredattheneighboring
epochsof datagaps,andsometimeseven at otherepochghanjust the neighboringones. It is hardto
predictwhetherthe useof similar “problematic”HRD positionswould harmthe recovery resultsmore
thanthe useof the correspondindinematicpositions,which suffer from dataoutagesandlow quality
GPSobsenations,aswell. Oneshouldkeepin mind that sucheffects might considerablydeteriorate
optimisticexpectationgrom simulationsusingsyntheticdata.

9.6 Summary and Comments

Theresultspresentedh this chapteishav thatpseudo-stochastarbit modelingtechniquesireexcellent
to absorbdeficienciesn the underlyingdynamicmodelsfor orbit determinationwhich in turn canbe
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usedto improve our knowledgeon thesemodelsfrom the analysisof (highly) reduced-dynamitrajec-
tories. The numberof estimatedoseudo-stochastigarametersllows for a smoothtransitionbetween
usingandcompensatindpr informationaboutLEO dynamicsfor orbit determination.

Section9.1 shaved that unconstrainegbiecavise constantand piecavise linear accelerationsnay be
directly identifiedwith the pointwisevaluesof a once-peirevolution acceleratiorat a level of 4% and
0.07%,respectiely, indicatingthata directinterpretatiorof single estimate®f piecavise constantac-
celerationamay introducecomparablylarge modelerrors,suchas obsered in the combinationstudy
with accelerometedlatain Sect.7.8.4.

Section9.2 shavedthatananalysisof orbital positionsis well suitedto replaceamorecomplicatednte-
gratedanalysisof all acceleratiorfor pulse)estimatego allow for arecovery of forcemodelparameters.
Thisis anattractve andsimplewayto separat¢he GPSprocessindgrom afurtherorbit analysisg.g.,for
gravity field recorery. Onehasto keepin mind, however, thatthecorrelationdetweertheorbit positions
arengglectedby sucha“two-step’approachSect.9.2.3shavedthatdiscretizatiorerrorsintroducedby
pseudo-stochastfzarameterareneggligible if they aresetup ata sufiicientfrequeng.

Section9.3 madefull useof the developmentsof Chapter6 to introduceso-calledhighly reduced-
dynamic(HRD) orbits,reduced-dynamiorbitswith pseudo-stochastjfzarametersetup atafrequeng
closetothe GPSobserationsamplingrate. It couldbeshavn thattheHRD orbit positionsareequivalent
to the kinematicpositionsat the subinteral boundariesprovided that datagapsdo not occurandthat
a setof 3 pseudo-stochastfgarameterss setup at the highestpossiblefrequeng (MRD orbits). Kine-
maticorbits arewell establishedor a subsequentecorery of parameterslescribingthe Earth’s gravity
field, which malesit interestingo analyzeHRD orbitsfor this purpose.

In Sect.9.4 we analyzeddifferentHRD orbits with varying subinteral lengthsand differenttypesof
pseudo-stochastjgarameters Spectralanalysisrevealedthat the reductionof the high-frequeng part
of the positionnoisegoeshand-in-handvith the introductionof dependenciesn the underlyingforce
modelssuchasthea priori gravity field model.In essencegrbit signalswith periodsshorterthantwice
the subinteral lengthof the estimategpseudo-stochastgarameterare causedy the underlyingforce
models:they donotcontainindependeninformationontheactualforcefield. It couldbeshavn thatsig-
nificantdifferencesexist betweerdifferenttypesof pseudo-stochastigarameterso keeptheimpactof
the dynamicmodelssmall. Piecavise constantaccelerationsremuchbettersuitedthanpulses asthey
actover anentiresubinteral lengthandnot only at a certaindiscreteepoch.We concludedn Sect.9.4
thattoolong subinterals have to beavoidedif nottoomuchapriori informationshallbeintroducednto
the orbit determinatiorprocessThe samestatemenholdsfor a priori constraintsaswell.

Section9.5 confirmedthe findingsof Sect.9.4. In orderto be competitve with gravity field recovery

resultsfrom 30s kinematicpositions,a subinteral lengthof 30s is necessaryor piecavise constant
accelerationsaswell. This impliesthatthe GPSdatahave to be processedt a highersamplingrate

for orbit determinatiorin orderto benefitfrom the reduced-dynamiéiltering of thetrajectory A most

reliable estimationof the parametersnay be expectedif the GPSdatasamplingrateis muchsmaller
thanthesubinteral length. It couldbe shavn thatrecoreriesfrom long seriesof HRD 30s acceleration
orbitsbasedn 10s GPSsamplingareatleastasgood— if not evenslightly better— thantherecoveries

obtainedrom the correspondindsinematicorbits.

The upcomingGOCE missionwill be well suitedto furthervalidatethis approactdueto the provided
1Hz GPSdata. Preliminarystudiesareforeseertogethemwith the Instituteof Navigationand Satellite
Geodesyof the Graz University of Technologyin the contet of the bridging phaseof the High-level
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Processindracility of GOCE.In the samecontet, reduced-kinematiorbitswill be assessefbr gravity
field recovery, aswell. Reduced-kinematiorbitsarekinematicorbitswith adjacenpositiondifferences
constrainedo positiondifferenceof a corventionalreduced-dynamiorbit in orderto reducethe noise
[Svehlaand Rothater, 2005b)].
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The new generatiorof dedicatedyravity field missionsequippedwith onboarddual-frequeng GPSre-
ceiverslike CHAMP and GRACE provide the unique opportunityto derive highly accuratesatellite
orbits, Earthgravity field parametersandinformationaboutthe Earths atmosphereln our analysiswve
studiedtheproblemgdealingwith the extractionof preciseorbitalinformationusingdual-frequeng GPS
data.

SinceOctoberl, 2002,we analyzespaceborn&P Sdatafrom CHAMP andGRACE in thecontext of this
work, whichis partof the LEO actvities atthe Astronomicallinstituteof the University of Bern(AIUB).
To derive very preciseorbitsin the post-processingiode,we have to analyzetheionosphere-freénear
combinationof undifferencedor doubly differencedcarrier phasemeasurementom the spaceborne
GPSrecevers. The doubledifferencesolutionsdo not only includethe spaceborneneasurementsut
alsothecarrierphasameasurementfsom thetrackingnetwork of theInternationalGNSSService(IGS).
Theterrestrialdataarealsoprocessedt the Centerfor Orbit Determinatiorin Europe(CODE)to derive
the coreproductsfor the IGS. Unnecessarjo saythatwe madefull useof the CODE final productsto
establisH_EO orbitsin awell-definedreferencdrame.

Our LEO orbitsarerepresentedly six initial conditions,afew dynamicparametersanda usuallylarge
numberof pseudo-stochastjfzarameterseferringto alocal orbital frame,becausgerturbingforcesare
bestcharacterizeth suchframes.After having implementednorerefinedpseudo-stochastiepresenta-
tionsbasedn acceleratiorparameterdpngerseriesof CHAMP andGRACE datawereanalyzed.

A first comparisorwith CHAMP orbitsfrom otherLEO analysiscentersn the context of the CHAMP
orbit comparisoncampaignshaved that our orbits are competitve with solutionsbasedon other pro-
cessingstratgiesandsoftwarepackagesThe AIUB “zero difference’orbitsyieldedthe bestquality for
the elevendaysof the orbit comparisorcampaigrwith a 1-D accurag of about3cm. Thegoodranking
of the“zero difference”orbits confirmedthe applicability of our pseudo-stochastmrbit modelingtech-
niquesanddemonstratethe quality of the CODE high-rateclock correctionsusedin our analysis.

A computationof CHAMP orbits for 200 days basedon undifferencedtracking data confirmed,in

essenceheexperiencegainedirom the CHAMP orbit comparisorcampaigrin termsof accurag. Even
in the completeabsencef non-graitational force models,pseudo-stochastirbit modelingenablesa
very preciseestitutionof asatelliteS trajectory Thecorrelationof theestimatediccelerationffom GPS
datawith the accelerationsneasuredy the onboardSTAR accelerometeprovedto be very high. We

obseredthatthepieceavise constanbr piecaviselinearaccelerationfollow the pronouncealong-track
perturbationsnducedby atmospheridragwithout problems but we alsoidentifiedweaknesses the

recovery of short-termperturbationsy single acceleratiorestimates.We concludethat preciseorbit

determinations certainlythe mostimportantapplicationfor pseudo-stochastmrbit modelingbasedon

acceleratioparameterdyut donotrule outthattheestimatesf theunmodelegerturbationsnightbean

interestinglow-costalternatve to measurementsom onboardaccelerometers provided that mission
requirementarenot extremelyhigh andstate-of-the-argravity field modelsareavailable.
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More experienceconcerning‘zero difference”orbit determinatiorwas gainedfrom the 2003 dataset
of the first GRACE datarelease.We analyzedeleven monthof undifferencedGPSdatawith (one of)

the state-of-the-argravity field model(s)of thattime. Thevalidationwith SatelliteLaserRangingdata
revealedthatboth GRACE orbitsmay be determinedvith a 1-D accurag of about2.5cm. A periodof

abouteightweekscouldbeidentified,wherethe GPStrackingperformancef the GRACE receverswas
of exceptionalquality, which evenallowed usto demonstrata 1-D orbit accurag for GRACE B belov

2cm. Thisaccurag requirementvill have to be metin the nearfuturefor theupcomingGOCEmission.
The GOCE precisescienceorbit productwill be basedon the samebaselineprocedureandwill be de-
rivedin thecontet of the High-level Processingdracility of the EuropearGOCEGravity Consortiumat
AIUB.

We comparedhe GRACE A andB “zero difference”orbitswith the ultra-precisebserationsfrom the
microwvave K -bandlink betweernthetwo GRACE satellites.This validationallowed usto continuously
monitor the 1-D precisionof the relative positionbetweenGRACE A and B, which wasfoundto be
about1.25cm. Weaknessei the pseudo-stochastimodelingcould be identifiedin the context of K-
bandvalidationfor time internvals whereno GPSdataareavailable. Dueto the factthatwe did not take
ary modelsof non-graitational perturbationsnto accountpurorbitsarenotwell predictableacrossex-
tendeddatagapswhich maybeadisadwantagef thereceverfrequentlyloosedrackto all GPSsatellites
for long time spans.It is of courseno problemto take additionalmodelinformationinto account- the
pseudo-stochastfzarameterarethensimply estimatedn top of theintroduceda priori values.

In additionto the processingf undifferencedsPSGRACE data,experiencevasgainedon the optimal
processingf doubly differencedGPSdatafrom the flying baselinebetweenGRACE A andB, andon
theexploitationof theinterferometrimatureof the GPSsystenby resolvingthedoublydifferencedcar
rier phaseambiguitieso theirintegervalues.

A comparisorof thereduced-dynamiestimate®f theflying baselindrom doublydifferencedsPSdata
with independenbbserationsindicatesthat the processingof the differencedobserables“alone” is
beneficiain termsof precisionandaccurag. Relatve a priori constraintdetweerthe pseudo-stochastic
parameter®f GRACE A andB werefoundto furtherimprove the baselineestimatesasboth satellites
experiencesimilar perturbationgdueto their separatiorof 220km, which only correspondgo 30s in
time. The reconstructiorof the baselinewith “ultimate” precision,however, requiresthe resolutionof
the doubly differencedambiguities. An eight-weekcomparisorof reduced-dynamiestimatesof the
flying baselinewith theultra-preciseék -bandobserationsdemonstratethat (sub)-mmprecisionis fea-
sible,if aboutninetypercenbf the doublydifferencedspacebaselineambiguitiesarecorrectlyresohed
to integervalues. We found evidencethat the radial and cross-trackcomponentsredeterminedvith a
similar precisionaswell. Sucha preciseknowledgeof the intersatellitevectorwill be of interestin the
nearfuturefor theupcomingSAR missionTerraSAR-X.

In addition,the positve impactof ambiguityresolutionon the space-grountdaselinesould be demon-
strated Basedon our validationstudieswe recognizeda significantimprovementin therelatve GRACE
orbit solutionsby comparinghemwith the K -bandobserations,but sofarwe couldnotdemonstratan
improvementin the SLR residualdor thetwo GRACE satellitesn anabsolutesense Thelow success-
ratesof lessthan50% percenbf resolhed space-grountaselineambiguitiesmaybemainly responsible
for this. Many receversof the groundnetwork did not provide P-codemeasurementsf goodquality,
which is a prerequisitefor a successfulesolutionof the wide-laneambiguitieswith the Melbourne-
Wibbendinearcombination A refinedselectionof IGS recever sitestailoredto the quality of thecode
measurementsight furtherimprove the situationfor ambiguityresolutionon space-grountiaselines.
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Basedon a performanceanalysisconcerningCPU timesfor differenttypesof reduced-dynamiorbit
determinatiorproblemswe concludedhatthe normalequationhandlingis sub-optimalin termsof ef-
ficieng if large numbersof pseudo-stochastisarametersare estimated. We describedn detail how
pseudo-stochastgarametersnay be solved for efficiently by makingfull useof the underlyingmath-
ematicalstructurese.g.,by afilter-like approachwhereonly “currently” active parametersrekeptin
the systemof normalequationsSuchmethodsareessentiafor anefficient determinatiorof orbitsfrom
doublydifferencedGPSdataformedbetweerthe LEO recever anda large numberof GPSgroundsta-
tions, or for anefficient determinatiorof large numbersof pseudo-stochastfzarameters.

Efficient methodsareprerequisitevhenstriving for the highestresolutionof pseudo-stochastgarame-
ters.We coulddemonstratéhatso-callechighly reduced-dynamiorbit positionsareidenticalatthe GPS
obseration epochsawith kinematicorbit positionsobtainedfrom a precisepoint positioning,provided a
setof threepseudo-stochastarbit parameterss setup atevery GPSobserationepochandthatno gaps
arepresentn the GPSdata.lt is thuspossibleto achieze the“kinematiclimit” alsoby pseudo-stochastic
orbit modeling.

Basedon a spectrabnalysisof orbit positionsderivedfrom simulatedGP Sdatawe concludedhathigh-
frequeng noisein the orbit positionsmay be suppressebly a pseudo-stochastimodelingof the orbits.
At thesametime, we pointedout thatonecannotavoid theintroductionof adependengcof theresulting
positionson the dynamica priori modelsusedfor orbit determinationjf pseudo-stochastigarameters
arenotsetup at every obserationepoch.We foundevidencefor a trade-of betweerthetwo competing
effectsin a simulationstudywhenpseudo-stochastfgarametersresolvedfor atratesvery closeto the
GPSsamplingrate.

An extensve simulationstudywasconductedo clarify the usefulnes®f highly reduced-dynamiorbit
positionsfor the purposeof gravity field determinationWe analyzedecoreredgravity field parameters
up to degree 90 with respecto their noiseandtheir signal contentfrom modelsusedfor orbit deter
mination. The comparisorwith the recovery resultsfrom 30s kinematicpositionsclearly revealedthat
pseudo-stochastgarameterfiave to be solved for atleastevery 30sto ensureanunbiasedecorery of
the gravity field coeficients. Orbits basedon pseudo-stochastjgarametersetup lessfrequently e.g.,
at 60s or evenlongersubinterals, aredetrimentalfor the recovery. Such“smoothedorbits” arebetter
in termsof noise,but stronglybiasedwith respecto theunderlyingmodelsusedfor orbit determination,
which mapsinto theestimatedjravity field parametersAs aconsequencenly highly reduced-dynamic
orbit positionsbased30s subinterals may be used,which areidenticalto 30s kinematicorbitsif GPS
dataareprocessedt 30s intenals.

Let usmentionthatthe situationis differentif full-rate GPSdatafrom the spaceborneeceversis used
to estimatepseudo-stochastjgarametersgvery 30s, e.g.,10s GPSdatafrom CHAMP andGRACE or
1s GPSdatafrom the upcomingGOCE mission. We noticeda small advantagein the recovery of the
high-dgreetermsof the Earthgravity field in termsof noisewhenusinghighly reduced-dynamiorbit
positionsbasedon 10s GPSdatainsteadof 10s or 30s kinematicpositions,andwould expectaneven
betterrecovery with 1s GPSdata.Basedon our simulationstudieswe favor the reduced-dynamiorbits
basedn piecaviseconstanticcelerationdt is asubstantiahdwantageof this parametrizatiomo account
for the gravity signalsduringthe entiresubinterals, asopposede.g.,to pulseswhich only accommo-
datethe orbitsat discretetime epochs.

We intendto further studyhighly reduced-dynamiorbit determinatiorwith realdatain the context of
theHigh-level Processingracility for theupcomingGOCEmission.Preliminarystudiesareforeseerior
the bridgingphasebeforethe plannedstartof the satellitein March,2008.
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10 SummaryConclusionsandOutlook

In our analysiswe uniquely studiedgravity field recorery from kinematicor highly reduced-dynamic
orbit positions. It may be expected however, thatthe inclusionof the preciselydeterminedcambiguity-
fixed kinematicor highly reduced-dynamiGRACE baselinewill furtherimprove the recovery — even
withoutusingthe K -bandobsenrations.It will in particularbe possibleto obtainmorereliableestimates
for the SH coeficientsof higherdegreesi.e., for the degreeswherewe noticedsmalladwantagesvhen
usinghighly reduced-dynamimsteadof kinematicorbit positions.
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